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PEEFACE. 


Lcs eansea primordialos ne nous sont point connues; mais elles sont assu- 
jottins ii (lcs lois simples et conslantea, que I’on pent decouvrir par Totser- 
vakon, ot doiit IMiudo cst I’objot do la pliilosopMe naturelle. — ^Poubibe. 


The term Natural Philosophy was used by Newton, and is 
still usod in British Universities, to denote the investigation of 
laws in the material world, and the deduction of results not 
directly observed. Observation, classification, and description 
of phenomena necessarily precede Natural Philosophy in every 
department of natural science. The earlier stage is, in some 
branches, commonly called Natural History; and it might with 
C(iual propriety be so called in all others. 

Our object is twofold: to give a tolerably complete account 
of what is now known of Natural Philosophy, in language 
adapted to the non-mathematical reader; and to furnish, to 
those who have the privilege which high mathematical acquire- 
ments confer, a connected outline of the analytical processes by 
which the greater part of that knowledge has been extended 
into regions as yet unexplored by experiment. 

Wo commence with a chapter on Motion, a subject totally 
independent of the existence of Matter and Force. In this 
we are naturally led to the consideration of the curvature and 
tortuosity of curves, the curvature of surfaces, distortions or 
strains, and various other purely geometrical subjects. 
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The Laws of Motion, the Law of Gravitation and of Electric 
and Magnetic Attractions, Hoohds Law, and other fundamental 
principles derived directly from experiment, lead by mathe- 
matical processes to interesting and useful results, for the full 
testing of which our most delicate experimental methods arc as 
yet totally insufficient. A large part of the present volume is 
devoted to these deductions; which, though not immediately 
proved by experiment, are as certainly true as the elementary 
laws from which mathematical analysis has evolved them. 

The analytical processes which we have employed are, as a 
rule, such as lead most directly to the results aimed at, and are 
therefore in great part unsuited to the general reader. 

We adopt the suggestion of Ampere, and use the term 
Kinematics for the purely geometrical science of motion in 
the abstract. Keeping in view the proprieties of language, and 
following the example of the most logical writers, we employ 
the term Dynamics in its true sense as the science which treats 
of the action of force, whether it maintains relative rest, or pro- 
duces acceleration of relative motion. The two corresponding 
divisions of Dynamics are thus conveniently entitled Statics and 
Kinetics, 

One object which we have constantly kept in view is the 
grand principle of the Conservation of Energy, According to 
modern experimental results, especially those of JoULE, Energy 
is as real and as indestructible as Matter. It is satisfactory to 
find that Newton anticipated, so far as the state of experi- 
mental science in his time permitted him, this magniiicent 
modern generalization. 

We desire it to be remarked that in much of our work, 
where we may appear to have rashly and needlessly interfered 
with methods and systems of proof in the present day generally 
accepted, we take the position of Eestorers, and not of Inno- 
vators. 

In our introductory chapter on Kinematics, the consideration 
of Harmonic Motion naturally leads us to Fourier's Theorem^ 
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one of the most important of all analytical results as regards 
usefulness in physical science. In the Appendices to that chapter 
we have introduced an extension of Greeyis Theorem, and a 
treatise on the remarkable functions known as Laplace's Co- 
efficients, There can bo but one opinion as to the beauty and 
utility of this analysis of Laplace; but the manner in which it 
has been hitherto presented has seemed repulsive to the ablest 
mathematicians, and difScult to ordinary mathematical students. 
In tljte simplified and symmetrical form in which we give it, it 
will be found quite within the reach of readers moderately 
familiar with modern mathematical methods. 

In the second chapter we give Newton’s Laws of Motion in 
his own words, and with some of his own comments — every 
attemj^t that has yet been made to supersede them having 
ended in utter failure. Perhaps nothing so simple, and at 
the same time so comprehensive, has ever been given as the 
foundation of a system in any of the sciences. The dynamical 
use of the Generalized Coordinates of Lageange, and the Vary'- 
ing Action of HAMILTON, with kindred matter, complete the 
chapter. 

The third chapter, Experience,” treats briefly of Observa- 
tion and Experiment as the basis of Natural Philosophy. 

The fourth chapter deals with the fundamental Units, and 
the chief Instruments used for the measurement of Time, Space, 
and Force. 

Thus closes the First Division of the work, which is strictly 
preliminary, and to which we have limited the present issue. 

Tliis new edition lias been thoroughly rewised, and very 
considerably extended. The more important additions are to 
be found in the Appendices to the first chapter, especially that 
devoted to Laplace's Coefficients; also at the end of the second 
chapter, where a very full investigation of the ^'cycloidal 
motion" of systems is now given; and in Appendix B', which 
describes a number of continuous calculating machines invented 
and constructed since the publication of our first edition, A 
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great improvement has been made in the treatment of La- 
grange’s Generalized Equations of Motion. 

We believe that the mathematical reader will especially 
profit by a perusal of the large type portion of this volume ; as 
he will thus be forced to think out for himself what he has 
been too often accustomed to reach by a mere mechanical 
application of analysis. Nothing can he more fatal to progrG.ss 
than a too confident reliance on mathematical symbols ; for the 
student is only too apt to take the easier course^ and consider the 
formula and not the fact as the physical reality. 

In issuing this new edition, of a work which has been for 
several years out of print, we recognise with legitimate satis- 
faction the very great improvement which has recently taken 
place in the more elementary works on Dynamics published in 
this country, and which we cannot but attribute, in great 
part, to our having effectually recalled to its deserved posi- 
tion Newton’s system of elementary definitions, and Laws of 
Motion. 

We are much indebted to Mr Burnside and Prof. Ciirystal 
for the pains they have taken in reading proofs and verifying 
formulas ; and we confidently hope that few erratums of serious 
consequence will now be found in the work. 


W. THOMSON. 
P. G. TAIT. 
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CHAPTER L— KINEMATICS. 

1. Theke are many properties of motion, displacement, and 
deformation, which may be considered altogether independently 
of such physical ideas as force, mass, elasticity, temperature, 
magnetism, electricity. The preliminary consideration of such 
properties in the abstract is of very great use for Natural Philo- 
sophy, and we devote to it, accordingly, the whole of this our 
first chapter ; which will form, as it were, the Geometry of our 
subject, embracing what can be observed or concluded with re- 
gard to actual motions, as long as the cause is not sought. 

2. In this category we shall take up first the free motion of 
a point, then the motion of a point attached to an inextensible 
cord, then the motions and displacements of rigid systems — and 
finally, the deformations of surfaces and of solid or fluid bodies. 
Incidentally, we shall be led to introduce a good deal of ele- 
mentary geometrical matter connected with the curvature of 
lines and surfaces. 

3. When a point moves from one position to another it must Motion of a 

. , . . point. 

evidently describe a continuous line, which may be curved or 
straight, or even made up of portions of curved and straight 
lines meeting each other at any angles. If the motion be that 
of a material 'particle, however, there cannot generally be any 
such abrupt changes of direction, since (as we shall afterwards 
see) this would imply the action of an infinite force, except in 
the case in which the velocity becomes zero at the angle. It 
is useful to consider at the outset various theorems connected 

1 
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with the geometrical notion of the path described by a moving 
point, and these we shall now take up, deferring the considera- 
tion of Velocity to a future section, as being more closely con- 
nected with physical ideas. 

4. The direction of motion of a moving point is at each 
instant the tangent drawn to its path, if the path be a curve, or 
the path itself if a straight line. 

5. If the path be not straight the direction of motion 
changes from point to point, and the rate of this change, per 

unit of length of the curve according to the notation belowj , 

is calle4 the curvature. To exemplify this, suppose two tangents 
drawn to a circle, and radii to the points of contact. The angle 
between the tangents is the change of direction required, and 
the rate of change is to be measured by the relation between 
this angle and the length of the circular arc. Let I bo the 
angle, c the arc, and p the radius. We see at once that (as 
the angle between the radii is equal to the angle between 
the tangents) 

pl= c, 

and therefore Hence the curvature of a circle is in- 

P 

versely as its radius, and, measured in terms of the proper unit 
of curvature, is simply the reciprocal of the radius. 

6. Any small portion of a curve may be approximately 
taken as a circular arc, the approximation being closer and 
closer to the truth, as the assumed arc is smaller. The curva- 
ture is then the reciprocal of the radius of this circle. 

If M be the angle between two tangents at points of a curve 
distant by an arc Ss, the definition of curvature gives us at once 

as its measure, the limit of when is diminished without 

limit ; or, according to the notation of the differential calculus, 

^ . But wo have 
as 

if, the curve being a plane curve, we refer it to two rectangular 
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axes OX, 0 T, according to the Cartesian method, and if 6 denote Curvature 
the inclination of its tangent, at any point x, y, to OX. Hence 

dx 

and, by differentiation with reference to any independent variable 
we have 



dx d^y - dy d^x 
dx^ + dy’^ 


Also, 


ds = + dy^'^. 


Hence, if p denote the radius of curvature, so that 

p ds 

, , V dx d^y - dy d^x 

we conclude - = y ■ 

P (dx^+ dy^)^ 


( 1 ), 

(2). 


Although it is generally convenient, in kinematical and 
kinetic formulae, to regard time as the independent variable, and 
all the changing geometrical elements as functions of it, there 
are cases in which it is useful to regard the length of the arc or 
path described by a point as the independent variable. On this 
supposition we have 


0 = (^ (da^) - d (dx^ + dy^) = 2 {dx d^x + dy 
where we denote by the suffix to the letter d, the independent 
variable understood in the differentiation. Hence 


dx _ dy _ {dx^ + dy^'f^ 

d^j 

and using these, with = dx^ + dy^, to eliminate dx and dy 
from (2), we have 

1 + . 

P~ ds^ 

or, according to the xisual short, although not quite complete, 
notation, 

1 (/(^vY /(PxY,^ 

'p~[\d?) ^ Uv) • 


7. If all points of the curve lie in one plane, it is called a Tortuoua 

^ -I n 1 1 curve. 

plane curve, and in the same way we speak of a plane polygon 
or broken line. If various points of the line do not lie in one 
plane, we have in one case what is called a curve of double 
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Tortuous curvature^ in the other a gauche polygon. The term 'curve of 
double curvature’ is very bad, and, though in very general use, 
is, we hope, not ineradicable. The fact is, that there are not 
two curvatures, but only a curvature (as above defined), of which 
the plane is continuously changing, or twisting, round the 
tangent line; thus exhibiting a torsion. The course of such 
a curve is, in common language, well called ' tortuous ; ’ and 
the measure of the corresponding property is conveniently 
called Tortuosity. 

8. The nature of this will be best understood by consider- 
ing the curve as a polygon whose sides are indefinitely small. 
Any two consecutive sides, of course, lie in a plane — and in 
that plane the curvature is measured as above, but in a curve 
which is not plane the third side of the polygon will not be in 
the same plane with the first two, and, therefore, the now plane 
in which the curvature is to be measured is different from the 
old one. The plane of the curvature on each side of any point 
of a tortuous curve is sometimes called the Osculating Plane of 
the curve at that point. As two successive positions of it con- 
tain the second side of the potygon above mentioned, it is 
evident that the osculating plane passes from one position to 
the next by revolving about the tangent to the curve. 

SdTortu- proceed along such a curve, the curvature 

osity. general varies ; and, at the same time, the plane in which the 

curvature lies is turning about the tangent to the curve. The 
tortuosity is therefore to be measured by the rate at which the 
osculating plane turns about the tangent, per unit Icngtli of the 
curve. 

To express the radius of curvature, the direction cosines of 
the osculating plane, and the tortuosity, of a curve not in one 
plane, in terms of Cartesian triple co* ordinates, lot, as before, 
SO be the angle between the tangents at two points at a distance 
Ss from one another along the curve, and lot S<ji bo the angle 
between the osculating planes at these points. Thus, denoting 
by p the radius of curvature, and r tho tortuosity, wo liav(i 

1 = ^ 
p ds ’ 

dcf> 
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accoi'Jing to the regular notation for the limiting values of ~ , andTo^^if- 


Pick 

and , when Ss is diminished without limit. Let OZ, OL' 


osity. 


ho lines drawn through any fixed point 0 parallel to any two 
successive positions of a moving line FT, each in the directions 
indicated by the order of the letters. Draw OS perpendicular 
to their plane in the direction from 0, such that OL, OL' , OS 
lie in the same relative order in space as the positive axes of 
co-ordinates, OX, OY, OZ. Let OQ bisect LOL', and let OR 
bisect the angle between OU and LO produced through 0. 


Let the direction cosines of 


OL 

be 

a, h, c y 

on 

j) 

a', h'y d 

OQ 

jj 

1, m, n; 

on 

» 

A yi 

os 


A, /I, V : 


and let W denote the angle LOL', We have, by the elements of 
analytical geometry, 


cos = aa' + hR + cc' 
7 

cos 4 8^ 


_ ^ Ctj 

‘"~2shrfS&’ 

, &c' - d'e 

sill 8^ ’ 


2smiSe’ 
_ ca — da 
sia 80 ’ 


cos I- W 
_ c —c 

^~2sin4^<!?'' 

ah' -a'b 
^ ~ sin 80 ’ 


( 3 ); 


W; 


( 5 ) ; 

(6) . 


Now let the two successive positions of FT be tangents to a 
curve at points separated by an arc of length S$, We have 
1 _ 80 __ 2 sin 80 _ sin 80 
p ~ Ss ~ 8s 8s ^ ' 

when 8s is infinitely small ; and in the same limit 


II 

dy 

dz 



”'=ds> 


, ydX 

b’-b=df-, 

ds 

c'-c^d%... 

ds 

...(8); 

hd - Vc 

dy ydz dz j 
= Js^ds-ds^ 
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and a, fS, y become tbe direction cosines of tlie normal, PC, 
drawn towards the centre of curvature, G ; and A., v those of 
the perpendicular to the osculating plane drawn in the direc- 
tion relatively to FT and PC, corresponding to that of OZ 
relatively to OX and OT, Then, using (8) and (9), with (7), 
in (5) and (6) respectively, we have 


, dx 


d% 

ds 

, dz 
Jds 

p-‘ds’ 

p“^ ds ’ 

^ p^^ds' 

dz , 

ds 

dx 

ds 

dx dz 
ds ds 

dx dy 
Ts^dGs 


ds ds ds ds ds ds ds ds ds ds ds ds 

' T^S ’ "^s ’ ~^ds ^ 

The simplest expression for the curvature, with choice of inde- 
pendent variable left arbitrary, is the following, taken from (10) : 

1 y{(4)'--(4)'-(4)'} ,, 

p ds ^ ' 

This, modified by differentiation, and application of the formula 

ds d^s =zdxd^x-\-dy d^y -\-dzdh ( 13 ), 

becomes 




Another formula for — is obtained immediately from equations 

(11) ; but these equations may be put into the following simpler 
form, by differentiation, &c., 

. dyd^z^dzdry dzd^x — dxd^z dxd\} -dydrx 
from which we find 

^-.1 _ {{dyd% - dzd^yY + {dzd^x — dxPzf + (dxdSj - dyd^^xY^ 
p ^ : ,(1G), 

Each of these several expressions for the curvature, and for the 
directions of the relative lines, we shall find has its own special 
significance in the kinetics of a particle, and the statics of a 
flexible cord. 

To find the tortuosity, ^ , we have only to aj)ply tho general 


equation above, with A, /a, v substituted for I, m, n, and 
H’li A y- Thus we have r*= f-) + ('$')“+ 


U) ’ 
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where X, v, denote the direction cosines of the osculating 
plane, given by the preceding formulse. 

10. The integral curvature, or whole change of direction of integral 
an arc of a plane curve, is the angle through which the tangent of 7cul^e 
has turned as we pass from one extremity to the other. The 
average curvature of any portion is its whole curvature divided 

by its length. Suppose a line, drawn from a fixed point, to 
move so as always to be parallel to the direction of motion of 
a point describing the curve : the angle through which this 
turns during the motion of the point exhibits what we have 
thus defined as the integral curvature. In estimating this, we 
must of course take the enlarged modern meaning of an angle, 
including angles greater than two right angles, and also nega- 
tive angles. Thus the integral curvature of any closed curve, 
whether everywhere concave to the interior or not, is four right 
angles, provided it does not cut itself. That of a Lemniscate, or 

figure of 3 , is zero. That of the Epicycloid ^ is eight right 
angles ; and so on. 

11. The definition in last section may evidently be extended 
to a plane polygon, and the integral change of direction, or the 
angle between the first and last sides, is then the sum of its 
exterior angles, all the sides being produced each in the direc- 
tion in which the moving point describes it while passing round 
the figure. This is true whether the polygon be closed or not. 

If closed, then, as long as it is not crossed, this sum is four 
right angles, — an extension of the result in Euclid, where all 
re-entrant polygons are excluded. In the case of the star-shaped 

figure it is ten right angles, wanting the sum of the five 
acute angles of the figure ; that is, eight right angles. 

12. The integral curvature and the average curvature of a 
curve which is not plane, may be defined as follows : — Let suc- 
cessive lines be drawn from a fixed point, parallel to tangents 
at successive points of the curve. These lines will form a 
conical surface. Suppose this to be cut by a sphere of unit 
radius having its centre at the fixed point. The length of the 
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curve of intersection measures the integral curvature of the 
given curve. The average curvature is, as in the case of a 
plane curve, the integral curvature divided by the length of the 
curve. For a tortuous curve approximately plane, the integral 
curvature thus defined, approximates (not to the integral cur- 
vature according to the proper definition, § 10, for a plane 
curve, but) to the sum of the integral curvatures of all the 
parts of an approximately coincident plane curve, each taken as 
positive. Consider, for examples, varieties of J ames Bernouilli’s 
plane elastic curve, § 611, and approximately coincident tor- 
tuous curves of fine steel piano-forte wire. Take particularly 
the plane lemniscate and an. approximately coincident tortuous 
closed curve. 

13. Two consecutive tangents lie in the osculating plane. 
This plane is therefore parallel to the tangent plane to the cone 
described in the preceding section. Thus the tortuosity may 
be measured by the help of the spherical curve which we have 
just used for defining integral curvature. We cannot as yet 
complete the explanation, as it depends on the theory of rolling, 
which will be treated afterwards (§§ 110 — 137). But it is enough 
at present to remark, that if a plane roll on the sphere, along 
the spherical curve, turning always round an instantaneous axis 
tangential to the sphere, the integral curvature of the curve of 
contact or trace of the rolling on the plane, is a proper measure 
of the whole torsion, or integral of tortuosity. From this and 
§ 12 it follows that the curvature of this plane curve at any 
point, or, which is the same, the projection of the curvature of 
the spherical curve on a tangent plane of the spherical surface, 
is equal to the tortuosity divided by the curvature of the given 
curve. 

Let i be the curvature and t the tortuosity of the given 

f (Jls f 

curve, and ds an element of its length. Then / — and / rds, each 

integral extended over any stated length, I, of the curve, are 

respectively the integral curvature and the integral tortuosity. 

The mean curvature and the mean tortuosity are respectively 
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Infinite tortuosity will be easily undei'stood, by considering Integral 

• ■ ^ curv3itiii*0 

a belix, of inclination a, described on a right circular cylinder of of a curve 

^ (compare 

radius r. The curvature in a circular section being - , that of * 


, , . A cos a 

the helix is, of course, . 

T 


The tortuosity is 


sin a cos a 


tan a x curvature. Hence, if a = ^ the curvature and tortuosity 
are equal. 

1 O ^ 

Let the curvature be denoted by - , so that cos^a = - . Let p 

P P 

remain finite, and let r diminish vdthout limit. The step of the 

. — / / - 

helix being 27rr tan a = 27r vpr ( 1 — j , is, in the limit, Stt Jpr, 

•which is infinitely small. Thus the motion of a point in the 
curve, though infinitely nearly in a straight line (the path being 
always at the infinitely small distance r from the fixed straight 

line, the axis of the cylinder), will have finite curvature - . The 

P 

1 1 / r\i 

tortuosity, being - tan a or ■— == (1 — will in the limit be a 

P Jpr\ p/ 

mean proportional between the curvature of the circular section 
of the cylinder and the finite curvature of the curve. 

The acceleration (or force) required to produce such a motion 
of a point (or material particle) will be afterwards investi- 
gated (§35 d.). 

14, A chain, cord, or fine wire, or a fine fibre, filament, or 
hair, may suggest what is not to be found among natural or 
artificial productions, a perfectly flecdhle and inextensihle line. 
The elementary kinematics of this subject require no investiga- 
tion. The mathematical condition to be expressed in any case 
of it is simply that the distance measured along the line from 
any one point to any other, remains constant, however the line 
be bent. 

15. The use of a cord in mechanism presents us with many 
practical applications of this theory, which are in general ex- 
tremely simple ; although curious, and not always very easy, 
geometrical problems occur in connexion with it. We shall 
say nothing here about the theory of knots, knitting, weaving, 
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plaiting, etc., but we intend to return to the subject, under 
vortex-motion in Hydrokinetics. 

16. In the mechanical tracing of curves, a flexible and 
inextensible cord is often supposed. Thus, in drawing an 
ellipse, the focal property of the curve shows us that by fixing 
the ends of such a cord to the foci and keeping it stretched by 
a pencil, the pencil will trace the curve. 

By a ruler moveable about one focus, and a string attached 
to a point in the ruler and to the other focus, the hyperbola 
may be described by the help of its analogous focal property ; 
and so on. 


17. But the consideration of evolutes is of some importance 
in Natural Philosophy, especially in certain dynamical and 
optical questions, and we shall therefore devote a section or 
two to this application of kinematics. 

Def, If a flexible and inextensible string be fixed at one 
point of a plane curve, and stretched along the curve, and be 
then unwound in the plane of the curve, its extremity will 
describe an Involute of the curve. The original curve, con- 
sidered with reference to the other, is called the E volute. 


18. It will be observed that we speak of an involute, and 
of the evolute, of a curve. In fact, as will be easily seen, a curve 
can have but one evolute, but it has an infinite number of 
involutes. For all that we have to do to vary an involute, is 
to change the point of the curve from which the tracing point 
starts, or consider the involutes described by different points of 
the string, and these will, in general, be different curves. The 
following section shows that there is but one evolute. 


19. Let AB be any curve, PQ a portion of an involute, 
pP, Q positions of the free part of the string. It will be seen 

at once that these must bo tangents 
to the arc AB at p and q. Also (see 
§ 90), the string at any stage, as 
pP, revolves about p. Ifcncc pP is 
normal to the cixrve PQ. And thus 
the evolute of PQ is a definite curve, 
viz., the envelope of the normals drawn at every point of PQ, 
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or, which is the same thing, the locus of the centres of curva- Evoiute. 
ture of the curve PQ. And we may merely mention, as an 
obvious result of the mode of tracing, that the arc is equal to 
the difference Q>i qQ and jpP, or that the arc pA is equal to pP, 

20. The rate of motion of a point, or its rate of change of Velocity, 
position, is called its Velocity. It is greater or less as the space 
passed over in a given time is greater or less : and it may be 
^iniformj i.e., the same at every instant; or it may be variable. 

Uniform velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of light, it is sometimes popularly 
reckoned in miles per second. It is to be observed, that time 
is here used in the abstract sense of a uniformly increasing 
quantity — what in the differential calculus is called an inde- 
pendent variable. Its physical definition is given in the next 
chapter. 

21. Thus a point, which moves uniformly with velocity v, 
describes a space of v feet each second, and therefore vt feet in 
t seconds, t being any number whatever. Putting s for the 
space described in t seconds, we have 

s^vt. 

Thus with unit velocity a point describes unit of space in unit 
of time. 

22. It is well to observe here, that since, by our formula, 
we have generally 

s 

and since nothing has been said as to the magnitudes of s and t, 
we may take these as small as we choose. Thus we get the 
same result whether we derive v from the space described in a 
million seconds, or from that described in a millionth of a second. 

This idea is very useful, as it makes our results intelligible 
when a variable velocity has to be measured, and we find our- 
selves obliged to approximate to its value by considering the 
space described in an interval so short, that during its lapse the 
velocity does not sensibly alter in value. 
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23. When the point does not move uniformly, the velocity 
is variable, or different at different successive instants ; but we 
define the average velocity during any time as the space de- 
scribed in that time, divided by the time, and, the less the 
interval is, the more nearly does the average velocity coincide 
with the actual velocity at any instant of the interval. Or 
again, we define the exact velocity at any instant as the space 
which the point would have described in one second, if for one 
second its velocity remained unchanged. That there is at every 
instant a definite value of the velocity of any moving body, is 
evident to all, and is matter of everyday conversation. Thus, a 
railway train, after starting, gradually increases its speed, and 
every one understands what is meant by saying that at a par- 
ticular instant it moves at the rate of ten or of fifty miles an 
hour, — although, in the course of an hour, it may not have 
moved a mile altogether. Indeed, we may imagine, at any 
instant during the motion, the steam to be so adjusted as to 
keep the train running for some time at a perfectly uniform 
velocity. This would be the velocity which the train had at. 
the instant in question. Without supposing any such definite 
adjustment of the driving power to be made, we can evidently 
obtain an approximation to this instantaneous velocity by con- 
sidering the motion for so short a time, that during it the actual 
variation of speed may be small enough to be neglected. 


24. In fact, if v be the velocity at either beginning or 
end, or at any instant of the interval, and s the space actually 

described in time t, the equation t? = | is more and more nearly 


true, as the velocity is more nearly uniform during the interval 
t; so that if we take the interval small enough the equation 
may be made as nearly exact as we choose. Thus the set of 
values — 


t^pace described in one second, 

Ten times the space described in the first tenth of a second, 
A hundred „ „ hundredth „ 

and so on, give nearer and nearer approximations to the velocity 
at the beginning of the first second. The whole foundation of 
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the differential calculus is, in fact, contained in this simple Velocity, 
question, ''What is the rate at which the space described in- 
creases ? i.Cy What is the velocity of the moving point? 
Newton's notation for the velocity, i.e. the rate at which s 
increases, or the fluxion of 5, is s. This notation is very con- 
venient, as it saves the introduction of a second letter. 

Let a point which has described a space s in time t proceed 
to describe an additional space Ss in time Bt, and let be the 
greatest, and ’^^he least, velocity which it has during the in- 
terval Bt. Then, evidently, 

Bs Bs 

But as diminishes, the values of and become more and 
more nearly equal, and in the limit, each is equal to the velocity 
at time t Hence 

ds 

25. The preceding definition of velocity is equally applica- 
hie whether the point move in a straight or curved line ; but, 
since in the latter case the direction of motion continually 
changes, the mere amount of the velocity is not sufficient com- 
pletely to describe the motion, and we must have in every such 
case additional data to remove the uncertainty. 

In such cases as this the method commonly employed, 
whether we deal with velocities, or as we shall do farther on 
with accelerations and forces, consists mainly in studying, not 
the velocity, acceleration, or force, directlyy but its components 
2 ')arallel to any three assumed directions at right angles to each 
other. Thus, for a train moving up an incline in a NE direc- 
tion, we may have given the whole velocity and the steepness 
of the incline, or we may express the same ideas thus — the train 
is moving simultaneously northward, eastward, and upward — 
and the motion as to amount and direction will be completely 
known if we know separately the northward, eastward, and up- 
ward velocities — ^these being called the components of the whole 
velocity in the three mutually perpendicular directions N, E, 
and up. 
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Resolution 
of velocity. 


In general the velocity of a point at a;, 2/> 
seen) | , or, whicli is the same, {(J) + (§) + (§) 


we have u = - 


Hence, calling a, /?, y the 


How denoting by u the rate at which x increases, or the velo- 
city parallel to the axis of a;, and so by 'y, w, for the other two ; 
dx dy dz 
dt^ 

angles which the direction of motion makes with the axes, and 

ds , 
putting S' = ^ 5 

dx 

dx dt u 

cos a - -7- = "7 = - . 
ds ds q 

di 

Hence u = q cos a, and therefore 


26. A velocity in any direction may be resolved in, and 
perpendicular to, any other direction. The first component is 
found by multiplying the velocity by the cosine of the angle 
between the two directions — the second by using as factor the 
sine of the same angle. Or, it may be resolved into components 
in any three rectangular directions, each component being 
formed by multiplying the whole velocity by the cosine of the 
angle between its direction and that of the component. 

It is useful to remark that if the axes of x, y, z are not rect- 
angular, ^ be the velocities parallel to the 

axes, but we shall no longer have 

/dsV fdx\^ fdy\^ fdz\^ 

\dt) ~ \di) * 

We leave as an exercise for the student the determination of the 
correct expression for the whole velocity in terms of its com- 
ponents. 

If we resolve the velocity along a line whose inclinations to 
the axes are X, /x, v, and which makes an angle 0 with the di- 
rection of motion, we find the two expressions below (which 
must of course be equal) according as we resolve g directly or 
by its components, u, v, w, 

q cos 0 cobX + V cos y + w cos r. 
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Substitute in this equation the yalues of v,. v. w already sriven E^solution 
p n K 1 1 ,1 n 1 ... ^ ’of velocity. 

§25, and we have the well-known geometrical theorem for the 

angle between two straight lines which make given angles with 

the axes, 

cos ^ = cos a cos X + cos /5 cos fx + cos y cos v. 

From the above expression we see at once that 


27. The velocity resolved in any direction is the sum of the composi- 
components (in that direction) of the three rectangular com- ve^ioc^ties. 
ponents of the whole velocity. And, if we consider motion in 
one plane, this is still true, only we have but two rectangular 
components. These propositions are virtually equivalent to the 
following obvious geometrical construction: — 

To compound any two velocities as OA, OB in the figure ; 

from A draw A C parallel and equal 
to OB, Join OG : — then OG is the 
resultant velocity in magnitude and 
direction. 

0 C is evidently the diagonal of the 
parallelogram two of whose sides are 
OA, OB, 

Hence the resultant of velocities represented by the sides of 
any closed polygon whatever, whether in one plane or not, taken 
all in the same order, is zero. 

Hence also the resultant of velocities represented by all the 
sides of a polygon but one, taken in order, is represented by 
that one taken in the opposite direction. 



When there are two velocities or three velocities in two or 
in three rectangular directions, the resultant is the square root 
of the sum of their squares — and the cosines of the inclination 
of its direction to the given directions are the ratios of the com- 
ponents to the resultant. 


It is easy to see that as 8s in the limit may be resolved into Sr 
and where r and 6 are polar co-ordinates of a plane curve, 

— and r ^ are the resolved parts of the velocity along, and 
(It dt 

perpendicular to, the radius vector. We may obtain the same 
result thus, x^rcosO, y^r sin 0, 
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Hence 


dx dr 
dt dt 


cos 6 ■ 


. .dO dy dr . ^ .dO 

- 7 ’ sm ^ - 7 -, ^ = 3 - sin y 4 * 7 * cos ^ ^ . 
dt ’ dt dt dt 


But by § 26 the whole velocity along r is ^cos ^ ^ sin $, 

dr • . 

t. e., by tlie above values, -j . Similarly the transverse velocity is 

(htf 


dy ^ dx . ^ dO 
cos ^ — r- sin d, or r -7- . 
dt dt dt 


28 . The velocity of a point is said to be accelerated or re- 
tarded according as it increases or diminishes, but the word 
acceleration is generally used in either sense, on the understand- 
ing that we may regard its quantity as either positive or nega- 
tive. Acceleration of velocity may of course be either uniform 
or variable. It is said to be uniform when the velocity receives 
equal increments in equal times, and is then measured by the 
actual increase of velocity per unit of time. If we choose as the 
unit of acceleration that which adds a unit of velocity per unit 
of time to the velocity of a point, an acceleration measured by a 
will add a units of velocity in unit of time — and, therefore, at 
units of velocity in t units of time. Hence if V be the change 
in the velocity during the interval t, 

V==oLt, or a = ^ . 

t 


29 . Acceleration is variable when the point’s velocity does 
not receive equal increments in successive equal periods of time. 
It is then measured by the increment of velocity, which would 
have been generated in a unit of time had the acceleration re- 
mained throughout that interval the same as at its commence- 
ment. The average acceleration during any time is the whole 
velocity gained during that time, divided by the time. In 
Newton’s notation v is used to express the acceleration in the 
direction of motion ; and, if ^; = 5 , as in § 24, we have 

Let V be the velocity at time t, Bv its change in the interval 
Bt, and the greatest and least values of the acceleration 
during the interval 8 ^. Then, evidently, 

Sv<a^Bt^ S'V>a^St, 
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Accelera- 
tion 

As Si is taken smaller and smaller, the values of and ap- 
proximate infinitely to each other, and to that of a the required 
acceleration at time i. Hence 

dv 


Sv 

or 


Tt' 


It is useful to observe that we may also write (by changing 
the independent variable) 

dv ds dv 
ds dt ds * 


c,. ds , d^s 

Since j we have a = , 

cLu cltf 


and it is evident from similar 


reasoning that the component accelerations parallel to the axes 


are 


d^x 

df 


<£y cVz 
df ’ df ' 


d^s 


But it is to be carefully observed that 


is not generally the resultant of the three component accelera- 
tions, but is so only when either the curvature of the path, or 
the velocity is zero 5 for [§ 9 (14:)] we have 


'dhV __ /^Y - 1 ^ 

<ity ^ \de) \df) \dtV p df ■ 


The direction cosines of the tangent to the path at any point 
X, 2/5 ^ are 

1 dx I d y 1 dz 
V dt^ V dt’ V dt' 


Those of the line of resultant acceleration are 

1 d^x 1 d^y 1 d^z 

yie’ fde’ fdP’ 

where, for brevity, we denote by f the resultant acceleration. 
Hence the direction cosines of the plane of these two lines are 


dyd^z — dzd^y 

{{dyd^z - dzd"yf+ {d>zd^x -> dx,d^^^-^ {dxd^y— dyd^x^^ 


These (§ 9) show that this plane is the osculating plane of the 
curve. Again, if $ denote the angle between the two lines, we 
have 


sin 0 = 


\{dyd?z - dzdryY + {dzd^x — dxd^^^ + {dxd^y — dyd^odf^ 


TOL. I. 


9 
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Accelera- 

tion. 


Resolution 
and compo- 
sition of ac- 
celerations. 


or, accordbg to the expression for the curvature (§ 9), 


sin 6 = 


pvfdt^ fp * 


Hence 

Again, 

Hence 


^sin ^ = 


. _ 1 fdx d^x dy d^y dz _ 

vf\dt df ^ dt df dt dt~J 


d^s 


fcosd = -^, and therefore 


dsd^s __ d^s 
~^df 


30. The whole acceleration in any direction is the sum of 
the components (in that direction) of the accelerations parallel 
to any three reetangfiilar axes — each component acceleration 
being found by the same rule as component velocities, that 
is, by multiplying by the cosine of the angle between the di- 
rection of the acceleration and the line along which it is to 
be resolved. 


31, When a point moves in a curve the whole acceleration 
may be resolved into two parts, one in the direction of the 
motion and equal to the acceleration of the velocity — the other 
towards the centre of curvature (perpendicular therefore to the 
direction of motion), whose magnitude is proportional to the 
square of the velocity and also to the curvature of the path. 
The former of these changes the velocity, the other affects only 
the form of the path, or the direction of motion. Hence if a 
moving point be subject to an acceleration, constant or not, 
whose direction is continually perpendicular to the direction of 
motion, the velocity will not be altered — and the only effect 
of the acceleration will be to make the point move in a curve 
whose curvature is proportional to the acceleration at each 
instant. 


32. In other words, if a point move in a curve, whether 
with a uniform or a varying velocity, its change of direction 
is to be regarded as constituting an acceleration towards the 
centre of curvature, equal in amount to the square of the 
velocity divided by the radius of curvature. The whole accele- 
ration will, in every case, be the resultant of the acceleration, 
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thus measuring change of direction, and the acceleration 
actual velocity along the curve. 


Qf Resolution 
and compo- 
sition of ac- 
celerations. 


We may take another mode of resolving acceleration for a 
plane curve, which is sometimes useful ; along, and perpendicular 
to, the radius-vector. By a method similar to that employed in 
§ 27, we easily find for the component along the radius-vector 


dt^ 



and for that perpendicular to the radius-vector 
Id/ 2 
r dt V 


33. If for any case of motion of a point we have given the Betermina- 

11 i-i i*T‘ ‘11 r. of 

whole velocity and its direction, or simply the components of iiiotion from 

,, 1 • 1 . given veio- 

the velocity in three rectangular directions, at any t%me, or, as city or ac- 

IS most commonly the case, for any position, the determination 

of the form of the path described, and of other circumstances of 

the motion, is a question of pure mathematics, and in all cases 

is capable, if not of an exact solution, at all events of a solution 

to any degree of approximation that may be desired. 

The same is true if the total acceleration and its direction 

at every instant, or simply its rectangular components, be given, 

provided the velocity and direction of motion, as well as the 

position, of the point at any one instant, be given. 


For we have in the first case 

^ = u^q cos a, etc., 

three simulfcaneous equations which can contain only x, y, z, and 
t, and which therefore suffice when integrated to determine x, y, 
and z in terms of t. By eliminating t among these equations, we 
obtain two equations among x, y, and — each of which repre- 
sents a surface on which lies the path described, and whose 
intersection therefore completely determines it. 

In the second case we have 

5?““' 

to which equations the same remarks apply, except that here 
each has to be twice integi^ated. 

2—2 
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Determina- 
tion of the 
motion from 
given velo- 
city or ac- 
celeration. 

Examples of 
velocity. 


The arbitrary constants introduced by integration are deter- 
mined at once if we know the co-ordinates, and the components 
of the velocity, of the point at a given epoch. 

34. From the principles already laid down, a great many 
interesting results may be deduced, of which we enunciate a 
few of the most important. 

a. If the velocity of a moving point be uniform, and if its 
direction revolve uniformly in a plane, the path described is 
a circle. 

Let a be the velocity, and a the angle through which its direc- 
tion turns in unit of time ; then, by properly choosing the axes, 
we have 

dx . , dy 


' — a sin a^, 


' = a cos clL 


whence 




h. If a point moves in a plane, and if its component velo- 
city parallel to each of two rectangular axes is proportional to 
its distance from that axis, the path is an ellipse or hyperbola 
whose principal diameters coincide with those axes; and the 
acceleration is directed to or from the origin at every instant. 

dx dy 

Hence ^ = — and the whole acceleration is 

towards or from 0. 

Also ^ , from which ~ vx^ = an ellipse or hyper- 

ctx fji y 

hola referred to its principal axes. (Compare § 05.) 

c. When the velocity is uniform, but in direction revolving 
uniformly in a right circular cone, the motion of the point is in 
a circular helix whose axis is parallel to that of the cone. 

Examples of 35. a. When a point moves Uniformly in a circle of rad lus 
ac^era- Velocity FJ the whole acceleration is directed towards 


the centre, and has the constant value 


See § 31. 
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h. With uniform acceleration in the direction of motion, a Examples of 
point describes spaces proportional to the squares of the times 
elapsed since the commencement of the motion. 

In this case the space described in any interval is that 
which would be described in the same time by a point moving 
uniformly with a velocity equal to that at the middle of the 
interval. In other words, the average velocity (when the 
acceleration is uniform) is, during any interval, the arithmeti- 
cal mean of the initial and final velocities. This is the case of 
a stone falling vertically. 


For if the acceleration be parallel to cc, we have 
^ = a, therefore ^ = aj{, and x = 


And we may write the equation (§29) = a, whence ~ = « 

CLOD 


If at time t ~ 0 the velocity was F, these equations become at 
once 


V- F + a^, 


£C= 


and 


F^ 

2 = y + 


And initial velocity = F, 

final „ = F+ at] 

Arithmetical mean =-• F + 

_x 


whence the Ksecond part of the above statement. 


c. When there is uniform acceleration in a constant direc- 
tion, the path described is a parabola, whose axis is parallel to 
that direction. This is the case of a projectile moving in 
vacuum. 


For if the axis of y be parallel to the acceleration a, and if the 
plane of xy be that of motion at any time, 

dz 


^-0 
■df ’ 


dt 


= 0, a=0, 


and therefore the motion is wholly in the plane of scy. 


m 


d^x 


d‘l/ 
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Examples of and by integration 

X^m+a, y^laf+Yt + h, 
where Z7, F, h are constants. 

The elimination of t gives the equation of a parabola of which the 
axis is parallel to ?/, parameter ^ , and vertex the point whose co- 


ordinates are 


a; = 





F^ 

2a * 


d. As an illustration of acceleration in a tortuous curve, we 
take the case of § 13, or of § 34, c. 

Let a point move in a circle of radius r with uniform angular 
velocity m (about the centre), and let this circle move perpen- 
dicular to its plane with velocity F. The point describes a 
helix on a cylinder of radius r, and the inclination a is given by 
, F 

tan a = — . 

TO) 


The curvature of the path is ^ 


T F® + rV 


or 


j, and the 


tortuosity 


y2 


F<o 


F F^ 




The acceleration is directed perpendicularly towards the 
axis of the cylinder. — Call this A, 


Curvature = 


A A 

V^ + Ar 


Tortuosity = 


F 


Fco 




P + - 


Let A be finite, r indefinitely small, and therefore co indefinitely 
great. 

A 

Cuivatui'e (in the limit) = ^ • 


Tortxiosity ( „ ) = y • 

Thus, if we have a material particle moving in the manner speci- 
fied, and if we consider the force (see Chap. IL) required to pro- 
duce the acceleration, we find that a finite force perpendicular to 
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the line of motion, in a direction revolving with an infinitely Examples 
great angular velocity, maintains constant infinitely small de- tion! ^ 
flection (in a direction opposite to its own) from the line of un- 
disturbed motion, finite curvature, and infinite tortuosity. 


e. When the acceleration is perpendicular to a given plane 
and proportional to the distance from it, the path is a plane 
curve, which is the harmonic curve if the acceleration be towards 
the plane, and a more or less fore-shortened catenary (§ 580) 
if from the plane. 


d^/^ d 

As in case c, ^ ^ = 0, if the axis of be 

perpendicular to the acceleration and to the direction of motion 
at any instant. Also, if we choose the origin in the plane, 


^=0 


dt^ 




Hence 


dx 

It 


= const. = a (suppose), 


and 




dx^ 


y. 


This gives, if /x is negative, 

y = P cos + <3^ , the harmonic curve, or curve of sines. 

M X 

If /X. be positive, y - Pe*' 4- ^ ; 

and by shifting the origin along the axis of x this can be put in 
the form 

X 

y = P(e^ + e~): 

which is the catenary if 2E -h ; otherwise it is the catenary 
stretched or fore-shortened in the direction of y. 


36. rCompare 233 — 236 below.] a. When the accele- Acceleration 

1 , . directed to a 

ration is directed to a fixed point, the path is in a plane passing fixed centre, 
through that point; and in this plane the areas traced out by 
the radius-vector are proportional to the times employed. This 
includes the case of a satellite or planet revolving about its 
primary. 

Evidently there is no acceleration perpendicular to the 
plane containing the fixed and moving points and the direction 
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Acceleration of motion of the secoud at any instant: and, there being no 

directed to a , t , t i i 

fixed centre, velocity perpendicular to this plane at starting, there is there- 
fore none throughout the motion; thus the point moves in the 
plane. And had there been no acceleration, the point would 
have described a straight line with uniform velocity, so that in 
this case the areas described by the radius-vector would have 
been proportional to the times. Also, the area actually described 
in any instant depends on the length of the radius-vector and 
the velocity perpendicular to it, and is shown below to be 
unaffected by an acceleration paiallel to the radius- vector. 
Hence the second part of the proposition. 


We have 


df 


d ^ p ^ 

df T ' 


the fixed point being the origin, and P being some function of 
X, z'j in nature a function of r only. 


Hence 




which give on integration 
' dt dt~ dt 


dz dy ^ dx dz ^ dy dx ^ 


dt dt 


Hence at once C^x + C^y + G^z - 0, or the motion is in a i)lane 
through the origin. Take this as the plane of xy^ then wo have 
only the one equation 


In polar co-ordinates this is 
h = r 


dM 

dt 



if A be the area intercepted by the curve, a fixed radius- vector, 
and the radius-vector of the moving point. Hence the area in- 
creases uniformly with the time. 


S. In the same case the velocity at any point is inversely as 
the perpendicular from the fixed point upon the tangent to the 
path, the momentary direction of motion. 

For evidently the product of this perpendicular and the 
velocity gives 'double the area described in one second about the 
fixed point. 
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Or thus — if p be the perpendicular on the tangent, 


and therefore 


p-- 


dy dx 
' ds ^ ds^ 
ds dy dx ^ 


dt dt 


If we refer the motion to co-ordinates in its own plane, we 
have only the equations 

d^x _ Px d?y Py 

dO 

whence, as before, ~r - 


If, by the help of tliis last equation, we eliminate t from 

= — , substituting polar for rectangular co-ordinates, we 
r 

arrive at the polar differential equation of the path. 

For variety, we may derive it from the formulse of § 32. 



Also ~ substitution of which values gives us 

( 1 ), 


d^u P 


the equation required. The integral of this equation involves 
two arbitrary constants besides 4, and the remaining constant 
belonging to the two differential equations of the second order 
above is to be introduced on the farther integration of 

<?)• 


when the value of u in terms of 6 is substituted from the equa- 
tion of the path. 


Acceleration 
directed to a 
fixed centre. 
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Other examples of these principles will he met with in the 
chapters on Kinetics. 

Hodograph. 37. If from any fixed point, lines he drawn at every instant, 
representing in magnitude and direction the velocity of a point 
describing any path in any manner, the extremities of these 
lines form a curve which is called the Hodograph. The inven- 
tion of this construction is due to Sir W. E. Hamilton. One of 
the most beautiful of the many remarkable theorems to which 
it led him is that of § 38. 

Since the radius-vector of the hodograph represents the 
velocity at each instant, it is evident (§ 27) that an elementary 
arc represents the velocity which must be compounded with the 
velocity at the beginning of the corresponding interval of time, 
to find the velocity at its end. Hence the velocity in the hodo- 
graph is equal to the acceleration in the path ; and the tangent 
to the hodograph is parallel to the direction of the acceleration 
in the path. 


If Xj y, z be the co-ordinates of the moving point, i, rj, I those 
of the corresponding point of the hodograph, then evidently 

P = ^ y _dz 

^~dt’ 


and therefore 


d'x d^y ~ ^ ^ 
df df df 


or the tangent to the hodograph is parallel to the acceleration in 
the orbit. Also, if cr be the arc of the hodograph, 




or the velocity in the hodograph is equal to the rate of accelera- 
tion in the path. 


Hodograph 38. The hodograph for the motion of a planet or comet is 
cS?de“ always a circle, whatever be the form and dimensions of the orbit. 
Kepler’s Iq the motion of a planet or comet, the acceleration is directed 
towards the sun’s centre. Hence (§ 36, b) the velocity 'is in- 
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versely as the perpendicular from that point upon the tangent sodograph 
to the orbit. The orbit we assume to be a conic section, whose cometd^e-’^ 
focus is the sun’s centre. But we know that the intersection 
of the perpendicular with the tangent lies in the circle whose 
diameter is the major axis, if the orbit be an ellipse or hyper- 
bola; in the tangent at the vertex if a parabola. Measure off 
on the perpendicular a third proportional to its own length and 
any constant line; this portion will thus represent the velocity 
in magnitude and in a direction perpendicular to its own — 
so that the locus of the new points in each perpendicular will be 
the hodograph turned through a right angle. But we see by 
geometry^ that the locus of these points is always a circle. 

Hence the proposition. The hodograph surrounds its origin if 
the orbit be an ellipse, passes through it if a parabola, and the 
origin is without the hodograph if the orbit is a hyperbola. 

For a projectile unresisted by the air, it will be shewn in 
Kinetics that we have the equations (assumed in § S5, c) 

drx ^ dry 


if the axis of y be taken vertically upwards. 
Hence for the hodograph 



drj 

~dt 




or ^=(7, Y)-0'-gtj and the hodograph is a vertical straight 
line along which the describing point moves uniformly. 

For the case of a planet or comet, instead of assuming as Hodograph 
above that the orbit is a conic with the sun in one focus, assume 
(JSTewton’s deduction from that and the law of areas) that the 
acceleration is in the dii'ection of the radius- vector, and varies 
iji versely as the square of the distance. We have obviously 

d^x [JLX d^y fxy 


where = + 

Hence, as in § 36, (^)> 


See our smaller work, § 51. 
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Eodograph 
for planet or 
comet, de- 
duced from 
Newton’s 
law of force. 


Applica- 
tions of the 
hodograph. 


Curves of 
pursuit. 


and therefore 


d^x 

df 


fXX 

T 


dy dx 

■d y 


- t 
" h 







dr 

dt 


h 


Hence 

II 

+ 

(2). 

Similarly 



di h r 

( 3 ). 

Hence for the hodograph 



{i + Af + {ri + Br = ^,, 


the circle as before stated. 

We may merely meiitiorL that the equation of the orbit will bo 

dx dy 

found at once by eliminating and among the three first 
integrals (1), (2), (3) above. We thus get 
-h‘\-Ay’-Bx= j^r, 


a conic section of which the origin is a focus. 

39. The intensity of heat and light emanating from a point, 
or from an uniformly radiating spherical surface, diminishes with 
increasing distance according to the same law as gravitation. 
Hence the amount of heat and light, which a planet receives 
from the sun during any interval, is proportional to the time 
integral of the acceleration during that interval, i.e, (§37) to 
the corresponding arc of the hodograph. Trom this it is easy 
to see, for example, that if a comet move in a parabola, the 
amount of heat it receives from the sun in any interval is pro- 
portional to the angle through which its direction of motion 
turns during that interval. There is a corresponding theorem 
for a planet moving in an ellipse, hut somewhat more com- 
plicated. 

40. If two points move, each with a definite uniform velo- 
city, one in a given curve, the other at every instant directing 
its course towards the first describes a path which is called a 
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Curve of Pursuit. The idea is said to have been suggested Curves of 
by the old rule of steering a privateer always directly for the 
vessel pursued. (Bouguer, M4m. de VAcad. 1732.) It is the 
curve described by a dog running to its master. 

The simplest cases are of course those in which the first 
point moves in a straight line, and of these there are three, for 
the velocity of the first point may be greater than, equal to, 
or less than, that of the second. The figures in the text below 
represent the curves in these cases, the velocities of the pur- 
suer being 1, and ^ of those of the pursued, respectively. In 
the second and third cases the second point can never over- 
take the first, and consequently the line of motion of the first 
is an asymptote. In the first case the second point overtakes 
the first, and the curve at that point touches the line of motion 
of the first. The remainder of the curve satisfies a modified 
form of statement of the original question, and is called the 
Curve of Flight. 
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velocity. 


[ 40 . 


We will merely form the differential equation of the curve, 
and give its integrated form, leaving the work to the student. 

Suppose Ox to he the line of motion of the first point, whose 
velocity is v, AF the curve of pursuit, in which the velocity is ii, 
then the tangent at F always passes through Q, the instan- 
taneous position of the first point. It will he evident, on a 
moment’s considei'ation, that the curve AF must have a tangent 
perpendicular to Ox. Take this as the 
axis of 2/5 and let OA — ct. Then, if 
0 Q = ^, AF-s, and if a;, 2/ he the co- 
ordinates of P, we have 
^_OQ 

to V ’ 

because A, 0 and F, Q are pairs of si- 
multaneous positions of the two points. 


y 



0 M 


Q 


This gives 
From this we find, unless e = l, 


V dx 

-s=es=x-y . 
u ^ dy 


« / ae \ 

2 lx -i- - 2 — r-) = — 
\ 6^-1/ 


y 


(e+l)'*’2/^- (6^1)^ 


y 


and if 6 = 1, ^ f) “ ^ 

the only case in which we do not get an algebraic curve, 
axis of 03 is easily seen to be an asymptote if e <j:; 1. 


The 


41. When a point moves in any manner, the line joining 
it with a fixed point generally changes its direction. If, for 
simplicity, we consider the motion as confined to a plane 
passing through the fixed point, the angle which the joining 
line makes with a fixed line in the plane is continually alter- 
ing, and its rate of alteration at any instant is called the 
Angular Velocity of the first point about the second. If 
uniform, it is of course measured by the angle described in 
unit of time; if variable, by the angle which would have 
been described in unit of time if the angular velocity at the 
instant in question were maintained constant for so long. In 
this respect, the process is precisely similar to that which we 
have already explained for the measurement of velocity and 
acceleration. 
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Unit of angular velocity is that of a point which describes. Angular 
or would describe, unit angle about a fixed point in unit of 
time. The usual unit angle is (as explained in treatises on 
plane trigonometiy) that which subtends at the centre of a circle 
an arc whose length is equal to the radius; being an angle of 

^ 29578 ... = 57^ 17' 44^8 nearly. 

For brevity we shall call this angle a radian. 

42. The rate of increase or diminution of the angular velo- 
city when variable is called the angular acceleration^ and is 
measured in the same way and by the same unit. 


By methods precisely similar to those employed for linear 
velocity and acceleration we see that if ^ be the angle-vector 
of a point moving in a plane — the 

dO 

Angular velocity is cd = — , and the 
(to 


. , , j . . c^o) d^O d<3> 

Angular acceleration is = w ^ . 

dt di/ d\/ 


Since (§27) r — is the velocity perpendicular to the radius- 
cit 

vector, we see that 

The angular velocity of a point in a plane is found by 
dividing the velocity perpendicular to the radius-vector by the 
length of the radius-vector. 


43. When one point describes uniformly a circle about Angular 

n ^ M 1 • f* 1 • velocity. 

another, the time of describing a complete circumference being 
Ty we have the angle 27r described uniformly in T\ and, there- 

277* 

fore, the angular velocity is . Even when the angular velo- 
city is not uniform, as in a planet’s motion, it is useful to 

277 ” 

introduce the quantity-^, which is then called the mean 
angular velocity. 

When a point moves uniformly in a straight line its angular 
velocity evidently diminishes as it recedes from the point about 
which the angles are measured. 
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velocity 
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Relative 

motion. 


The polar equation of a straight line is 
r = sec 9, 

But the length of the line betweeu the limiting angles 0 and ^ 

is a tan 6. and this increases with uniform velocity v. Hence 

d . , .. dO 

~ (a tan 9) = a sec"* (7 -r- = 77 • 

^ dt a dt 


Hence -r- = — v » and is therefore inversely as the square of the 
dt 7"^ ^ 


radius-vector. 

Similarly for the angular acceleration, we have by a second 
differentiation, 


dt^ 


+ 2 tan 9 



= 0 , 


. d^O 2av^ /„ 1 lx- X 1 • • 1 

i. 6., ^ = ultimately vanes inversely as 

the third power of the radius-vector. 


M. We may also talk of the angular velocity of a moving 
plane with respect to a fixed one, as the rate of increase of the 
angle contained by them — but unless their line of intersection 
remain fixed, or at all events parallel to itself, a somewhat 
more laboured statement is required to give definite informa- 
tion. This will be supplied in a subsequent section. 

45. All motion that we are, or can be, acquainted with, is 
Relative merely. We can calculate from astronomical data for 
any instant the direction in which, and the velocity with which 
we are moving on account of the earth’s diurnal rotation. We 
may compound this with the similarly calculable velocity of the 
earth in its orbit. This resultant again we may compound 
with the (roughly known) velocity of the sun relatively to the 
so-called fixed stars ; but, even if all these elements were accu- 
rately known, it could not be said that we had attained any 
idea of an absolute velocity; for it is only the sun’s relative 
motion among the stars that we can observe ; and, in all pro- 
bability, sun and stars are moving on (possibly with very great 
rapidity) relatively to other bodies in space* We must there- 
fore consider how, from the actual motions of a set of points, we 
may find their relative motions with regard to any one of them; 
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and how, having given the relative motions of all but one with Relative 
regard to the latter, and the actual motion of the latter, we 
may find the actual motions of all. The question is very 
easily answered. Consider for a moment a number of pas- 
sengers walking on the deck of a steamer. Their relative 
motions with regard to the deck are what we immediately 
observe, but if we compound with these the velocity of the 
steamer itself we get evidently their actual motion relatively 
to the earth. Again, in order to get the relative motion of 
all with regard to the deck, we abstract our ideas from the 
motion of the steamer altogether — ^that is, we alter the velocity 
of each by compounding it with the actual velocity of the vessel 
taken in a reversed direction. 

Hence to find the relative motions of any set of points with 
regard to one of their number, imagine, impressed upon each in 
composition with its own velocity, a velocity equal and opposite 
to the velocity of that one ; it will be reduced to rest, and the 
motions of the others will be the same with regard to it as 
before. 

Thus, to take a very simple example, two trains are running 
in opposite directions, say north and south, one with a velocity 
of fifty, the other of thirty, miles an hour. The relative velocity 
of the second with regard to the first is to be found by im- 
pressing on both a southward velocity of fifty miles an hour; 
the effect of this being to bring the first to rest, and to give the 
second a southward velocity of eighty miles an hour, which is 
the required relative motion. 

Or, given one train moving north at the rate of thirty miles 
an hour, and another moving west at the rate of forty miles an 
hour. The motion of the second relatively to the first is at 
the rate of fifty miles an hour, in a south-westerly direction 
inclined to the due west direction at an angle of tan'*^f. It 
is needless to multiply such examples, as they must occur to 
every one. 

46. Exactly the same remarks apply to relative as compared 
with absolute acceleration, as indeed we may see at once, since 
accelerations are in all cases resolved and compounded by the 
same law as velocities. 
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If X, y, a, and x', y’, fee tfee co-ordinates of two points 
referred to axes regarded as fixed j and ij, t, their relative 
co-ordinates — we liave 

^=x'~x, y\ = y-y, l = z'-z, 
and, differentiating, 

dx' dx 
di^'di~Tt^ 

wliich give tlie relative, in terms of the absolute, velocities j and 
d^x' d'x 

d¥^l[¥~~~d¥^ ’ 

proving our assertion about relative and absolute accelerations. 

The corresponding expressions in polar co-ordinates in a plane 
are somewhat complicated, and by no means convenient. The 
student can easily write them down for himself. 


47. The following proposition in relative motion is of con- 
siderable importance : — 

Any two moving points describe similar paths relatively to 
each other, or relatively to any point which divides in a con- 
stant ratio the line joining them. 

Let A and B be any simultaneous positions of the points. 

Take G or O' in AB such that the ratio 


G' A G 


or has a constant value. 
OtjD (x Jd 


Then 


as the form of the relative path depends only upon the length 
and direction of the line joining the two points at any instant, it 
is obvious that these will be the same for A with regard to B, 
as for B with regard to A, saving only the inversion of the 
direction of the joining line. Hence jB’s path about A, is A^s 
about B turned through two right angles. And with regard to 
(?and G' it is evident that the directions remain the same, while 
the lengths are altered in a given ratio ; but this is the definition 
of similar curves. 


48. As a good example of relative motion, let us consider 
that of the two points involved in our definition of the curve of 
pursuit, § 40. Since, to find the relative position and motion of 
the pursuer with regard to the pursued, we must impress on 
both a velocity equal and opposite to that of the latter, we see 
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at once that the problem becomes the same as the following’. A Relative 

•• n-111 *1 ‘r* motion. 

boat crossiDg a stream is impelled by the oars with uaiform 
velocity relatively to the water, and always towards a fixed 
point in the opposite bank ; but it is also carried down stream 
at a uniform rate ; determine the path described and the time of 
crossing. Here; as in the former problem; there are three cases, 
figured below. In the first, the boat, moving faster than the 
current, reaches the desired point ; in the second, the velocities 
of boat and stream being equal, the boat gets across only after 
an infinite time — describing 
a parabola — ^but does not land 
at the desired point, which is 
indeed the focus of the para- 
bola, while the landing point 
is the vertex. In the third 
case, its proper velocity being 
less than that of the water, it 
never reaches the other bank, 
and is carried indefinitely 
down stream. The compari- 
son of the figures in § 40 with those in the present section cannot 
fail to be instructive. They are drawn to the same scale, and 
for the same relative velocities. The horizontal lines represent 
the farther hank of the river, and the vertical lines the path of 
the boat if there were no current. 

We leave the solution of this question as an exercise, merely 
noting that the equation of the curve is 

in one or other of the three cases, according as e is >, , or < 1. 

When e = \ this becomes 

y" 2ax, the parabola. 

The time of crossing is 

a 

which is finite only for <^<1;, because of course a negative value 
is inadmissible. 
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49 . Anotlier excellent example of the transformation of rela- 
tive into absolute motion is afforded by the family of cycloids. 
We shall in a future section consider their mechanical descrip- 
tion, by the rolling of a circle on a fixed straight line or circle. 
In the mean time^ we take a different form of enunciation, 
which, however, leads to precisely the same result. 

Find the actual path of a point which revolves uniformly in 
a circle about another point — the latter moving uniformly in a 
straight line or circle in the same plane. 

Take the former case first : let a be the radius of the relative 
circular orbit, and m the angular velocity in it, v being the 
velocity of its centre along the straight line. 

The relative co-ordinates of the point in the cii'cle are a cos 
and a sin and the actual co-ordinates of the centre are vt 
and 0. Hence for the actual path 

a cos (D^, ri-a sin co^. 


Hence ^ ~ ^ an equation which, by giving 

different values to v and may be made to represent the cycloid 
itself, or either form of trochoid. See § 92. 

For the epicycloids, let h be the radius of the circle which B 
describes about the angular velocity; a the radius of A^s 
path, 0 ) the angular velocity. 



Also at time ^ = 0, let A be in the radius 
OA of A's path. Then at time j5, if A', S 
be the positions, we see at once that 

i A OA' = z BOA = 


Hence, taking OA as axis of x, 


x — a cos (ot + h cos y = a sin -f- 6 sin 

which, by the elimination of t, give an algebraic equation ])etwecn 
X and y whenever co and o)^ are commensui-able. 

Thus, for Wj = 2(0, suppose coi = 6, and we have 


a; = acos^+5cos2^, ' y^a^mO + 
or, by an easy reduction, 

{x^ + lf-hy=:a^{{x + lf^f]. 
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Put csi — h for Xj i.e.y cliange tlie origin to a distance AB to tlie Relative 
„ ^ , motLon. 

left of 0, tlie equation uecomes 

(x^ + y^) - {x^ + - 2hxY^ 

or, in polar co-ordinates, 

(r - 26 cos r = a + 26 cos (9, 
and when 2b = aj r = a(l+ cos 0), the cardioid. (See § 94.) 

50. As an additional illustration of this part of our subject, 
we may define as follows : — 

If one point A executes any motion whatever with reference 
to a second point B\ ii B executes any other motion with refer- 
ence to a third point G ; and so on — the first is said to execute, 
with reference to the last, a movement which is the resultant of 
these several movements. 

The relative position, velocity, and acceleration are in such a 
case the geometrical resultants of the various components com- 
bined according to preceding rules. 

51. The following practical methods of effecting such a com- 
bination in the simple case of the movements of two points are 
useful in scientific illustrations and in certain mechanical arrange- 
ments. Let two moving points be joined by an elastic string ; 
the middle point of this string will evidently execute a move- 
ment which is half the resultant of the motions of the two 
points. But for drawing, or engraving, or for other mechanical 
applications, the following method is preferable : — 

CF and ED are rods of equah length 
moving freely round a pivot at P, which 
passes through the middle point of each — 

GA, AD, EB, and BF, are rods of half the' 
length of the two former, and so pivoted 
to them as to form a pair of equal rhombi 
CD, EF, whose angles can be altered at 
will. Whatever motions, whether in a plane, or in space of three 
dimensions, be given to A and B, P will evidently be subjected 
to half their resultant. 

52. Amongst the most important classes of motions which harmonic 
we have to consider in Natural Philosophy, there is one, namely, 
Harmonic Motion, which is of such immense use. not only in 
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ordinary kinetics, but in the theories of sound, light, heat, etc., 
that we make no apology for entering here into considerable 
detail regarding it. 



53. Def. When a point Q moves uniformly in a circle, the 
^ perpendicular QP drawn from its position 

at any instant to a fixed diameter A A' of 
the circle, intersects the diameter in a point 
P, whose position changes by a simple har^- 
vionic motion. 

Thus, if a planet or satellite, or one of 
the constituents of a double star, supposed 
to move uniformly in a circular orbit about 
its primary, be viewed from a very distant position in the plane 
of its orbit, it will appear to move backwards and forwards in a 
straight line, with a simple harmonic motion. This is nearly 
the case with such bodies as the satellites of Jupiter when seen 
from the earth. 

Physically, the interest of such motions consists in the fact 
of their being approximately those of the simplest vibrations of 
sounding bodies, such as a tuning-fork or pianoforte wire ; whence 
their name ; and of the various media in which waves of sound, 
light, heat, etc., are propagated. 


54. The Amplitude of a simple harmonic motion is the 
range on one side or the other of the middle point of the course, 
i.e., OA or OA' in the figure. 

An arc of the circle referred to, measured from any fixed 
point to the uniformly moving point Q, is the Argument of 
the harmonic motion. 

The distance of a point, performing a simple harmonic motion, 
from the middle of its course or range, is a simple harmonic func--^ 
tion of the time. The argument of this function is what we have 
defined as the argument of the motion. 

The Epoch in a simple harmonic motion is the interval of time 
which elapses from the era of reckoning till the moving point 
first comes to its greatest elongation in the direction reckoned 
as positive, from its mean position or the middle of its range. 
Epoch in angular measure is the angle described on the circle of 
reference in the period of time defined as the epoch. 



KINEMATICS. 


89 


54] 

The Period of a simple harmonic motion is the time which 
elapses from any instant until the moving point again moves in 
the same direction through the same position. 

The Phase of a simple harmonic motion at any instant is the 
fraction of the whole period which has elapsed since the moving- 
point last passed through its middle position in the positive 
direction. 

55. Those common kinds of mechanism, for producing recti- 
lineal from circular motion, or vice versa, in which a crank 
moving in a circle woiks in a straight slot helonging to a body 
w^hich can only move in a straight line, fulfil strictly the definition 
of a simple harmonic motion in the part of which the motion is 
rectilineal, if the motion of the rotating part is uniform. 

The motion of the treadle in a spinning-wheel approximates 
to the same condition when the wheel moves uniformly; the 
approximation being the closer, the smaller is the angular motion 
of the treadle and of the connecting string. It is also approx- 
imated to more or less closely in the motion of the piston of a 
steam-engine connected, by any of the several methods in use, 
with the crank, provided always the rotatory motion of the 
crank be uniform. 

5G. The velocity of a point executing a simple harmonic 
motion is a simple harmonic function of the time, a quarter of 
a period earlier in phase than the displacement, and having its 
maximum value equal to the velocity in the circular motion by 
which the given function is defined. 

For, in the fig. of § 53, if V be the velocity in the circle, it 
may be represented by OQ in a direction perpendicular to its 
own, and therefore by OP and PQ in directions perpendicular to 
those lines. That is, the velocity of P in the simple harmonic 

motion is PQ ; which, when P is at becomes V, 

u 

67. The acceleration of a point executing a simple harmonic 
motion is at any time simply proportional to the displacement 
from the middle point, hut in opposite direction, or always 
towards the middle point. Its maximum value is that with 
which a velocity equal to that of the circular motion would 


Simple 
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motion. 
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mechanibm. 
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be acquired in the time in which an arc equal to the radius 
is described. 

F" 

For, in the fig. of § 53, the acceleration of Q (by § 35, a) is 


along QO, Supposing, for a moment, QO to represent the mag- 
nitude of this acceleration, we may resolve it in QP^ PO. The 
acceleration of P is therefore represented on the same scale by 


F" 

QO'- 


PO 

P 0. Its magnitude is therefore ^ 

proportional to POj and has at A its maximum value, , an 
acceleration under which the velocity F would be acquired in 


PO, which is 


the time as stated. 


Let a be the amplitude, € the epoch, and T the period, of a 

simple harmonic motion. Then if s be the displacement from 

middle position at time i, we have 

/27ri \ 

3 = a QOS { — 

Hence, for velocity, we have 

ds 27ra . /27rt \ 

Hence F, the maximum value, is as above stated (§ 56). 

Again, for acceleration, 

dv /27rt \ 47 r® ^ , 

(See§57.) 

Lastly, for the maximum value of the acceleration, 

4:7r^a V 
~1F~~ “ j 
Stt 

T 

where, it may be remarked, ^ is the time of describing an arc 
equal to radius in the relative circular motion. 


58, Any two simple harmonic motions in one line, and of 
one period, give, when compounded, a single simple harmonic 
motion; of the same period ; of amplitude equal to the diagonal 
of a parallelogram described on len^hs equal to their amplitudes 
measured on lines meeting at an angle equal to their difference 
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of epochs ; and of epoch differing from their epochs by angles 
equal to those which this diagonal makes with the tw^o sides of ® ^ ^ 

the parallelogram. Let P and P' be 
two points executing simple harmonic 
motions of one period, and in one line 
B'BCAA', Let Q and Q' be the uni- 
formly moving points in the relative 
circles. On GQ and OQ describe a 
parallelogram SQCQ ; and through 8 
draw 8R perpendicular to B'A' pro- 
duced. We have obviously PE=GP 
(being projections of the equal and 
parallel lines Q' S^CQ, on CP). Hence 
CP= CP-b CP ; and therefore the 

point P executes the resultant of the motions P and P. But 
C8, the diagonal of the parallelogram, is constant, and therefore 
the resultant motion is simple harmonic, of amplitude C>S, and 
of epoch exceeding that of the motion of P, and falling short 
of that of the motion of P, by the angles QG8 and SGQ' re- 
spectively. 

This geometrical construction has been usefully applied by the 
tidal committee of the British Association for a mechanical tide- 
indicator (compare § 60, below). An arm CQ turning round C 
carries an arm Q S turning round Q\ Toothed wheels, one of 
them fixed with its axis through C, and the others pivoted on a 
framework carried by G Q\ are so arranged that Q' 8 turns very 
approximately at the rate of once round in 12 mean lunar hours, 
if CQ be turned uniformly at the rate of once round in 12 mean 
solar hours. Days and half-days are marked by a counter geared 
to GQ, The distance of 8 from a fixed line through C shows 
the deviation from mean sea-level due to the sum of mean solar 
and mean lunar tides for the time of day and year marked by 
C Q and the counter. 

An analytical proof of the same proposition is useful, being as 



follows : — 



= {a cos € + a cos e ) cos + {a sin e + sm € ) sin = r cos 
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r = {(« cos e + a cos e ) ® 4 - {a sin e + a' sin 

= {a® + + 2c}®' cos (e - e') }^, 

- a sin € + a' sin e 

tan 6 - — 1 T* 

a cos e + a COB e 

59. The construction descrihed in the preceding section ex- 
hibits the resultant of two simple harmonic motions, whether of 
the same period or not. Only, if they are not of the same period, 
the diagonal of the parallelogram will not be constant, but will 
diminish from a maximum value, the sum of the component 
amplitudes, which it has at the instant when the phases of the 
component motions agree j to a minimum, the difference of those 
amplitudes, which is its value when the phases differ by half 
a period. Its direction, which always must be nearer to the 
greater than' to the less of the two radii constituting the sides 
of the parallelogram, will oscillate on each side of the greater 
radius to a maximum deviation amounting on either side to the 
angle whose sine is the less radius divided by the greater, and 
reached when the less radius deviates more than this by a 
quarter circumference from the greater. The full period of this 
oscillation is the time in which either ladius gains a full turn 
on the other. The resultant motion is therefore not simple 
harmonic, but is, as it were, simple harmonic with periodically 
increasing and diminishing amplitude, and with periodical ac- 
celeration and retardation of phase. This view is particularly 
appropriate for the case in which the periods of the two com- 
ponent motions are nearly equal, but the amplitude of one of 
them much greater than that of the other. 

To express the resultant motion, let s be the displacement at 
time and let a be the greater of the two component half- 
amplitudes. 

5 = cos (nt — €) + «' cos {n't - e') 

= acos (nt —e) -ha' cos (jit - € + <^) 

= -f a' cos cos (lit —e) - a' sin cji sin (nt - e), 
if ^ = (n't - e') — (nt - c) ; 

or, finally, 5 = r cos (rit - c + (9), 
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if 


and 


r = + 2aa' cos + a^^'y' 


tan 6 = 


a sin 

a + a' cos cj> ‘ 


Composi- 
tion of 
S H. M. m 
one line. 


Tlie maximum value of tan 0 in the last of these equations is 

found by making ^ ^ + sin“^ — , and is equal to — r , 

2 a’ 

and hence the maximum value of 0 itself is sin ^ . The £reo- 

a ® 

metrical methods indicated above (§ 58) lead to this conclusion 
by the following very simple construction. 


To find the time and the amount of the maximum acceleration 
or retardation of phase, let GA be the greater half-amplitude. 
From A as centre, with the less half-amplitude as radius, de- 
scribe a circle. CB touching this circle is the generating radius 
of the most deviated resultant. Hence CBA is a right angle ; 


and 


sin BCA = 


AB 

CA^ 


60. A most interesting application of this case of the com- Examples of 
position of harmonic motions is to the lunar and solar tides ; of 
which, except in tidal rivers, or long channels, or deep bays, ^ 
follow each very nearly the simple harmonic law, and produce, as 
the actual result, a variation of level equal to the sum of varia- 
tions that would be produced by the two causes separately. 

The amount of the lunar equilibrium-tide (§ 812) is about 2T 
times that of the solar. Hence, if the actual tides conformed to 
the equilibrium theory, the spring tides would be 3 1, and the 
neap tides only IT, each reckoned in terms of the solar tide ; 
and at spring and neap tides the hour of high water is that of 
the lunar tide alone. The greatest deviation of the actual tide 
from the phases (high, low, or mean water) of the lunar tide 
alone, would be about *95 of a lunar hour, that is, *98 of a solar 
hour (being the same part of 12 lunar hours that 28° 26) or the 

angle whose sine is ^ , is of 360°). This maximum deviation 

would be in advance or in aiTear according as the crown of the 
solar tide precedes or follows the crown of the lunar tide ; and it 
would be exactly reached when the interval of phase between 
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Examples of the two Component tides is 3 95 lunar hours. Tliat is to say, 
composition maximiim advance of the time of high water ^ 

in one line. maximum retardation the same number of days 

before, spring tides (compare § 811). 

61. We may consider next the case of equal amplitudes in 
the two given motions. If their periods are equal, their re- 
sultant is a simple harmonic motion, whose phase is at every 
instant the mean of their phases, and whose amplitude is equal 
to twice the amplitude of either multiplied by the cosine of half 
the difference of their phases. The resultant is of course nothing' 
when their phases differ by half the period, and is a motion of 
double amplitude and of phase the same as theirs when they are 
of the same phase. 

When their periods are very nearly, but not quite, equal (their 
amplitudes being still supposed equal), the motion passes very 
slowly from the former (zero, or no motion at all) to the latter, 
and back, in a time equal to that in which the faster has gone 
once oftener through its period than the slower has. 

In practice we meet with many excellent examples of this 
case, which will, however, be more conveniently treated of when 
we come to apply kinetic principles to various subjects in acou- 
stics, physical optics, and practical mechanics ; such as the sym- 
pathy of pendulums or tuning-forks, the rolling of a turret ship 
at sea, the marching of troops over a suspension bridge, etc. 


Mechanism 62. If any number of pulleys be so placed that a cord 
pomKhnj? passing from a fixed point half round each of them has its 
tions in free parts all in parallel lines, and if their centres be moved 

one line. ^ ^ . 

with simple harmonic motions of any ranges and any periods 
in lines parallel to those lines, the unattached end of the 
cord moves with a complex harmonic motion equal to twice 
the sum of the given simple harmonic motions. This is the 
principle of Sir W. Thomson’s tide-predicting machine, con- 
structed by the British Association, and ordered to be placed 
in South Kensington Museum, availably for general use in 
calculating beforehand for any port or other place on the sea 
for which the simple harmonic constituents of the tide have 
been determined by the harmonic analysis” applied to 
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previous observations^*. We may exhibit, graphically, any case 
of single or compound simple harmonic motion in one line by 
curves in which the abscissae represent intervals of time, and the 



Graphical 
representa- 
tion of 
harmonic 
motions in 
one line. 


* See Britisli Association Tidal Committee's Reports, 1868, 1872, 1875 : or 
Lecture on Tides^ by Sir W. Thomson (Collins, Glasgow, 1876). 
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ordinates tlie corresponding distances of the naoving point from 
its mean position. In the case of a single simple haimonic 
motion, the corresponding curve would be'that described by the 
point P in § 53, if, while Q maintained its uniform circular 
motion, the circle were to move with uniform velocity in any 
direction perpendicular to OA., This construction gives the 
harmonic curve, or curves of sines, in which the ordinates are 
proportional to the sines of the abscissae, the straight line in 
which 0 moves being the axis of abscissse. It is the simplest 
possible form assumed by a vibrating string. When the har- 
monic motion is complex, but in one line, as is the case for any 
point in a violin-, harp-, or pianoforte -string (differing, as these 
do, from one another in their motions on account of the different 
modes of excitation used), a similar construction may be made. 
Investigation regarding complex harmonic functions has led to 
results of the highest importance, having their most general 
expression in Fouviev^s TheoveMy to which we will presently devote 
several pages. We give, on page 45, graphic representations of 
the composition of two simple harmonic motions in one line, of 
equal amplitudes and of periods which are as 1 : 2 and as 2 : 3, 
for differences of epoch corresponding to 0, 1, 2, etc., sixteenths 
of a circumference. In each case the epoch of the component of 
gi'eater period is a quarter of its own period. In the jSrst, second, 
third, etc., of each series respectively, the epoch of the component 
of shorter period is less than a quarter-period by .0, 1 , 2, etc., 
sixteenths of the period. The successive horizontal lines are the 
axes of abscissas of the successive curves ; the vertical line to the 
left of each series being the common axis of ordinates. In each 
of the first set the graver motion goes through one complete 
period, in the second it goes through two ^periods. 


1:2 2:3 

(Octave) (Fifth) 

2/ = sin cc + sin (%x + . t/ =r sin 2;^ + sin (^x + . 

Both, from a;= 0 to aj = 27r; and for w = 0, 1, 2 15, in succession. 


These, and similar cases, when the periodic times are not com- 
mensui'able, will he again treated of under Acoustics. 
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63, We have next to consider the composition of simple har- mo- 
monic motions in different directions. In the first place, we see 
that any number of simple harmonic motions of one period, and 
of the same phase, superimposed, produce a single simple har- 
monic motion of the same phase. For, the displacement at any 
instant being, according to the principle of the composition of 
motions, the geometrical resultant (see above, § 50) of the dis- 
placements due to the component motions separately, these com- 
ponent displacements, in the case supposed, ah. vary in simple 
proportion to one another, and are in constant directions. Hence 
the resultant displacement will vary in simple proportion to each 
of them, and will be in a constant direction. 

But if, while their periods are the same, the phases of the 
several component motions do not agree, the resultant motion 
will generally be elliptic, with equal areas described in equal 
times by the radius-vector from the centre ; although in par- 
ticular cases it may be uniform circular, or, on the other hand, 
rectilineal and simple harmonic. 


64. To prove this, we may first consider the case in which 
we have two equal simple liarmonic motions given, and these in 
perpendicular lines, and differing in phase by a quarter period. 
Their resultant is a uniform circular motion. For, let BA, B'A' 
be their ranges; and from 0, their common middle point, as 
centre, describe a circle through AA'BF. The given motion of P 
in BA will be (§ 53) defined by the motion 
of a point Q round the encumference of 
this circle ; and the same point, if moving 
in the direction indicated by the arrow, will 
give a simple harmonic motion of P, in 
B' A! , a quarter of a period behind that of 
the motion of P in BA. But, since A' OA, 

QP 0, and QP 0 are right angles, the figure 
QP'(?P is a parallelogram, and therefore Q is in the position of 
the displacement compounded of OP and OP. Hence two equal 
simple harmonic motions in perpendicular lines, of phases dif- 
fering by a quarter period, are equivalent to a uniform circular 
motion of radius equal to the maximum displacement of either 
singly, and in the direction from the positive end of the range of 




S. H. mo- 
tions in 
different 
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the component in advance of the other towards the positive end 
of the range of this latter. 

65. Now, orthogonal projections of simple harmonic motions 
are clearly simple harmonic with unchanged phase. Hence, if 
we project the case of § 64 on any plane, we get motion in an 
ellipse, of which the projections of the two component ranges 
are conjugate diameters, and in which the radius-vector from the 
centre describes equal areas (being the projections of the areas 
described by the radius of the circle) in equal times. But the 
plane and position of the circle of which this projection is taken 
may clearly be found so as to fulfil the condition of having the 
projections of the ranges coincident with any two given mutually 
bisecting lines. Hence any two given simple harmonic motions, 
equal or unequal in range, and oblique or at right angles to one 
another in direction, provided only they differ by a quarter 
period in phase, produce elliptic motion, having their ranges for 
conjugate axes, and describing, by the radius-vector from the 
centre, equal areas in equal times (compare § S4, &). 

66. Returning to the composition of any number of simple 
harmonic motions of one period, in lines in all directions and of 
all phases : each component simple harmonic motion may be de- 
terminately resolved into two in the same line, differing in phasor 
by a quarter period, and one of them having any given epoch. 
We may therefore reduce the given motions to two sets, differing 
in phase by a quarter period, those of one set agreeing in phase 
with any one of the given, or with any other simple harmonic 
motion we please to choose (ie., having their epoch anything 
we please). 

All of each set may (§ 58) be compounded into one simple 
harmonic motion of the same phase, of determinate amplitude, 
in a determinate line ; and thus the whole system is reduced to 
two simple fully determined harmonic motions differing from 
one another in phase by a quarter period. 

Now the resultant of two simple harmonic motions, one a 
quarter of a -period in advance of the other, in different lines, has 
been proved (§ 65) to be motion in an ellipse of which the ranges 
of the component motions are conjugate axes, and in which equal 
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areas are described by the radius-vector from the centre in equal 
times. Hence the general proposition of § 63. difSns. 


Let Xj = cos (wj? — cjd 

y^=m^a^coB{o}t-€^)X ( 1 ) 

«i = cos (<t)« - €j),J 


be the Cartesian specification of the first of the given motions j 
and so with varied suffixes for the others ; 


Ij m, n denoting the direction cosines, 
a „ „ half amplitude, 

€ ,, „ epoch, 

the proper suffix being attached to each letter to apply it to each 
case, and w denoting the common relative angular velocity. The 
resultant motion, specified by jr, z without suffixes, is 


X = cos (^t - ej = cos cos €j + sin sin e^, 

y — etc. ; z — etc. ; 
or, as we may write for brevity. 


cc = P cos (at + P' sin (o^,! 

2 / = $ cos (oiJ + $' sin 0 )^, I (2) 

z—B> cos 0 )^ + P' sin J 

where P = S cos €^, P' = 3 sin , I 

Q — cos , ^' = sin , > (3) 

P^S^i^jCOSq, P' = S^i<^iSin€j.J 


The resultant motion thus specified, in terms of six component 
simple harmonic motions, may be reduced to two by compounding 
P, P, and P', P', in the elementary way. Thus if 


, P Q 

X=_, v= 


n 
t ’ 


v 





W 


the required motion will be the resultant of ^ cos coi in the line 
(A-, fi, v), and sin oit in the line (A', v). It is therefore mo- 

tion in an ellipse, of which 2^ and 2^' in those directions are 
VOL. L 4 
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[C6. 

conjugate diameters ; witli radius-vector from centre tracing 

27 r 

equal areas in equal times ; and of period — . 

67. We must next take the case of the composition of simple 
harmonic motions of different periods and in different lines. In 
general, whether these lines be in one plane or not, the lino 
of motion returns into itself if the periods are commensurable; 
and if not, not. This is evident without proof. 

If a be the amplitude, e the epoch, and n the angular velocity 
in the relative circular motion, for a component in a line whoso 
direction cosines are X, fx, v — and if 77, ^ be the co-ordinates in 
the resultant motion, 

^,\a^ cos {71 f 97 = S. cos {nj ; - cj, ^ cos {n^t- 

iN'ow it is evident that at time t-\-T the values of ^ will recur 
as soon as nffJ, etc., are multiples of 27 r, that is, when T is 

the least common multiple of — , — , etc. 

If there be such a common multiple, the trigonometrical func- 
tions may be eliminated, and the equations (or equation, if the 
motion is in one plane) to the path are algebraic. If not, they 
are transcendental. 

68. From the above we see generally that the composition 
of any number of simple harmonic motions in any directions 
and of any periods, may he effected by compounding, according 
to previously explained methods, their resolved parts in each 
of any three rectangular directions, and then compounding the 
final resultants in these directions. 

69. By far the most interesting case, and the simplest, is 
that of two simple harmonic motions of any periods, whose di- 
rections must of course be in one plane. 

Mechanical methods of obtaining such combinations Yull be 
afterwards described, as well as cases of their occurrence in 
Optics and Acoustics. 

We may suppose, for simplicity, the two component motions 
to take place in perpendicular directions. Also, as we can only 
have a re-entering curve when their periods are commensur- 
able, it will be advisable to commence with such a case. 
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The following figures represent the paths produced by the s. H. mo- 

tions in two 
rectangular 
directions. 




combination of simple harmonic motions of equal amplitude in 
two rectangular directions, the periods of the components being 
as 1:2, and the epochs differing successively by 0, 1, 2, etc., 
sixteenths of a circumference. 

In the case of epochs equal, or differing by a multiple of tt, 
the curve is a portion of a parabola, and is gone over twice 
in opposite directions by the moving point in each complete 
period. 

!For the case figured above, 

x=: a cos (2?^^ — c), y = cb cos 
Hence x-a {cos ^nt cos e + sin 2ra5 sin e} 

= “ { ^ ^ ^ ’ 

which for any given value of € is the equation of the correspond- 
ing curve. Thus for € = 0, 


oj _ 2/ 


- 1, or = + ci)y the parabola as above. 


4—2 
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S. H mo- 
tions in two 
rectangular 
directions. 


For € = ^ we have -=2-. /l~^, or 42/*(a®- 2 ^), 

2 a a 'y dr 

tlie equation of tlie 5tli and 13tli of tlie above curves. 

In general 

a; = a cos (nt + e), y = a cos + ej, 

from wbicb i is to be eliminated to find the Cartesian equation of 
tbe curve. 


Composi- 
tion of two 
uniform 
circular 
motions. 


70. Another very important case is that of t’wo groups of 
two simple harmonic motions in one plane, such that the resultant 
of each group is uniform circular motion. 

If their periods are equal, we have a case belonging to those 
already treated (§ 63), and conclude that the resultant is, in 
general, motion in an ellipse, equal areas being described in 
equal times about the centre. As particular cases we may have 
simple harmonic, or uniform circular, motion. (Compare § 91.) 

If the circular motions are in the sornie direction, the resultant 
is evidently circular motion in the same direction. This is the 
case of the motion of S' in § 58, and requires no further comment, 
as its amplitude, epoch, etc., are seen at once from the figure. 


71. If the periods of the two are very nearly equal, the re- 
sultant motion will he at any moment very nearly the circular 
motion given by the preceding construction. Or we may regard 
it as rigorously a motion in a circle with a varying radius de- 
creasing from a maximum value, the sum of the radii of the two 
component motions, to a minimum, their difference, and increas- 
ing again, alternately; the direction of the resultant radius 
oscillating on each side of that of the greater component (as in 
corresponding case, § 59, above). Hence the angular velocity 
of the resultant motion is periodically variable. In the case of 
equal radii, next considered, it is constant. 


72. When the radii of the two component motions are equal, 
we have the very interesting and important case figured below. 
Here the resultant radius bisects the angle between the com- 
ponent radii. The resultant angular velocity is the arithmetical 
mean of its components. We will explain in a future section 
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(§ 94) how this epitrochoid is traced hy the rolling of one circle composi- 

uniform 
circular 
mations. 



on another. (The particular case above delineated is that of a 
non-reentrant curve.) 

73. Let the uniform circular motions be in opposite direc- 
tions ; then, if the periods are equal, we may easily see, as 
before, § 66, that the resultant is in general elliptic motion, 
including the particular cases of uniform circular, and simple 
harmonic, motion. 

If the periods are very nearly equal, the resultant will be 
easily found, as in the case of § 59. 

74. If the radii of the component motions are equal, we have 
cases of very great importance in modern physics, one of which 
is figured below (like the preceding, a non-reentrant curve). 
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Composi- This is intimately connected with the explanation of two sets of 
important phenomena, — the rotation of the plane of polarization 
SoS. of light, by quartz and certain fluids on the one hand, and by 
transparent bodies under magnetic forces on the other. It is 
a case of the hypotroehoid, and its corresponding mode of 
description will be described in a future section. It will also 
appear in kinetics as the path of a pendulum-bob which contains 
a gyroscope in rapid rotation. 


Fourier’s Before leaving for a time the subject of the composition 

Theorem. harmonic motions, we must, as promised in § 62, devote some 
pages to the consideration of Fourier’s Theorem, which is not 
only one of the most beautiful results of modern analysis, but 
may be said to furnish an indispensable insti'ument in the treat- 
ment of nearly every recondite question in modern physics. 1 o 
mention only sonorous vibrations, the propagation of electric 
signals along a telegraph wire, and the conduction of heat by 
the earth’s crust, as subjects in their generality intractable with- 
out it, is to give but a feeble idea of its importance. The follow- 
ing seems to be the most intelligible form in which it can be 
presented to the general reader : — 

Theorem. — A complex harmonio function^ with a constant term 
added, is the proper expression, in mathematical language, 
for any arbitrary periodic function ; and consequently can 
express any function whatever between definite values of 
the va-riaUe. 


76. Any arbitrary periodic function whatever being given, 
the amplitudes and epochs of the terms of a complex harmonic 
function which shall be equal to it for every value of the inde- 
pendent variable, may be investigated by the “ method of inde- 
terminate coefficients.” 


Assume equation (14) below. Multiply both members first 
by cos - ^ d^ and integrate from 0 to p ; then multiply by 

sin and integrate between same limits. Thus instantly 

you find (13). 
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This investigation is sufficient as a solution of the problem, Tourier’s 
— to find a complex harmonic function expressing a given arbi- 
trary periodic function, — when once we are assured that the 
problem is possible ; and when we have this assurance, it proves 
that the resolution is determinate; that is to say, that no 
other complex harmonic function than the one we have found 
can satisfy the conditions. 

For description of an integrating machine by which the 
coefficients A,, in the Fourier expression (14) for any given 
arbitrary function may be obtained with exceedingly little 
labour, and with all the accuracy practically needed for the 
harmonic analysis of tidal and meteorological observations, see 
Proceedings of the Royal Society, Feb. 1876, or Chap. v. below. 


77. The full theory of the expression investigated in § 76 
will be made more intelligible by an investigation from a 
different point of view. 

Let Fix) be any periodic function, of period p. That is to 
say, let F (x) be any function fulfilling the condition 

F{x-\-ip) = F{x) (l)j 

where i denotes any positive or negative integer. Consider the 
integral 

rF{x) dx 


where a, c, c denote any three given quantities. Its value is 

less than F(z) [ - , and greater than F(z) f ? if ^ 

and z' denote the values of x, either equal to or intermediate 
between the limits c and c', for which F(x) is greatest and least 
respectively. But 


r dx 

+ X' 



tan 

a 



(2), 


and therefore 

‘^F(x)adx 




tan”^ — tali'* 
a 


aj’ 

> F{z) ^tan"^ ^ - tan"*^ ^ . 


and 


(3) 
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Hence if .4 be tbe greatest of all tbe values of F{x\ and B the 
least, 

J, o' + \2 aj 


and 

Also, similarly, 


and 




(4) 


.(5) 


Adding the first memhers of (3);, (4), and (5), and comparing 
with the corresponding sums of the second members, we find 

I F(x)a^ ^ ^tan~* - - tan~‘ ~) + A tan~' - + tan"' -) , 

A a +» ^ a a/ \ a aJ’ Lg^ 

and „ >i’(«')fta'i“'--tan~‘-')+A/^7r-tan~'- + tan"'-V 

\ a a/ \ a a) s 

But, by (1), 

<’)■ 

Kow if we denote J — 1 by v, 

1 \ 

+ (x + ipY 2av \x + ip — av x + ip + avj ^ 
and therefore, taking the terms corresponding to positive and 
equal negative values of i together, and the terms for i = 0 sepa- 
rately, we have 



f- ^ ^ 

r 1 

\a^ + (a; + ipYJ 

' 2av] 

[x — av 


- av 


-avy 


x+ av 


-+ 2X 


x-h av 


= ^ (cot - cot 

2ay)u ip P J 

„• 2irav w . 2irau 

^5 — Sin sin 

V apv p 


%v 1 
+ avYj 


cos cos* — cos 

P P p 


:i7rav 27rx 
— COS 

p 
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Hence, 

-rr/ \ T STTrt Srrct 

r F{x)dx _^ ^ \ 


Pourier’s 

Theorem. 


F{x)dx 


2^ 

-2 


2'7r£C 

COS 1- € 


Kext, denoting temporarily, for brevity, e ^ by and putting 


we bave 


„ 2:ra= l-e(^ + r') + e^ 

« ^ — 2 cos f- « ^ 

P 


1-6^ VI 


1 1 \ 
-4^1-er‘ V 


{1 + e (^ + r‘) + + r*) + e^(r + r^) + etc.} 

G 


-M 


' - 27ra; - g iirx ^ 3 Cttcc 

1 + 2e cos 1- 2e® cos h 26 cos h etc 

P P P 


Hence, according to (8) and (9), 


F{x)dx _ TT 

^ ap Jq 


F(x)dx + 26 cos + 26® cos + etc.^ . ..(10). 


Hence, by (6), we infer that 

F(z) Aan”^ - - tan”^ - tan“^ - + tan" ^ > 

^ ^ \ a aj \ a aj 

and -^(^0 Ttan*"^ - - tan~^ ("tt — tan”^ - + tan"^ < 

^ ^ \ a aJ \ a aJ 

^ J F{x) dx + 2e cos + etc.^ . 

ITow let d — -C, and a; = 

I' being a variable, and | constant, so far as tbe integration is 
concerned j and let 

F{x) = cj>{x + ^)==<l>{i'), 
and therefore F (z) = z), 

F{z')=.<j>{^^z'), 
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Pourier’s 

Theorem. 


The preceding pair of inequalities becomes 


<p{i + z) ,2 tan“^ ^ ^TT - 


2 tan*"^ - ) > 

a 


and (f + z '') . 2 tan"^ ^ 4- ^ ^jt — 2 tan ^ ^ 

ij r^(i')di'^2szy r mdi' 

P kJq Jo 


2tV(r-^) j 
p ) 


(11) 


where denotes any periodic function whatever, of j^eriod p. 

InTow let c be a very small fraction of p. In the limit, where c 
is infinitely small, the greatest and least values of foi' values 
of i' between i+c and f — c will be infinitely nearly equal to one 
another and to ^ (i ) ; that is to say, 

JSText, let a be an infinitely small fraction of c. In the limit 


tan ^ - 
a 



Zirg 

and e = € ^ =1. 

Hence the comparison (11) becomes in the limit an equation 
which, if we divide both members by tt, gives 

jy{i')d$' cos^hi^j .. (12). 

This is the celebrated theorem discovered by Fourier^ for the 
development of an arbitrary periodic function in a series of simple 
harmonic terms, A formula included in it as a particular case 
had been given previously by Lagrange t. 

If, for cos , 'we take its value 


2«Vf^ 2i7ri . 2{7r^^ 2i7r^ 

COS ^ cos — 2 + gia _1_£ sin 

P P P p 

and introduce the following notation : 



Theorie anahjtique de la Ghaleur, Paris, 1822. 
t Anciens Menioires de V Academic de T^inn. 


( 13 ) 
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we reduce (12) to this form : — 

s::: a, cos a sm 


Fourier*s 

Theorem. 


( 14 ), 


wliicli is tlie general expression of an arbitrary function in terms 
of a series of cosines and of sines. Or if we take 


P.= (.4> and tan = ^ (15), 

we have (l>{i) = A^ + S]I "P. cos (16), 


wbicL. is the general expression in a series of single simple har- 
monic terms of the successive multiple periods. 

Each of the equations and comparisons (2), (7), (8), ’(10), and Converg- 
(1 1) is a true arithmetical expression, and may be verihed by actual Fourier’s 
calculation of the numbers, for any paiiiicular case ; provided only 
that F (x) has no infinite value in its period. Hence, with this 
exception, (12) or either of its equivalents, (14), (16), is a true 
arithmetical expression ; and the series which it involves is there- 
fore convergent. Hence we may with perfect rigour conclude 
that even the extreme case in which the arbitrary function ex- 
periences an abrupt finite change in its value when the inde- 
pendent variable, increasing continuously, passes through some 
particular value or values, is included in the general theorem. 

In such a case, if any value be given to the independent variable 
differing however little from one which corresponds to an abrupt 
change in the value of the function, the series must, as we may 
infer from the preceding investigation, converge and give a 
definite value for the function. But if exactly the critical value 
is assigned to the independent variable, the series cannot con- 
verge to any definite value. The consideration of the limiting 
values shown in the comparison (11) does away with all difficulty 
in understanding how the series (1 2) gives definite values having 
a finite difference for two particular values of the independent 
variable on the two sides of a critical value, but differing in- 
finitely little from one another. 

If the differential coefficient is finite for every value of 

^ within the period, it too is arithmetically expressible by a senes 
of harmonic terms, which caamot be other than the series ob- 
tained by differentiating the series for <^(|). Hence 
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„e=„.p . \ 

-e.j 


•(17), 


d4> (f) __ 27r 

di P 

and this series is convergent ; and we may therefore conclude that 
the series for is more convergent than a harmonic series 


with 


for its coefficients. 


Ij h h 
j. dm) 
de 


etc., 

has no infinite values within the 


period, we may differentiate both members of (17) and still have 
an equation arithmetically true; and so on. We conclude that 
if the 92 *^ differential coefficient of </> (^) has no infinite values, 
the harmonic series for must converge more rapidly than a 
harmonic series with 


1 — 
2ni 

for its coefficients. 


1 

3«) 


4" ’ 


etc., 


Displace. 78. We HOW pass to the consideration of the displacement 
rigfdbody. of a rigid body or group of points whose relative positions are 
unalterable. The simplest case we can consider is that of the 
motion of a plane figure in its own plane, and this, as far as 
kinematics is concerned, is entirely summed up in the result of 
the next section. 


Displace- 79. If a plane figure be displaced in any way in its own 

plane figure plane, there is always (with an exception treated in 8 81) one 
in its plane. . , t- , i , 

pomt 01 it common to any two positions ; that is, it may be 
moved from any one position to any other by rotation in its own 
plane about one point held fixed. 

To prove this, let A, JS he any two points of the plane figure 
in its first position, A', B' the positions of the same two after 
a displacement. The lines AA\ BB' will 
not be parallel, except in one case to be 
presently considered. Hence the line equi- 
distant from A and A' will meet that equi.. 
distant from B and B in some point 0. 
J oin OA, OBj OA', OB', Then, evidently, 
because OA' = OA, OB' = OB and A'B 
= AB, the triangles OA'B' and OAB are 
equal and similar. Hence 0 is similarly 
situated with regard to A'B' and AB, and is therefore one and 
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the same point of the plane figure in its two positions. If, for nispiace- 
the sake of illustration, we actually trace the triangle OAB upon plane flgnre 

1 1 *ji r\ At Tit - 1 1 in its plane 

bne plane, it becomes OA ±> in the second position of the figure. 


80. If from the equal angles A' OB', AOB of these similar 
briangles we take the common part A' OB, we have the remaining 
ingles AOA\ BOB' equal, and each of them is clearly equal to 
the angle through which the figure must have turned round the 
point 0 to bring it from the first to the second position. 

The preceding simple construction therefore enables us not 
only to demonstrate the general proposition, § 79, but also to 
ietermine from the two positions of one terminated line AB, 
A'B' of the figure the common centre and the amount of the 
angle of rotation. 


81. The lines equidistant from A and A\ and from B and B', 
are parallel if AB is parallel to A'B ; and therefore the con- 
struction fails, the point 0 being 
infinitely distant, and the theorem 
becomes nugatory. In this case the 
motion is in fact a simple trans- 
lation of the figure in its own 
plane without rotation — since, AB being parallel and equal to 
A' B', we have AA' parallel and equal to BB ' ; and instead of 
there being one point of the figure common to both positions, 
the lines joining the two successive positions of all points in the 
figure are equal and parallel. 



' 82. It is not necessary to suppose the figure to be a mere flat 
disc or plane — ^for the preceding statements apply to any one of 
a set of parallel planes in a rigid body, moving in any way 
subject to the condition that the points of any one plane in it 
remain always in a fixed plane in space. 


83. There is yet a case in which the construction in § 79 is 


nugatory — that is when AA is paral- 
lel to BB, but the lines of AB and 
A'B intersect. In this case, how- 
ever, the point of intersection is the 
point 0 required, although the former 



method would not have enabled us to find it. 
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of displace- 
ment in one 
plane. 


84. Very many interesting applications of this principle may 
be made, of which, however, few belong strictly to our subject, 
and we shall therefore give only an example or two. Thus wo 
know that if a line of given length AB move with its extremities 

always in two fixed lines OA, OB, 
any point in it as P describes an 
ellipse. It is required to find the 
direction of motion of P at any in- 
stant, i,e,, to draw a tangent to the 
ellipse. BA will pass to its next 
position by rotating about the point 
Q) found by the method of § 79 
0 ^ by drawing perpendiculars to OA 

and OB Sit A and B. Hence Pfor the instant revolves about Q, 
and thus its direction of motion, or the tangent to the ellipse, is 
pei*pendicular to QP. Also AB in its motion always touches a 
curve (called in geometry its envelop) ; and the same principle 
enables us to find the point of the envelop which lies in AB, for 
the motion of that point must evidently be ultimately (that is 
for a very small displacement) along AB, and the only point 
which so moves is the intersection of AB with the perpen- 
dicular to it from Q, Thus our construction would enable us 
to trace the envelop by points. (For more on this subject 
see § 91.) 



85. Again, suppose AB to be the beam of a stationary engine 
having a reciprocating motion about A, and by a link BD 
turning a crank GB about 0. Determine the relatiorl between 
the angular velocities of AB and CB in any position. Evi- 
dently the instantaneous direction of motion of B is trans- 
verse to AB, and of B transverse to CB — hence if AB, CB 
produced meet in 0, the motion of BB is for an instant as if 

it turned about 0. From this 
it may be easily seen that if 
the angular velocity of .4P bu 



Ct), that of CB is 


AB OB 


CO. 


OB OB 

similar process is of course 
applicable to any combination of machinery, and we shall find it 
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very convenient when we come to consider various dynamical 

11 1.1.,,.. ofdisplace- 

pro Diems connected with virtual velocities. mentmone 

plane. 

86 . Since in general any movement of a plane figure in its Composition 
plane may he considered as a rotation about one point, it is 
evident that two such rotations may in general be compounded axes!^^^ 
into one ; and therefore, of course, the same may be done with 

any number of rotations. Thus let A and B be the points of 
the figure about which in succession the rotations are to take 
place. By a rotation about B is brought say to B'^ and by a 
rotation about B\ A is brought to A\ The construction of § 79 
gives us at once the point 0 and the amount of rotation about it 
which singly gives the same effect as those about A and B in 
succession. But there is one case of exception, viz., when the 
rotations about A and B are of equal 
amount and in opposite directions. In 
this case A'B' is evidently parallel to 
AB, and therefore the compound result 
is a translation only. That is, if a body 
revolve in succession through equal angles, but in opposite di- 
rections, about two parallel axes, it finally takes a position to 
which it could have been brought by a simple translation per- 
pendicular to the lines of the body in its initial or final position, 
which were successively made axes of rotation ; and inclined to 
their plane at an angle equal to half the supplement of the 
common angle of rotation. 

87 . Hence to compound into an equivalent rotation a rota- Composition 

• T • 1 1 1 ^ T n T i j. 1 rotations 

tion and a translation, the latter being enected parallel to the and transia- 

, , . . tions in one 

plane of the former, we may decompose the translation into two plane, 
rotations of equal amount and opposite direction, compound one 
of them with the given rotation by § 86, and then compound 
the other with the resultant rotation by the same process. Or 
we may adopt the following far 
simpler method. Let OA be the 
translation common to all points 
in the plane, and let BO Che the 
angle of rotation about 0, BO 

being drawn so that OA bisects the exterior angle COE, Take 
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Composition the point B in BO produced^ such that B'G', the space through 

of rotations ^ ^ . ,i -j. j. n ^ rpu' 

andtransia- -^hich the rotation carries it, is equal and opposite to UA. mis 
tions m one \ ^ i p n xi. 

plane. point retains its former position after the periormance oi tne 

compound operation ; so that a rotation and a translation in 

one plane can he compounded into an equal rotation about a 

different axis. 

In general, if the origin be taken as the point about ■which 
rotation takes place in the plane of xy, and if it be through an 
angle B, a point whose co-ordinates were originally x, y will have 
them changed to 

i = x cos B — y sin B, rj — x sin B -hy cob B, 

or, if the rotation be very small, 

f = a; ~ yB, 7) = y + xB. 

Omission of 88. In Considering the composition of angular velocities 
aM^higher about different axes, and other similar cases, we may deal with 
smau Quan- infinitely small displacements only ; and it results at once from 
the principles of the differential calculus, that if these displace- 
ments be of the first order of small quantities, any point whose 
displacement is of the second order of small quantities is to be 
considered as rigorously at rest. Hence, for instance, if a body 
revolve through an angle of the first order of small quantities 
about an axis (belonging to the body) which during the revolu- 
tion is displaced through an angle or space, also of the first 
order, the displacement of any point of the body is rigorously 
what it would have been had the axis been fixed during the 
rotation about it, and its own displacement made either before 
or after this rotation. Hence in any case of motion of a rigid 
system the angular velocities about a system of axes moving with 
the system are the same at any instant as those about a system 
fixed in space, provided only that the latter coincide at the 
instant in question with the moveable ones. 

Superposi- 89. From similar considerations follows also the general prin- 

tion of small r* a -r ° ^ 

motions, ciple OI huperposition of small motions. It asserts that if several 
causes act simultaneously on the same particle or rigid body, and 
if the effect produced by each is of the first order of small quan- 
tities, the joint effect will be obtained if we consider the causes 
to act successively^ each taking the point or system in the posi- 
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tion in which the preceding one left it. It is evident at once Superposi- 
that this is an immediate deduction from the fact that the second motions, 
order of infinitely small quantities may be with rigorous accuracy 
neglected. This principle is of very great use, as we shall find 
in the sequel ; its applications are of constant occurrence. 

A plane figure has given angular velocities about given axes 
perpendicular to its plane, find the resultant. 

Let there be an angular velocity o) about an axis passing 
through the point a, 5. 

The consequent motion of the point a;, y in the time U is, as 
we have just seen (§ 87), 

— ( 3 / - 6 ) parallel to and {x — a) mSi parallel to y. 

Hence, by the superposition of small motions, the whole motion 
parallel to x is 

— {y%<j> — 

and that parallel to y (xSo) ~ Sao))S^. 

Hence the point whose co-ordinates are 


X =• 


ISao) 


j , %h(i> 

and y 


is at rest, and the resultant axis passes through it. Any other 
point Xy y moves through spaces 

— — Sato) S^. 

But if the whole had turned about x\y' with velocity O, we should 
have had for the displacements of aj, y, 

— ( 3 / - y) QSt, (x — x') C 8 ^. 

Comparing, we find O = S<o. 

Hence if the sum of the angular velocities be zero, there is no 
rotation, and indeed the above formulse show that there is then 
merely translation, 

S( 6 o>)Si parallel to x, and — parallel to y. 

These formulse suffice for the consideration of any problem on 
the subject. 


90. Any motion whatever of a plane figure in its own plane EoUin^of 
might be produced by the rolling of a curve fixed to the figure curve.^’^ 
upon a curve fixed in the plane. 

For we may consider the whole motion as made up of suc- 
cessive elementary displacements, each of which corresponds, as 
we have seen, to an elementary rotation about some point in 

5 
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Rolling of 
curve on 


the plane. Let Oj 


etc., be the successive points of 


and 

a’rochoids. 


the moving figure about which the rotations take place, 0^, 
Oj, Og, etc., the positions of these points when each is the 
instantaneous centre of rotation. Then the figure rotates about 
0 , (or 0„ which coincides with it) till coincides with 0^, then 

about the latter till Og coincides with 
Os 7 Og, and so on. Hence, if we join o^, 

Q 7 Og, Og, etc., in the plane of the figure, 

y and 0,, Og, Og, etc., in the fixed plane, 

the motion will be the same as if the 
polygon OjOgOg, etc., rolled upon the fixed 
Q? 0 ^ polygon O^OgOg, etc. By supposing the 

successive displacements small enough 
the sides of these polygons gradually diminish, and the polygons 
finally become continuous curves. Hence the theorem. 

From this it immediately follows, that any displacement of a 
rigid solid, which is in directions wholly perpendicular to a fixed 
line, may be produced by the rolling of a cylinder fixed in the 
solid on another cylinder fixed in space, the axes of the cylinders 
being parallel to the fixed line. 

91. As an interesting example of this theorem, let us recur 
to the case of § 84 : — circle may evidently be circumscribed 
about OB QA ; and it must be of invariable magnitude, since in 
it a chord of given length AB subtends a given angle 0 at the 
circumference. Also OQ is a diameter of this circle, and is there- 
fore constant. Hence, as Q is momentarily at rest, the motion 
of the circle circumscribing OBQA is one of internal rolling on 
a circle of double its diameter. Hence if a circle roll internally 
on another of twice its diameter, any point in its circumference 
describes a diameter of the fixed circle, any other point in its 
plane an ellipse. This is precisely the same proposition as that 
of § 70, although the ways of arriving at it are very different. 
As it presents us with a particular case of the Hypocycloid, it 
warns us to return to the consideration of these and kindred 
curves, which give good instances of kinematical theorems, but 
which besides are of great use in physics generally. 

92. When a circle rolls upon a straight line, a point in its 
circumference describes a Cycloid ; an ’internal point describes a 
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Prolate, an external one a Curtate, Cycloid. The two latter 
varieties are sometimes called Trochoids. Trociaoids. 

‘ The general form of these curves will be seen in the annexed 
figures ; and in what follows we shall confine our remarks to the 
cycloid itself, as of immensely greater consequence than the 
others. The next section contains a simple investigation of those 
properties of the cycloid which are most useful in our subject. 




93. Let AJS be a diameter of the generating (or rolling) circle, ^^erties 
£G the line on which it rolls. ^ jp ^ cycloid. 

The points A and JB describe 7 

similar and equal cycloids, of \ \ \ / 

which AQC and JBS are portions. \. | \ 1 ' 

If FQIt be any subsequent posi- V / \ .x/Q 

tion of the generating circle, Q 

and B the new positions of A and A\^ 5 

x?,‘ ^QPS is of course a right 

angle. If, therefore, QB be drawn 

parallel to PS, PR is a diameter ^ 
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Properties of the rolling circle. Produce QR to T, making RT=^ QR=PS, 
cycloid. Evidently the curve A T, which is the locus of T, is similar and 
equal to B8^ and is therefore a cycloid similar and equal to AC, 
But QB is perpendicular to PQ, and is therefore the instanta- 
neous direction of motion of Q, or is the tangent to the cycloid 
AQG, Similarly, PS is perpendicular to the cycloid B8 Sit S, 
and so is therefore TQ to AT at T, Hence (§ 19) AQO is the 
evolute of AT, and arc AQ=QT=2QB, 


Epicycloids, 94. When the circle rolls upon another circle, the curve 
cy^ids, described by a point in its circumference is called an Epicycloid, 
or a Hypocycloid, as the rolling circle is without or within the 
fixed circle; and when the tracing point is not in the circum- 
ference, we have Epitrochoids and Hypotrochoids. Of the latter 



we have already met with examples, §§ 70, 
91, and others will be presently mentioned. 
Of the former, we have in the first of the 
appended figures the case of a circle rolling 
externally on another of equal size. The 
curve in this case is called the Cardioid 
(§49). 



In the second diagram, a circle 
rolls externally on another of twice 
its radius. The epicycloid so de- 
scribed is of importance in Optics, 
and will, with others, be referred 
to when we consider the subject of 
Caustics by reflexion. 



In the third diagram, we have 
a hypocycloid traced by the rolling 
of one circle internally on another 
of four times its radius. 
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The curve figured in § 72 is an epitrochoid described by a Epicycloids, 
point in the plane of a large circular disc which rolls upon a cycloids, etc. 
circular cylinder of small diameter, so that the point passes 
through the axis of the cylinder. 

That of § 74 is a hypotrochoid described by a point in the 
plane of a circle which rolls internally on another of rather 
more than twice its diameter, the tracing point passing through 
the centre of the fixed circle. Had the diameters of the circles 
been exactly as 1 : 2, § 72 or § 91 shows that this curve would 
have been reduced to a single straight line. 

The general equations of this class of curves are 
a; = (a + 5) cos 0 — eh cos B, 


y = + 5) sin ^ - 65 sin 


a-^h 




where a is the radius of the fixed, h of the rolling circle ; and eh 
is the distance of the tracing point from the centre of the latter. 


95 . If a rigid solid body move in any way whatever, sub- 
ject only to the condition that one of its points remains fixed, fixed point, 
there is always (without exception) one line of it through this 
point common to the body in any two positions. This most 
important theorem is due to Euler. To prove it, consider 
a spherical surface within the body, with its centre at the 
fixed point (7. All points of this sphere attached to the 
body will move on a sphere fixed in space. Hence the 
construction of § 79 may be made, but with great circles 
instead of straight lines ; and the same reasoning will apply to 
prove that the point 0 thus obtained is common to the body 
in its two positions. Hence every point of the body in the 
line 0(7, joining 0 with the fixed point, must be common to it 
in the two positions. Hence the body may pass from any one 
position to any other by rotating through a definite angle about 
a definite axis. Hence any position of the body may be speci- 
fied by specifying the axis, and the angle, of rotation by which 
it may be brought to that position from a fixed position of re- 
ference, an idea due to Euler, and revived by Rodrigues. 
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Rodrigues* 

co-ordi- 

nates. 


[95. 

Let OX, OY, OZ be any three fixed axes through the fixed 
point 0 round which the body turns. Let X, fx, v be the 
direction cosines, referred to these axes, of the axis 01 round 
which the body must turn, and x angle through which it 
must turn round this axis, to bring it from some zero position to 
any other position. This other position, being specified by the 
four co-ordinates X, fx, v, x (reducible, of course, to three by 
the relation X' + [x^ + =1), will be called for brevity (X, fx, v, y). 

Let OA, OB, 00 be three rectangular lines moving with the 
body, which in the “zero” position coincide respectively with 
OX, OY, OZ \ and put 

(XA), (YA), (ZA), (XB), (YB), {ZB), {XC), {YC), {ZC), 
for the nine direction cosines of OA, OB, 00, each referred to 
OX, OY, OZ, These nine direction cosines are of course reduci- 
ble to three independent co-ordinates by the well-known six 
relations. Let it be required now to express these nine direction 
cosines in terms of Rodrigues^ co-ordinates X, \x, v, x* 

Let the lengths OX, ..., OA, ..., 01 be equal, and call each 
unity : and describe from 0 as centre a spherical surface of unit 
radius ; so that X, Y, Z, A, B, 0, 1 shall be points on this sur- 
face. Let XA, YA, ... XB, denote arcs, and XAY, AXB, ... 
angles between arcs, in the spherical diagram thus obtained. 
We Lave I A = IX = C9S“^A, and XI A = x* Hence by the isosceles 
spherical triangle XI A, 

cos XA = COS® IX + mBIX cos x, 
or {XA) = X® (1 - X®) cos X (1). 

And by the spherical triangle XIB, 

cos XB = cos IX cos IB + sin IX sin IB cos XIB 

= X/A + */(1-A")(1-/a") cos XIB (2). 

Nov XIB XIY + YIB = XIY ■¥ and by tlie spherical 

tidangle XIY we have 

cos XY = 0 = cos IX cos lY -f- sin IX sin lY cos XIY 
= X/r + ^(l_X^)(l-/r“) COS XIY. 

Hence jB) cos XIY = - k/x, 

and ^(1 - X*) (1 - iJ) sin XIY = ^(1 - X“ - /r^) = r ; 
by which we have 

^(1 — X®) (1 — cos {XIY + x) ~ - cos X - £^in x ; 
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and using this in (2), Eodrimes’ 

co-ordi- 

cos XB = X/x (1 — COS x) - V sin X (3). 

Similarly we find 

cos AT—\ijl(1 — cos x) + V sin X (4). 


The otlier six formulse may be written out by symmetry from 
(1), (3), and (4) ; and thus for tbe nine direction cosines we find 

(XJ.) =X® + (1-X®) cosx; (Zj5)=Xja(l-coax)-x/ sinx; (]r.d)=X/t(l“COSx) + ^sinx; j 
(r.5)=//,2 + (l-/i,2) cosx; {YC) = ixv (l-cosx)~Xsmx; {ZB)-}jlv (1 -cosx)+X sinx; r(5). 
{ZC)^p^+ {1- v^) eoBXi (-2r^)=f'X (1- cosx) sinx; (^(7)=i'X(l-cosx)+y«'Sinx- 

Adding tbe three first equations of these three lines, and re- 


membering that 

+ fjL^ + v" = 1 ( 6 ), 

we deduce 

cos X = J [(XA) + (TB) + {X0)^1] (7 ) ; 


and then, by the three equations separately, 

,, 1^{XA)-(YB)^(BC) 1 

3-(XA)-~(YB)-(£^Oy 
1-{XA)-^{YB)-(ZC) 

^ ~ 3^(XA)^(YB)-{BC)’ [ ^ ^ 

1^(XA)-(YB)^(Z0) 

3^ (XA)-(YB)^(ZCy j 

These formulse, (8) and (7), express, in terms of (XA), (YB), 

{JZC), three out of the nine direction cosines {XA), the 
direction cosines of the axis round which the body must turn, 
and the cosine of the angle through which it must turn round 
this axis, to bring it from the zero position to the position 
specified by those three direction cosines. 

By aid of Euler’s theorem above, successive or simultaneous 
rotations about any number of axes through the fitxed point rotations, 
may be compounded into a rotation about one axis. Doing this 
for infinitely small rotations we find the law of composition of 
angular velocities. 

Let OA, OB be two axes about which a body revolves with Composi- 

! . . .-1 tioiiofangu- 

angular velocities txr, p respectively. Jar veloci- 

ties. 

"VVith radius unity describe the arc AB, and in it take any 
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velocities. 


Composi- 
tion of angu 
lar veloci- 
ties about 
axes meet- 
ing in a 
point. 


[95. 


point I, Draw la, perpendicular to Oi, OB respectively. 

Let tlie rotations about the two axes be 
such that that about OB tends to raise I 
above the plane of the paper, and that 
about OA to depress it. In an infinitely 
short interval of time r, the amounts of 
these displacements will be p//?. t and 
-'zjj'/a.r. The point 1, and therefore 
every point in the line 01, will be at rest 
durins* the interval t if the sum of these 
displacements is zero, that is if p . = 'sr • lo.. Hence the line 

01 is instantaneously at rest, or the two rotations about OA and 
OB may he compounded into one about 01. Draw Ip, Iq, 
parallel to OB, OA respectively. Then, expressing in two ways 
the area of the parallelogram IpOq, we have 
Oq. = Op . la, 



Oq i Op :: p : 

Hence, if along the axes OA, OB, we measure off from 0 lines 
Op, Oq, proportional respectively to the angular velocities about 
these axes — ^the diagonal of the parallelogram of which these are 
contiguous sides is the resultant axis. 

Again, if Bh be drawn perpendicular to OA, and if O be the 
angular velocity about 01, the whole displacement of B may 
evidently he represented either loj'ur.Bh or O . 1^. 

Hence 


Q : 'ST :: Bb : IjS :: sinBOA : sin lOB :: sin ..^(9 : sinpTO, 

:: 01 : Op. 

Thus it is proved that, — 

If lengths proportional to the respective angular velocities 
about them be measured off on the component and resultant 
axes, the lines so determined will be the sides and diagonal of 
a parallelogram. 


96. Hence the single angular velocity equivalent to three 
co-existent angular velocities about three mutually perpen- 
dicular axes, is determined in magnitude, and the direction of 
its axis is found (§ 27), as follows : — The square of the resultant 
angular velocity is the sum of the squares of its components, 
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and the ratios of the three components to the resultant are the Composi- 

. . . ^ ticnofangu- 

direction cosines oi the axis. lar veloci- 

ties about 

Hence simultaneous rotations about anj number of axes 
meeting in a point may be compounded thus : — Let to be the 
angular velocity about one of them whose - direction cosines are 
1) m, n O the angular velocity and X, /t, v the direction cosines 
of the resultant. 


whence 

and 


XO = 2 (^ 0 )), fxQ = 2 (mco), vO = 2 (no)), 
= 2" (Z(o) - 1 - 2" (mo)) + 2" (noi), 


. 2 (Zw) 2 (moy) 



Hence also^ an angular velocity about any line may be re- 
solved into three about any set of rectangular lines, the resolu- 
tion in each case being (like that of simple velocities) effected 
by multiplying by the cosine of the angle between the directions. 

Hence, just as in § 31 a uniform acceleration, perpendicular 
to the direction of motion of a point, produces a change in the 
direction of motion, but does not influence the velocity; so, if a 
body be rotating about an axis, and be subjected to an action 
tending to produce rotation about a perpendicular axis, the 
result will be a change of direction of the axis about which the 
body revolves, but no change in the angular velocity. On this 
kinematical principle is founded the dynamical explanation of 
the Precession of the Equinoxes (§ 107) and of some of the 
seemingly marvellous performances of gyroscopes and gyrostats. 

The following method of treating the subject is useful in 
connexion with the ordinary methods of co-ordinate geometry. 
It contains also, as will be seen, an independent demonstration 
of the parallelogram of angular velocities : — 

Angular velocities -sr, p, cr about the axes of x, and z 
respectively, produce in time 8^ displacements of the point at 

y, ^ (§§ S9}, 

{pz - (jy) Sz 11 X, {o-x - Tsr:;) Sz H y, {my ~ px) Sz H 
Hence points for which 

X _y _z 
m p cr 

are not displaced. These are therefore the equations of the axis. 
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Composi- 
tion of angu- 
lar veloci- 
ties about 
axes meet- 
ing lu a 
point. 


Isfow the perpendicular from any point x, ?/, 
by co-ordinate geometry, 

® +2^ sr^ + p^ + o-" J 


to this line is, 


= " / \ ~ J (pa - cr^y + (o-* - ®«)" + (■^y - p^x^y 

V Tar" -1- P" 4- (T" 

whole displacement of a;, y, 

The actual displacement of x, y, z is therefore the same as would 
have been produced in time 8^ by a single angular velocity, 
a = + (T% about the axis determined by the preceding 

equations. 


Composi- 97. We give next a few useful theorems relating to the 
cessivefimte composition of successive finite rotations. 

If a pyramid or cone of any form roll on a heterochirally 
similar^ pyramid (the image in a plane mirror of the first posi- 
tion of the first) all round, it clearly comes back to its primitive 
position. This (as aU rolling of cones) is conveniently exhibited 
by taking the intersection of each with a spherical surface. 
Thus we see that if a spherical polygon turns about its angular 
points in succession, always keeping on the spherical surface, 
and if the angle through which it turns about each point is 
twice the supplement of the angle of the polygon, or, which 
will come to the same thing, if it be in the other direction, 
but equal to twice the angle itself of the polygon, it will be 
brought to its original position. 

The polar theorem (compare § IS-i, below) to this is, that a 
body, after successive rotations, represented by the doubles of 
the successive sides of a spherical polygon taken in order, is 
restored to its original position ; which also is self-evident. 


98. Another theorem is the following ; — 

If a pyramid rolls over all its sides on a plane, it leaves its 
track behind it as one plane angle, equal to the sum of the 
plane angles at its vertex. 

* The similarity of a right-hand and a left-hand is called hcterochiral : that 
of two right-hands, homochiral. Any object and its image in a plane mirror 
are heterochirally similar (Thomson, Proc, P. 8. Edinburgh, 1873). 
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Otherwise : — in a spherical surface, a spherical polygon hawing Compositioa 
rolled over all its sides along a great circle, is found in the swe finite 

. . • /^ 1 ^ . rotations. 

same position as if the side first lying along that circle had 
been simply shifted along it through an arc equal to the poly- 
gon’s periphery. The polar theorem is : — if a body be made to 
take successive rotations, represented by the sides of a spherical 
polygon taken in order, it wdll finally be as if it had revolved 
about the axis through the first angular point of the polygon 
through an angle equal to the spherical excess (§ 134) or area 
of the polygon. 

99. The investigation of § 90 also applies to this case; and it Motion 

is thus easy to show that the most general motion of a spherical poiiS;. Eoii- 
figure on a fixed spherical surface is obtained by the rolling of 
a curve fixed in the figure on a curve fixed on the sphere. 

Hence as at each instant the line joining C and 0 contains a 
set of points of the body which are momentarily at rest, the 
most general motion of a rigid body of which one point is fixed 
consists in the rolling of a cone fixed in the body upon a cone 
fixed in space — the vertices of both being at the fixed point. 

100. Given at each instant the angular velocities of the 
body about three rectangular axes attached to it, determine 
its position in space at any time. 

From the given angular velocities about OA, OB^ 00, we 
know, § 95, the position of the instantaneous axis 01 with re- 
ference to the body at every instant. Hence we know the 
conical surface in the body which rolls on the cone fixed in 
space. The data are sufficient also for the determination of 
this other cone ; and these cones being known, and the lines of 
them which are in contact at any given instant being deter- 
mined, the position of the moving body is completely deter- 
mined. 

If X, ft, V be the direction cosines of 01 referred to OA, OB, 

00 y w, p, cr the angular velocities, and o) their resultant: 

^ V ^ 1 

W p (T <0 ’ 

by § 95. These equations, in which p, cr, <o are given functions 
of t, express explicitly the position of 01 relatively to OA, OB, 
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due to given 
rotations. 


OGy and therefore determine the cone fixed in the body. For 
the cone fixed in space : if r be the radius of curvature of its 
intersection with the unit sphere, r' the same for the rolling 
cone, we find from § 105 below, that if 5 be the length of the 
arc of either spherical curve from a common initial point, 


, 1 ^75 . . . . _i A 1 

cor = — Y’ r 4* sin 


.-r'"-+r' J\-T% 


which, as 5 , r' and co are known in terms of gives r in terms 
of t, or of s, as we please. Hence, hy a single quadrature, the 
“intrinsic” equation of the fixed cone. 


101. An unsymmetrical system of angular co-ordinates 
for specifying the position of a rigid body by aid of a line OB 
and a plane A OB moving with it, and a line 0 Y and a plane 
YOX fixed in space, which is essentially proper for many 
physical problems, such as the Precession of the Equinoxes and 
the spinning of a top, the motion of a gyroscope and its gimbals, 
the motion of a compass-card and of its bowl and gimbals, is con- 
venient for many others, and has been used by the greatest 
mathematicians often even when symmetrical methods would 
have been more convenient, must now be described. 

ON being the intersection of the two planes, let YON—'ylr, 
and NOB = (j); and let d be the angle from the fixed plane, 
produced through ON, to the portion NOB of the moveable 
plane. (Example, 6 the "obliquity of the ecliptic,” ^ the 
longitude of the autumnal equinox reckoned from 0 Y, a fixed 
line in the plane of the earth's orbit supposed fixed; (f> the 
hour-angle of the autumnal equinox ; B being in the earth’s 
equator and in the meridian of Greenwich : thus 6, <jE> are 
angular co-ordinates of the earth.) To show the relation of 
this to the symmetrical system, let OA be perpendicular to OB, 
and draw 0 G perpendicular to both ; OX perpendicular to OY, 
and draw OZ perpendicular to 0 Y and OX ; so that OA, OB, 
OG are three rectangular axes fixed relatively to the body, 
and OX, OY, OZ fixed in space. The annexed diagram shows 

6, (f> in angles and arc, and in arcs and angles, on a spherical 
surface of unit radius with centre at 0, 

To illustrate the meaning of these angular co-ordinates, sup- 
pose A, B, C initially to coincide with X, Y, Z respectively. 
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Then, to bring the body into the position specified by 6, y}ry P^sitiw^of 

rotate it round 0^ through an angle equal to ^1^ + 6, thus ^ given 

^ O'! T TJ rotations. 



bringing A and B from X and F to A1 and B respectively ; 
and, (taking YN = A|r,) rotate the body round OX through an 
angle equal to thus bringing A, and 0 from the positions 
A\ B, and Z respectively, to the positions marked A, By G in 
the diagram. Or rotate first round ON through 6, so bringing 
0 from Z to the position marked G, and then rotate round 
OG through 'i/r + ^, Or, while OG is turning from OZ to the 
position shown on the diagram, let the body turn round OG 
relatively to the plane ZGZ*0 through an angle equal to 
It will be in the position specified by these three angles. 

Let i XZG= xj/y L ZCA = ir - and EG — 0, and ztr, p, o* mean 
the same as in § 100. By considering in succession instantaneous 
motions of G along and perpendicular to ZGy and the motion of 
AB in its own plane, we have 


^ sin. <fi + p COB <f), 
Ci't 


sin 0 ^ = p sin<^ - -57 cos <^, 


and 


f cos0+# = <r. 
dt dt 


The nine direction cosines (XA), {YB), &c., according to the 
notation of § 95, are given at once ^by the spherical triangles 
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XNA, YNB, &c. ; eacli having N for one angular point, with 0, 
or its supplement or its complement, for the angle at this point. 
Thus, by the solution in each case for the cosine of one side in 
terms of the cosine of the opposite angle, and the cosines and 
sines of the two other sides, we find 

{XA) = cos 6 cos i/r cos - sin ij/ sin cf), 

(X B) = — cos 6 GOSij/sirKp — sin i}/ cos cfy, 

(YA)— cos ^ sin cos < 5 !) + cos sin <^. 

{YB) = — cos 0 sin i/r sin <^ + cos cos </>, 

{YC)= sin^sini/r, 

(ZB) = sin 0 sin 

{ZG)= cos^, 

{ZA) = - sin 6 cos < 5 ^, 

{XG) = sin ^ cos ijr, 

102. We shall next consider the most general possible motion 
of a rigid body of which no point is fixed— and first we must 
prove the following theorem. There is one set of parallel planes 
in a rigid body which are parallel to each other in any two 
positions of the body. The parallel lines of the body perpen- 
dicular to these planes are of course parallel to each other in 
the two positions. 

Let C and C be any point of the body in its first and second 
positions. Move the body without rotation from its second 
position to a third in which the point at C' in the second posi- 
tion shall occupy its original position 0, The preceding de- 
monstration shows that there is a line GO common to the body 
in its first and third positions. Hence a line C'O' of the body 
in its second position is parallel to the same hne 00 in the first 
position. This of course clearly applies to every line of the 
body parallel to GO, and the planes perpendicular to these 
lines also remain parallel. 

Let 8 denote a plane of the body, the two positions of which 
are parallel. Move the body from its first position, without 
rotation, in a direction perpendicular to 8, till 8 comes into the 
plane of its second position. Then to get the body into its 
actual position, such a motion as is treated in § 79 is farther 
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required. But by § 79 this may be effected by rotation about General 
a certain axis perpendicular to the plane S, unless the motion rigid body, 
required belongs to the exceptional case of pure translation. 

Hence [this case excepted] the body may be brought from the 
first position to the second by translation through a determinate 
distance perpendicular to a given plane, and rotation through a 
determinate angle about a determinate axis perpendicular to 
that plane. This is precisely the motion of a screw in its nut. 

103. In the excepted case the whole motion consists of two 
translations, which can of course be compounded into a single 
one ; and thus, in this case, there is no rotation at all, or every 
plane of it fulfils the specified condition for /S' of § 102. 

101. Eeturning to the motion of a rigid body with one point PreM^sbnai 
fixed, let us consider the case in which the guiding cones, § 99, 
are both circular. The motion in this case may be called Pre- 
cessional Potation, 

The plane through the instantaneous axis and the axis of 
the fixed cone passes through the axis of the rolling cone. This 
plane turns round the axis of the fixed cone with an angular 
velocity H (see § 105 below), which must clearly bear a con- 
stant ratio to the angular velocity © of the rigid body about 
its instantaneous axis. 

105. The motion of the plane containing these axes is 
called the ^precession in any such case. What we have denoted 
by is the angular velocity of the precession, or, as it is some- 
times called, the rate of precession. 

The angular motions o), 12 are to one another inversely as 
the distances of a point in the axis of the rolling cone from the 
instantaneous axis and from the axis of the fixed cone. 

For, let OA be the axis of the fixed ^ 
cone, OB that of the rolling cone, and 01 
the instantaneous axis. From any point 
P in OB draw PN perpendicular to 07, 
and PQ pei'pendicular to OA. Then we ^ 
perceive that P moves always in the 
circle whose centre is Q, radius PQ, 
and plane perpendicular to OA, Hence ^ 
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Precessionai the actual velocity of the point P is flQP. But, hy the 
Rotation, explained above, § 99, the velocity of P is the 

same as that of a point moving in a circle v^hose centre is iV, 
plane perpendicular to ON^ and radius ^P, which, as this radius 
revolves with angular velocity cd, is caNP. Hence 
n. gP = a>.iV'P, or CO : :: QP : iVP. 

Let CL be the semivertical angle of the fixed, j3 of the rolling, 
cone. Each of these may be supposed for simplicity to be 
acute, and their sum or difference less than a right angle — 
though, of course, the formula so obtained are (like all 
trigonometrical results) applicable to every possible case. We 
have the following three cases : — > 


I. Convex 
cone rolling 
on convex. 




Let ^ be negative, and let ^ ; 

then /5' is positive, and we have 
— 0 ) sin l3' =^Q, sin (a — /?), 
where AOI-a^ BOl = 



In the preceding let ^ > a. 
It may then he conveniently 
written 

<0 sin = O sin - a), 
where Ai (9 7 = a, BOI - 
a and being still positive. 


Cases of pre- 106. If, as illustrated by the first of these diagrams, the 

rotation, case IS One of a convex cone rolling on a convex cone, the pre- 
cessional motion, viewed on a hemispherical surface having A 
for its pole and 0 for its centre, is in a similar direction to 
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that of the angular rotation about the instantaneous axis. Cases of pre- 
This we shall call positive precessional rotation. It is the case ^o^ation. 
of a common spinning-top (peery), spinning on a very fine 
point which remains at rest in a hollow or hole bored by itself ; 
not sleeping upright, nor nodding, but sweeping its axis round 
in a circular cone whose axis is vertical. In Case III. also we 
positive precession. A good example of this occurs in the case 
of a coin spinning on a table when its plane is nearly horizontal. 

107. Case Ii., that of a convex cone rolling inside a concave 
one, gives an example of negative precession : for when viewed 
as before on the hemispherical surface the direction of angular 
rotation of the instantaneous axis is opposite to that of the 
rolling cone. This is the case of a symmetrical cup (or figure 
of revolution) supported on a point, and stable when balanced, 
i.e., having its centre of gravity below the pivot; when in- 
clined and set spinning non-nutation ally. For instance, if a 
Troughton's top be placed on its pivot in any inclined position, 
and then spun off with very great angular velocity about its 
axis of figure, the nutation will be insensible ; but there will 
be slow precession. 

To this case also belonors the nrecessional motion of the earth’s Model 
axis; for which the 
angle a = 23° 27' 28^ 
the period of the ro- 
tation 6) the sidereal 
day; that of is 
25,868 years. If the 
second diagram re- 
present a portion of 
the earth’s surface 
round the pole, the 
arc AI = 8,552,000 
feet, and therefore 
the circumference of 
the circle in which 
I moves= 52,240,000 
feet. Imagine this 
circle to be the in- 
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f^^sion ner edge of a fixed ring in space (directionally fixed, that is 
noses. to say, but having the same translational motion as the 

earth’vS centre), and imagine a circular post or pivot of 
radius BI to he fixed to the earth with its centre at B, 
This ideal pivot rolling on the inner edge of the fixed 
ring travels once round the 52,240,000 feet-circumference in 
25,868 years, and therefore its own circumference must be 
5*53 feet Hence jB/=0’88 feet; and angle BOI, or 
= 0"-00867. 


108 . Very interesting examples of Cases I. and ill. are fur- 
sym?" nished by projectiles of different forms rotating about any axis. 
Thus the gyrations of an oval body or a rod or bar flung into 
the air belong to Class i. (the body having one axis of less 
moment of inertia than the other two, equal) ; and the 
seemingly irregular evolutions of an ill-thrown quoit belong 
to Class III. (the quoit having one axis of greater moment of 
inertia than the other two, which are equal). Case ill. has 
therefore the following very interesting and important appli- 
cation. 

If by a geological convulsion (or by the transference of a few 
million tons of matter from one part of the world to another) 
the earth’s instantaneous axis 01 (diagram in., § 105) were at 
any time brought to non-coincidence with its principal axis of 
least moment of inertia, which (§§ 825, 285) is an axis of 
approximate kinetic symmetry, the instantaneous axis will, and 
the fixed axis OA will, relatively to the solid, travel round the 
solid’s axis of greatest moment of inertia in a period of about 
806 days [this number being the reciprocal of the most probable 

C ^ A ^ 

value of — jj — (§ 828)]; and the motion is represented by the 

diagram of Case iii. with BI— 806 x AI, Thus in a very little 

less than a day (less by ^ when BOI is a small angle) 

I revolves round A, It is OA, as has been remarked by 
Maxwell, that is found as the direction of the celestial pole 
by observations of the meridional zenith distances of stars, and 
this line being the resultant axis of the earth’s moment of 
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momentum (8 267), would remain invariable in space did no 
external influence such as that of the naoon and sun disturb the kineti- 

callysym- 

earth s rotation. When we neglect precession and nutation, 
the polar distances of the stars are constant notwithstanding^®* 
the ideal motion of the fixed axis which we are now consider- 
ing; and the effect of this motion will be to make a periodic 
variation of the latitude of every place on the earth’s surface 
having for range on each side of its mean value the angle BOA, 
and for its period 306 days or thereabouts. Maxwell^ ex- 
amined a four years series of Greenwich observations of Polaris 
(1851-2-3-4), and concluded that there was during those 
years no variation exceeding half a second of angle on each 
side of mean range, but that the evidence did not disprove 
a variation of that amount, but on the contrary gave a very 
slight indication of a minimum latitude of Greenwich belonging 
to the set of months Mar. ’51, Feb. ’52, Dec. ’52, Nov. ’53, 

Sept. ’54. 

^'This result, however, is to be regarded as very doubtful 

''and more observations would be required to establish the 
" existence of so small a variation at all. 

"I therefore conclude that the earth has been for a long time 
revolving about an axis very near to the axis of figure, if not 
" coinciding with it. The cause of this near coincidence is 
" either the original softness of the earth, or the present fluidity 
" of its interior [or the existence of water on its surface]. 

"The axes of the earth are so nearly equal th'at a con- 
"siderable elevation of a tract of country might produce a 
"deviation of the principal axis within the limits of observa- 
"tion, and the only cause which would restore the uniform 
" motion, would be the action of a fluid which would gradually 
"diminish the oscillations of latitude. The permanence 'of 
" latitude essentially depends on the inequality of the earth’s 
"axes, for if they had all been equal, any alteration in the 
" crust of the earth would have produced new principal axes, 

" and the axis of rotation would travel about those axes, alter- 

* On a Dynamical Top, Trans. JR. S. E., 1857, p. 559. 


6—2 
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ing tlae latitudes of all places, and yet not in the least altering 
■ the position of the axis of rotation among the stars.” 

Perhaps by a more extensive ^'search and analysis of the 
“observations of different observatories, the nature of the 
“ periodic variation of latitude, if it exist, may be determined. 
“ I am not aware^ of any calculations having been made to prove 
“ its non-existence, although, on dynamical grounds, we have 

every reason to look for some very small variation having the 
“ periodic time of 325*6 days nearly” [more nearly 306 days], 
“ a period which is clearly distinguished from any other astro- 
“ nomical cycle, and therefore easily recognisedf.” 

The periodic variation of the earth’s instantaneous axis thus 
anticipated by Maxwell must, if it exists, give rise to a tide 
of 306 days period (§ 801). The amount of this tide at the 
equator would be a rise and fall amounting only to 5^ centi- 
metres above and below mean for a deviation of the instan- 
taneous axis amounting to 1" from its mean position OB, or 
for a deviation BI on the earth’s surface amounting to 
31 metres. This, although discoverable by elaborate analysis 
of long-continued and accurate tidal observations, would be less 
easily discovered than the periodic change of latitude by astro- 
nomical observations according to Maxwell’s method;]:. 

* (Written twenty years ago). 

t Maxwell; Transactions of the Royal Society of Edinburgh, 20tli April, 1857. 

J Prof. Marwell now refers ns to Peters {Recherches sur la jgarallaxe des 
itoiles fixes, St Petersburgb Observatory Papers, Vol. i., 1853), who seems to 
have been the first to raise this interesting and important question. He found 
from the Pulkova observations of Polaris from March 11, 1842 till April 30, 
1843 an angular radius of 0"'079 (probable error 0"017), for the circle round 
its mean position described by the instantaneous axis, and for the time, 
withm that interval, when the latitude of Pulkova was a maximum, Nov. 16, 1842. 
The period (calculated from the dynamical theory) which Peters assumed was 
304 mean solar days: the rate therefore 1*201 turns per annum, or, nearly 
enough, 12 turns per ten years. Thus if Peters’ result were genuine, and 
remamed constant for ten years, the latitude of Pulkova would be a maximum 
about the 16th of Nov. again in 1852, and Pulkova bemg in 30<^ East longitude 
from G-reenwich, the latitude of Greenwich would be a maximum of the period, 
or about 25 days earlier, that is to say about Oct. 22, 1852. But Maxwell’s ex- 
amination of observations seemed to mdicate more nearly the minimum latitude 
of Greenwich about the same time. This discrepance is altogether in accordance 
with a continuation of Peters’ investigation by Dr Nysen of the Pulkova Ob- 
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109. In various illustrations and arrangements of apparatus 
useful in Natural Philosophy, as well as in Mechanics, it is angular 
required to connect two bodies, so that when either turns about equally be- 

. tween in- 

a certain axis, the other shall turn with an equal angular axes, 
velocity about another axis in the same plane with the former, 
but inclined to it at any angle. This is accomplished in 
mechanism by means of equal and similar bevelled wheels, or 
rolling cones ; when the mutual inclination of two axes is not 
to be varied. It is approximately accompHshed by means of 
Hooke’s joint, when the two axes are nearly in the same line, 
but are required to be free to vary in their mutual inclination. 

A chain of an infinitely great number of Hooke’s joints may be Eiexibiebut 
imagined as constituting a perfectly flexible, untwistable cord, 
which, if its end-links are rigidly attached to the two bodies, 
connects them so as to fulfil the condition rigorously without 
the restriction that the two axes remain in one plane. If we Universal 

. . . n . nexurejoint. 

imagine an infinitely short length of such a chain (still, how- 
ever, having an infinitely great number of links) to have its 
ends attached to two bodies, it will fulfil rigorously the con- 
dition stated, and at the same time keep a definite point of one 
body infinitely near a definite point of the other ; that is to say, 
it will accomplish precisely for every angle of inclination what 
Hooke’s joint does approximately for small inclinations. 

The same is dynamically accomplished with perfect accuracy 
for every angle, by a short, naturally straight, elastic wire of flexure joint. 

servatory, in wMch, by a careful scrutiny of several series of Pultova observations 
between the years 1842... 1872, he concluded that there is no constancy of 
magnitude or phase in the deviation sought for. A similar negative conclusion 
was arrived at by Professor Newcomb of the United States Naval Observatory, 
Washington, who at our request kindly undertook an investigation of the ten- 
month period of latitude from the Washington Prime Vertical Observations 
from 1862 to 1867. His results, as did those of Peters and Nysen and Maxwell, 
seemed to mdicate real variations of the earth’s instantaneous axis amountiug 
to possibly as much as or from its mean position, but altogether irregular 
both in amount and direction ; m fact, just such as might be expected from 
irregular heapings up of the oceans by winds in diSerent localities of the 
earth. 

We intend to return to this subject and to consider cognate questions regard- 
ing irregularities of the earth as a timekeeper, and variations of its figure and 
of the distribution of matter wit hin it, of the ocean on its surface, and of the 
atmosphere surrounding it, in §§ 267, 276, 405, 406, 830, 832, 845, 846. 
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Elastic imi- truly circular section^ provided the forces giving rise to any re- 
flexurejoint. sistance to equality of angular velocity between the two bodies 
are infinitely small. In many practical cases this mode of con- 
nexion is usefulj and permits very little deviation from the con- 
ditions of a true universal flexure joint. It is used, for instance, 
in the suspension of the gyroscopic pendulum (§ 74) with perfect 
success. The dentist’s tooth-mill is an interesting illustration 
of the elastic universal flexure joint. In it a long spiral spring 
of steel wire takes the place of the naturally straight wire 
suggested above. 

Moving Of two bodies connected by a universal flexure joint, let one 

be held fixed. The motion of the other, as 
long as the angle of inclination of the axes 
remains constant, will be exactly that figured 
in Case I., § 105, above, with the angles a and 
/3 made equal. Let 0 be the joint; A 0 the 
axis of the fixed body; OB the axis of the 
moveable body. The supplement of the angle 
A OB is the mutual inclination of the axes ; 
and the angle AOB itself is bisected by the 
instantaneous axis of the moving body. The 
diagram shows a case of this motion, in which the mutual in- 
clination, of the axes is acute. According to the formulae 
of Case I., § 105, we have 

0 ) sin a = 12 sin 2a, 

0 

or CO - 212 cos a = 2f2 sin , 

2 

where oo is the angular velocity of the moving body about its 
instantaneous axis, 01, and 12 is the angular velocity of its pre- 
cession ; that is to say, the angular velocity of the plane through 
the fixed axis AA\ and the moving axis OB of the moving 
body. 

Two desrees Besides this motion, the moving body may clearly have any 
to move en- angular velocity whatever about an axis through 0 perpen- 
io^y thus dicular to the plane AOB, which, compounded with co round 
01, gives the resultant angular velocity and instantaneous axis. 

Two co-ordinates, 6 = AOB, and ^ measured in a plane per- 
pendicular to AO, from a fixed plane of reference to the plane 


tached to a 




109.] KINEJ^IATICS, 87 

AOB, fully specify tlie position of tlie moveable body in tbis 
case. 

110. Suppose a rioid body bounded by any curved surface General 

■^r 1 A • motion of 

to be touched at any point by another such body. Any motion 
of one on the other must be of one or more of the forms sliding^ ing another. 
rolling, or spinning. The consideration of the first is so simple 
as to require no comment. 

Any motion in which there is no slipping at the point of 
contact must be rolling or spinning separately, or combined. 

Let one of the bodies rotate about successive instantaneous 
axes, all lying in the common tangent plane at the point of 
instantaneous contact, and each passing through this point — 
the other body being fixed. This motion is what we call rolling, 
or simple rolling, of the moveable body on the fixed. 

On the other hand, let the instantaneous axis of the moving 
body be the common normal at the point of contact. This is 
pure spinning, and does not change the point of contact. 

Let the moving body move, so that its instantaneous axis, 
still passing through the point of contact, is neither in, nor 
perpendicular to, the tangent plane. This motion is combined 
rolling and spinning. 

111. When a body rolls and spins on another body, the 
trace of either on the other is the curved or straight line along 
which it is successively touched. If the instantaneous axis is 
in the normal plane perpendicular to the traces, the rolling 
is called direct If not direct, the rolling may be resolved into 
a direct rolling, and a rotation or twisting round the tangent 
line to the traces. 

When there is no spinning the projections of the two traces 
on the common tangent plane at the point of contact of the 
two surfaces have equal and same-way directed curvature: or 
they have '^contact of the second order.” When there is 
spinning, the two projections still touch one another, but with 
contact of the first order only: their curvatures differ by a 
quantity equal to the angular velocity of spinning divided 
by the velocity of the point of contact. This last we see by 
noticing that the rate of change of direction along the pro- 
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jection of tlie fixed trace must be equal to the rate of change 
of direction along the projection of the moving trace if held 
fixed plus the angular velocity of the spinning. 

At any instant let 2z = Aoif + 20 xy ^-By^ (1) 

and 2z' = A'x^ 4- 2G'xy + (2) 

be the equations of the fixed and moveable surfaces S and 
infinitely near the point of contact (9, referred to axes OX^ 0 Y 
in their common tangent plane, and OZ perpendicular to it ; 
let tv, p, 0 * be the three components of the instantaneous angular 
velocity of S' ; and let x, y, be co-ordinates of P, the point of 
contact at an infinitely small time <5, later : the third co-ordinate, 
is given by (1). 

Let P' be the point of aS^' which at this later time coincides withP, 
The co-ordinates of P' at the first instant are x 4- cryt, y - crxt ; 
and the corresponding value of z' is given by (2). This point is 
infinitely near to (a;, y, z'), and therefore at the first instant the 
direction cosines of the normal to S' through it differ but infinitely 
little from 

^{A'x^C'y), -(0'x + B'y\ 1. 

But at time t the normal to S' at P' coincides with the normal 
to S at P, and therefore its direction cosines change from the 
preceding values, to 

-(Ax+C^/), -{Cx+By), 1: 
that is to say, it rotates through angles 

{O' -~C)x+ {B' — B)y round OX, 
and -{{A'-A)x+{C'-0)y} „ OY, 

Hence — C)x + (B' -B)y 'i 

pf=-{{A'-A)x + (fl’-G)y] ; 

or «■= {G'-C)J: + {B'-B)i) I 

p^-{{A'~A)<x+{C'-G)y}] W, 

if s6, 2 / denote tlie component velocities of the point of contact. 

+ (5), 

and take components of w and p ronnd tlie tangent to tlie traces 
and tke perpendicular to it in the common tangent plane of the 
t-wo surfaces, thus ; 

(twisting component) -■as + -p 


(O’ - G) + l(B' -B)~ {A' - d)] 
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and 


(direct-rolling component) -us — p 

= 1 + 2 (Cf ' - <7) # + (5' - ^) 2/^ 


Direct 

roiling. 


(7)- 


Choose OX^ OT so that 0 — 0^=0, and put A' — A— a, B'—B=p 
(6) and (7) become 

(twisting component) ~ 

'2/ CC 1 

(direct-rolling component) -ur — p = (9). 

[Compare below, § 124 (2) and (1).] 

And for <r, the angular Telocity of spinning, the obvious pro- 
position stated in the preceding large print gives 


<“>’ 

1 1 

if - and — be the curvatures of the projections on the tangent 
plane of the fixed and moveable traces. [Compare below, § 124 

(3).] 

From (1) and (2) it follows that 

When one of the surfaces is a plane, and the trace on the 
other is a line of curvature (§ 130), the rolling is direct. 

When the trace on each body is a line of curvature, the 
rolling is direct. Generally, the rolling is direct when the twists 
of infinitely narrow bands (§ 120) of the two surfaces, along the 
traces, are equal and in the same direction. 


112. Imagine the traces constructed of rigid matter, and aH 
the rest of each body removed. We may repeat the motion 
with these curves alone. The difference of the circumstances 
now supposed will only be experienced 'if we vary the direction 
of the instantaneous axis. In the former case, we can only do 
this by introducing more or less of spinning, and if we do so 
we alter the trace on each body. In the latter, we have always 
the same moveable curve rolling on the same fixed curve ; and 
therefore a determinate line perpendicular to their common 
tangent for one component of the rotation ; but along with this 
we may give arbitrarily any velocity of twisting round the 
common tangent. The consideration of this case is very in- 
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stractive. It may be rougbly imitated in practice by two stiff 
wires bent into the forms of the given curves, and prevented 
from crossing eacb other by a short piece of elastic tube clasping 
them together. 

First, let them be both plane curves, and kept in one plane. 
We have then Tolling^ as of one cylinder on another. 

Let p be the radius of curvature of the rolling, p of the fixed, 
cylinder; co the angular velocity of the former, V the linear velo- 
city of the point of contact. We have 

\p p/ 

For, in the figure, suppose F to he at any time 
the point of contact, and Q and Q' the points which 
are to be in contact after an infinitely small 
interval t ; 0, O' the centres of curvature ; FOQ 

Then = space described by point of 

contact. In symbols p9 = p6' = Vt 
Also, before O'Q' and OQ can coincide in direc- 
tion, the former must evidently turn through an 
angle 6 + 

Therefore <»t = 0 + 6' ; and by eliminating 6 and 
O', and dividing by t, we get the above residt. 

It is to be understood, that as the radii of curvature have 
been considered positive here when both surfaces are convex, 
the negative sign must be introduced for either radius when the 
corresponding curve is concave. 

Hence the angular velocity of the rolling curve is in this 
case equal to the product of the linear velocity of the point of 
contact by the sum or difference of the curvatures, according 
as the curves are both convex, or one concave and the other 
convex. 



113 . When the curves are both plane, but in different 
planes, the plane in which the rolling takes place divides the 
angle between the plane of one of the curves, and that of the 
other produced through the common tangent line, into parts 
whose sines are inversely as the curvatures in them respec- 
tively ; and the angular velocity is equal to the linear velocity 
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of the point of contact multiplied by the difference of the pro- 

• . • f* .1 , -1 ‘ rr,, ^ curves not 

jections 01 the two curvatures on this plane. The projections of 
the circles of the two curvatures on the plane of the common 
tangent and of the instantaneous axis coincide. 


For, let PQ, I^p he equal arcs of the two curves as before, and 
let PP be taken in the common tangent (z.e., the intersection of 
the planes of the curves) equal to each. Then QP, ^P are 
ultimately perpendicular to PP, 


Hence 


jpP = 


PP^ 

2cr’ 



Also, z QJ^p = a, the angle between the planes of the curves. 


We have Qp‘ = 


PR^ 


4 




O-p 


-cos 


a). 


Therefore if w be the velocity of rotation as before, 



2 cos a 
crp 


Also the instantaneous axis is evidently perpendicular, and there- 
fore the plane of rotation parallel, to Qp, "Whence the above. 
In the case of a = w, this agrees with the result of § 112. 


A good example of this is the case of a coin spinning on a 
table (mixed rolling and spinning motion), as its plane becomes 
gradually horizontal. In this case the curvatures become more 
and more nearly equal, and the angle between the planes of the 
curves smaller and smaller. Thus the resultant angular velo- 
city becomes exceedingly small, and the motion of the point 
of contact very great compared with it. 


114:. The preceding results are, of course, applicable to tor- 
tuous as well as to plane curves ; it is merely requisite to sub- 
stitute the osculating plane of the former for the plane of the freedom, 
latter. 


115. We come next to the case of a curve rolling, with. orCi^rveroii- 

. . ' ing on siir- 

without spinning, on a surface. fece: thr^ 

° IIP degrees of 

It may, of course, roll on any curve traced on the surface, freedom. 
When this curve is given, the moving curve may, while rolling 
along it, revolve arbitrarily round the tangent. But the com- 
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Curve roll- ponent instantaneous axis perpendicular to the common tan- 
gent, that is, the axis of the direct rolling of one curve on the 
frSom. other, is determinate, § 113. If this axis does not lie in the 
surface, there is spinning. Hence, when the trace on the surface 
is given, there are two independent variables in the motion ; 
the space traversed by the point of contact, and the inclination 
of the moving curve’s osculating plane to the tangent plane of 
the fixed surface. 

Trace pro- 116. If the trace is given, and it be prescribed as a condi- 
no spinning tion that there shall be no spinning, the angular position of the 
rolling curve round the tangent at the point of contact is deter- 
minate. For in this case the instantaneous axis must be in the 
tangent plane to the surface. Hence, if we resolve the rotation 
into components round the tangent line, and round an axis per- 
pendicular to it, the latter must be in the tangent plane. Thus 
the rolling, as of curve on curve, must be in a normal plane to 
the surface; and therefore (§§ 114, 113) the rolling curve must 
T'sroterecs be alwajs so situated relatively to its trace on the surface that 
the projections of the two curves on the tangent plane may be 
of coincident curvature. 

The curve, as it rolls on, must continually revolve about the 
tangent line to it at the point of contact with the surface, so as 
in every position to fulfil this condition. 

Let a denote the inclination of the plane of curvature of the 
trace, to the normal to the surface at any point, a the same for 

the plane of the rolling curve; i their curvatures. We 

P P 

reckon a as obtuse, and a acute, when the two curves lie on 
opposite sides of the tangent plane. Then 

1 . , 1 . 

sm a = - sin a, 

P P 

which fixes a or the position of the rolling curve when the point 
of contact is given. 

jugular ve- Let o) be the angular velocity of rolling about an axis perpen- 

r^t rolling. clicular to the tangent, or that of twisting about the tangent, and lot 

V be tbe linear velocity of the point of contact. Then, since i cos a' 

P 
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and — cos a (eacli positive wlien tlie curves lie on opposite sides Angular ve- 
P locitiotdi- 

of the tangent plane) are the projections of the two curvatures on 
a plane through the normal to the surface containing their com- 
mon tangent, we have, by § 112, 

<0 = v(^f cos a' - - cos a Y 
\P P J 

a being determined by the preceding equation. Let r and r 
denote the tortuosities of the trace, and of the rolling curve, re- 
spectively. Then, first, if the curves were both plane, we see 
that one rolling on the other about an axis always perpendicular 
to their common tangent could never change the inclination of 
their planes. Hence, secondly, if they are both tortuous, such 
rolling will alter the inclination of their osculating planes by an 
indefiLoitely small amount (t — (fs during rolling which shifts Angular ve- 
the point of contact over an arc ds, How a is a known function tSgent. 
of s if the trace is given, and therefore so also is a. But a - a 
is the inclination of the osculating planes, hence 



117 . Next, for one surface rolling and spinning on another, surface on 
First, if the trace on each is given, we have the case of § 113 
or § 115, one curve rolling on another, with this farther con- 
dition, that the former must revolve round the tangent to the 
two curves so as to keep the tangent planes of the two surfaces 
coincident. 

It is well to observe that when the points in contact, and the Both traces 
two traces, are given, the position of the moveable surface ison^de^ree’ 
quite determinate, being found thus : — ^Place it in contact with ° 
the fixed surface, the given points together, and spin it about 
the common normal till the tangent lines to the traces coincide. 

Hence when both the traces are given the condition of no 
spinning cannot be imposed. During the rolling there must in 
general be spinning, such as to keep the tangents to the two 
traces coincident. The rolling along the trace is due to rotation 
round the line perpendicular to it in the tangent plane. The 
whole rolling is the resultant of this rotation and a rotation 
about the tangent line required to keep the two tangent planes 
coincident. 



Surface on 
surface, 
both traces 
prescribed, 
one decree 
of fieedom. 


Twist. 


Axis and 
transverse. 
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In this case, then, there is but one independent variable — the 
space passed over by the point of contact : and when the velocity 
of the point of contact is given, the resultant angular velocity, 
and the direction of the instantaneous axis of the rolling body 
are determinate. We have thus a sufficiently clear view of the 
general character of the motion in question, but it is right that 
we consider it more closely, as it introduces us very naturally 
to an important question, the measurement of the tzvist of a rod, 
wire, or narrow plate, a quantity wholly distinct from the tor- 
tuosity of its axis (§ 7). 

118 . Suppose all of each surface cut away except an infinitely 
narrow strip, including the trace of the rolling. Then we have 
the rolling of one of these strips upon the other, each having at 
every point a definite curvature, tortuosity, and twist. 

119 . Suppose a flat bar of small section to have been bent 
(the requisite amount of stretching and contraction of its edges 
being admissible) so that its axis assumes the form of any plane 
or tortuous curve. If it be unbent without twisting, i.e , if the 
curvature of each element of the bar be removed by bending it 
through the requisite angle in the osculating plane, and it be 
found untwisted when thus rendered straight, it had no twist in 
its original form. This case is, of course, included in the general 
theory of twist, which is the subject of the following sections. 

120. A bent or straight rod of circular or any other form of 
section being given, a line through the centres, or any other 
chosen points of its sections, may be called its auiis, Mark a 
line on its side all along its length, such that it shall be a 
straight line parallel to the axis when the rod is unbent and 
untwisted. A line drawn from any point of the axis perpen- 
dicular to this side line of reference, is called the transverse of 
the rod at this point. 

The whole twist of any length of a straight rod is the angle 
between the transverses of its ends. The average twist is the 
integral twist divided by the length. The twist at any point 
is the average twist in an infinitely short length through this 
point ; in other words, it is the rate of rotation of its transverse 
per unit of length along it. 
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The twist of a curved, plane or tortuous, rod at any point is Twist, 
the rate of component rotation of its transverse round its tangent 
line, per unit of length along it. 

If t he the twist at any point, ftds over any length is the 
integral twist in this length. 

121. Integral twist in a curved rod, although readily de- 
fined, as above, in the language of the integral calculus, can- 
not be exhibited as the angle between any two lines readily 
constructible. The following considerations show how it is to 
be reckoned, and lead to a geometrical construction exhibiting 
it in a spherical diagram, for a rod bent and twisted in any 
manner : — 


122. If the axis of the rod forms a plane curve lying in one Estimation 
plane, the integral twist is clearly the difference between the 
inclinations of the transverse at its ends to its plane. Forinapiaua 
if it be simply unbent, without altering the twist in any part, 
the inclination of each transverse to the plane in which its 
curvature lay will remain unchanged ; and as the axis of the 
rod now has become a straight line in this plane, the mutual 
inclination of the transverses at any two points of it has become 
equal to the difference of their inclinations to the plane. 


123. No simple application of this rule can he made to a 
tortuous curve, in consequence of the change of the plane of 
curvature from point to point along it ; but, instead, we may 
proceed thus : — ■ 

First, Let us suppose the plane of curvature of the axis of in a cuire 
the wire to remain constant through finite portions of the curve, of piane”^ 
and to change abruptly by finite angles from one such portion diSrenV^ 
to the next (a supposition which involves no angu- planes, 

lar points, that is to say, no infinite curvature, in 
the curve). Let planes parallel to the planes of cur- 
vature of three successive portions, PQ, QR^ RS (not 
shown in the diagram), cut a spherical surface in the 
great circles GAff, ACA\ OM The radii of the 
sphere parallel to the tangents at the points Q and R 
of the curve where its curvature changes will cut its 
surface in A and (7, the intersections of these circles. 
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Let G be the point in which the radius of the sphere parallel to 
the tangent at P cuts the surface ; and let GH, AB, CD (lines 
necessarily in tangent planes to the spherical surface), be paral- 
lels to the trans verses of the bar drawn from the points P, Q, P 
of its axis. Then (§ 122) the twist from P to G is equal to the 
difference of the angles HGA and BAG', and the twist from Q 
to R is equal to the difference between BA 0 and DGA\ Hence 
the whole twist from P to P is equal to 

HGA ^ BAG' -{-BAG- DC A, 
or, which is the same thing, 

AGE-^ GAG-- (DCE-EGA). 

Continuing thus through any length of rod, made up of portions 
curved in different planes, we infer that the integral twist be- 
tween any two points of it is equal to the sum of the exterior 
angles in the spherical diagi'am, wanting the excess of the in- 
clination of the transverse at the second point to the plane of 
curvature at the second point above the inclination at the first 
point to the plane of curvature at the first point. The sum of 
those exterior angles is what is defined below as the change of 
direction in the spherical surface from the first to the last side 
of the polygon of gTeat circles. When the polygon is closed, and 
the sum includes all its exterior angles, it is (§ 134) equal to 
27r wanting the area enclosed if the radius of the spherical sur- 
face be unity. The construction we have made obviously holds 
in the limiting case, when the lengths of the plane portions are 
infinitely small, and is therefore applicable to a wire forming a 
tortuous curve with continuously varying plane of curvature, for 
which it gives the following conclusion : — 

Let a point move uniformly along the axis of the bar : and, 
parallel to the tangent at every instant, draw a radius of a 
sphere cutting the spherical surface in a curve, the hodograph 
of the moving point. From points of this hodograph draw par- 
allels to the transverses of the corresponding points of the bar. 
The excess of the change of direction (§ 135) from any point to 
another of the hodograph, above the increase of its inclination to 
the transverse, is equal to the twist in the corresponding part 
of the bar. 



KINEMATICS. 


97 


123.] 


The annexed diagram, showing the hodograph and the 
parallels to the transverses, illustrates this rule. Thus, for in- 
stance, the excess of the change of direction in the spherical 
surface along the hodograph from A to 0, above DOB — BAT, 
is equal to the twist in the bar between the points of it to 
which A and 0 correspond. Or, 
again, if we consider a portion of 
the bar from any point of it, to 
another point at which the tangent 
to its axis is parallel to the tan- 
gent at its first point, we shall have 
a closed curve as the spherical hodograph ; and if A be the 
point of the hodograph corresponding to them, and AB and 
AB' the parallels to the transverses, the whole twist in the 
included part of the bar will be equal to the change of direction 
all round the hodograph, wanting the excess of the exterior 
angle BAT above the angle BAT; that is to say, the whole 
twist will be equal to the excess of the angle BAB' above 
the area enclosed by the hodograph. 

The principles of twist thus developed are of vital import- 
ance in the theory of rope-making, especially the construction 
and the dynamics of wire ropes and submarine cables, elastic 
bars, and spiral springs. 

For example : take a piece of steel pianoforte-wire carefully 
straightened, so that when free from stress it is straight : bend 
it into a circle and join the ends securely so that there can be 
no turning of one relatively to the other. Do this first without 
torsion: then twi-st the ring into a figure of 8, and tie the two 
parts together at the crossing. The area of the spherical hodo- 
graph is zero, and therefore there is one full turn (Stt) of twist; 
which (§ 600 below) is uniformly distributed throughout the 
length of the wire. The form of the wire, (which is not in a 
plane,) will be investigated in § 610. Meantime we can see 
that the “torsional couples’’ in the normal sections farthest 
from the crossing give rise to forces by which the tie at the 
crossing is pulled in opposite directions peirpendicular to the 
plane of the crossing. Thus if the tie is cut the wire springs 
back into the circular form. Now do the same thing again, 

7 



E'^tiination 

of integral 

twi&t . in a 

continu- 

ouhly 

tortuous 

curve. 


Dynamics 
•of twiht in 
kinks 


VOL. I. 



98 


PRELIMINARY. 


[123. 

Dynamics beginning with a straight wire, but giving it one full turn 

kinks. (^tt) of twist before bending it into the circle. The wire will 
stay in the 8 form without any pull on the tie. Whether 
the circular or the 8 form is stable or unstable depends 
on the relations between torsional and flexural rigidity. If 
the torsional rigidity is small in comparison with the flexural 
rigidity [as (§§ 703, 704, 705, 709) would be the case if, 
instead of round wire, a rod of + shaped section were used], 
the circular form would be stable, the 8 unstable. 

Lastly, suppose any degree of twist, either more or less 
than 27r, to be given before bending into the circle. The 
circular form, which is always a figure of free equilibrium, may 
be stable or unstable, according as the ratio of torsional to 
flexural rigidity is more or less than a certain value depending 
on the actual degree of twist. The tortuous 8 form is not (except 
in the case of whole twist = 27r, when it becomes the piano 
elastic lemniscate of Fig. 4, § 610,) a continuous figure of free 
equilibrium, but involves a positive pressure of the two cross- 
ing parts on one another when the twist > 27r, and a negative 
pressure (or a pull on the tie) between them when twist < 2?? : 
and with this force it is a figure of stable equilibrium. 

surfaceroii- 124. Eotuming to the motion of one surface rolling and 

lug on sur- , . ^ ^ 

trSsg^v^n another, the trace on each being given, we may 

consider that, of each, the curvature (§ 6), the tortuosity (§ 7), 
and the twist reckoned according to transverses in the tangent 
plane of the surface, are known; and the subject is fully spe- 
cified in § 117 above. 

Let and - be the curvatures of the traces on the rollinir 
P P ^ 

and fixed surfaces respectively; a and a the inclinations of their 
planes of curvature to the normal to the tangent plane, reckoned 
as in § 116; t' and r then tortuosities; t' and t their twists; 
and q the velocity of the point of contact. All those being 
known, it is required to find : — 

0 ) the angular velocity of rotation about the transvei'so of tho 
traces; that is to say, the line in the tangent plane perpendicular 
to their tangent line, 

'ST the angular velocity of rotation about the tangent line, and 

P" 3, „ of spinning. 
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We have 



(i) = q 

/I ,1 \ 

cos a — COS a ) 

\P P / 

(1), 


11 

1 

il 

(2). 

and 

<r = gi 

/I . , 1 . \ 

sm a — sin a I 

vp p y 

( 3 )- 


These three formulas are respectively equivalent to (9), (8), 
and (10)of§ 111. 


125, In the same case, suppose the trace on one only of 
the surfaces to be given. We may evidently impose the con- 
dition of no spinning, and then the trace on the other is deter- 
minate. This case of motion is thoroughly examined in § 137, 
below. 

The condition is that the projections of the curvatures of the 
two traces on the common tangent plane must coincide. 

If i and - be the curvatures of the rolling and stationary 
r r 

surfaces in a normal section of each through the tangent line to 

the trace, and if a, a , p, p have their meanings of § 124, 

p = / cos a, p~T cos a (Meunier’s Theorem, § 129, below). 

But — , sin o! — - sin a, hence tan a = — tan a, the condition re- 

p p r 

quired. 

126. If a straight rod with a straight line marked on one 
side of it be bent along any curve on a spherical surface, so 
that the marked line is laid in contact with the spherical sur- 
face, it acquires no twist in the operation. For if it is laid 
so along any finite arc of a small circle there will clearly be 
no twist. And no twist is produced in continuing from any 
point along another small circle having a common tangent with 
the first at this point. 

If a rod be bent round a cylinder so that a line marked 
along one side of it may lie in contact with the cylinder, 
or if, what presents somewhat more readily the view now de- 

7-2 
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Exmpies of sired, we wind a straight ribhon spirally on a cylinder, tlie 
and twist, axis of bending is parallel to that of the cylinder, and therefore 
oblique to the axis of the rod or ribbon. We may therefore 
resolve the instantaneous rotation which constitutes the bending 
at any instant into two components, one round a line perpen- 
dicular to the axis of the rod, which is pure bending, and the 
other round the axis of the rod, which is pure twist. 

The twist at any point in a rod or ribbon, so wound on a 
cii'cular cylinder, and constituting a uniform helix, is 

cos a sin a 
r ’ 

if r be the radius of the cylinder and a the inclination of the 
spiral. For if V be the velocity at which the bend proceeds 

. . F cos ct 

along the previously straight wire or ribbon, — - — will be the 

angular velocity of the instantaneous rotation round the line of 
bending (parallel to the axis), and therefore 

V cos a . . V COS a 

Sin a and cos a 

r r 

are the angular velocities of twisting and of pure bending respec- 
tively. 

From the latter component we may infer that the curvature of 
the helix is 

cos 

T ^ 

a known result, which agrees with the expression used above 
(§ 13 ). 

]27. The hodograph in this case is a small circle of 
the sphere. If the specified condition as to the mode of 
laying on of the rod on the cylinder is fulfilled, the trans- 
verses of the spiral rod will be parallel at points along it sepa- 
rated by one or more whole turns. Hence the integral twist 
in a single turn is equal to the excess of four right angles 
above the spherical area enclosed by the hodograph. If a be 
the inclination of the spiral, Itt — a will be the arc-radius of the 
hodograph, and therefore its area is 27 r (1 - sin a). Hence the 
integral twist in a turn of the spiral is 27 r sin or, which agrees 
with the result previously obtained (§ 126). 
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128. As a preliminary to the further consideration of the Curvature 

^ . of surface. 

rolling of one surface on another, and as useful in various parts 
of our subject, we may now take up a few points connected 
with the curvature of surfaces. 

The tangent plane at any point of a surface may or may not 
cut it at that point. In the former case, the surface bends away 
from the tangent plane partly towards one side of it, and partly 
towards the other, and has thus, in some of its normal sections, 
curvatures oppositely directed to those in others. In the latter 
case, the surface on every side of the point bends away from 
the same side of its tangent plane, and the curvatures of all 
normal sections are similarly directed. Thus we may divide 
curved surfaces into Anticlastic and Synclastic. A saddle gives Synciastic 

and anti- 

a good example of the former class ; a ball of the latter. Cur- 
vatures in opposite directions, with reference to the tangent 
plane, have of course different signs. The outer portion of an 
anchor-ring is syncla'stic, the inner anticlastic. 

129. Meuni&'S Theorem . — The curvature of an oblique sec- 

tion of a surface is equal to that of the normal section through seotioM. 
the same tangent line multiplied by the secant of the inclina- 
tion of the planes of the sections. This is evident from the 
most elementary considerations regarding projections. 

130. Euler's Theorem.~T\i%XQ are at every point of a syn- 
clastic surface two normal sections, in one of which the cur- 
vature is a maximum, in the other a minimum ; and these are 
at right angles to each other. 

In an anticlastic surface there is maximum curvature (but 
in opposite directions) in the two normal sections whose planes 
bisect the angles between the lines in which the surface cuts 
its tangent plane. On account of the difference of sign, these 
may he considered as a maximum and a minimum. 

Generally the sum of the curvatures at a point, in any two 

normal planes at right angles to each other, is independent of 

. . , 1 risht angles 

the position of these planes. 

Taking the tangent plane as that of aJ, y, and the origin at the 
point of contact, and putting 
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Principal 

normal 

sections. 


d\ 


T— ^ =1 (- 

\dx-Jo ’ \doodyJ^ 


^ m 


■■C-, 


we haye 


« = ~ (Aq(? + 2Bxy + Cy^) + etc. 


( 1 ) 


The curvature of the normal section which passes through the 
poiat cc, z is (in the limit) 

1 __ + C‘]f 

If the section he inclined at an angle 6 to the plane of XZ, this 
becomes 

i = .4 cos®^ + 2 j& sin^ cos0 + <7 sin®^, (2) 

Hence, if i and - be curvatures in normal sections at riiifht 
angles to each other, 

“-{-~ = -4+(7 = constant. 

T s 

(2) may be written 

i = i {-4(1 -f cos 2d) 4 - 2B sin 20 + £7(1 — cos 2^)} 

= i {4 + £7 + 4. ~£7 cos 2^ + 2.5 sin 2^} , 
or if g (4 - (7) = 5 cos 2a, B = B sin 2a, 

that is E = (-^ - £7)^ 4- 5^|, and tan 2a = ^ , 

we have 1 J (A + (7) + (A-C)^+ cos 2 (0 - a). 

The maximum and minimum curvatures are therefore those in 
normal places at right angles to each other for which 0 = a and 

6 = a+^, and are respectively 

Hence their product is 4£7 - B\ 

If this be positive we have a synclastic, if negative an anti- 
clastic, suziace. If it be zero we have one curvature only, and the 
suiface is cyliudficctl at the point considered. It is demonstx*ated 
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(§152, below) that if this condition is fulfdled at every point, the 
surface is ^‘^developable” (§ 139, below). sections. 

By (1) a plane parallel to the tangent plane and very near it 
cuts the surface in an ellipse, hyperbola, or two parallel straight 
lines, in the three cases respectively. This section, whose 
nature informs us as to whether the curvature be synclastic, 
anticlastic, or cylindrical, at any point, was called by Dupin 
the Indicatrix, 

A line of curvature of a surface is a line which at every point 
is cotangential with normal section of maximum or minimum Curvature, 
curvature. 

131. Let P, jp he two points of a surface infinitely near to 
each other, and let r he the radius of curvature of a normal 
section passing through them. Then the radius of curvature surface, 
of an oblique section through the same points, inclined to the 
former at an angle a, is (§ 129) r cos a. Also the length along 

the normal section, from P to p, is less than that along the 
oblique section — since a given chord cuts off an arc from a 
circle, longer the less the radius of that circle. 

If a be the length of the chord Pp, we have 

. n • ~i ^ \ 

Distance Pp along normal section = sin ^ ( i + ) , 

„ „ obUque section = a (l + • 

132. Hence, if the shortest possible line be drawn from one 
point of a surface to another, its plane of curvature is every- 
where perpendicular to the surface. 

Such a curve is called a Geodetic line. And it is easy to see ggodetie 
that it is the line in which a flexible and inextensible string 
would touch the surface if stretched between those points, the 
surface being supposed smooth. 

133. If an infinitely narrow ribbon be laid on a surface 
along a geodetic line, its twist is equal to the tortuosity of its 
axis at each point. We have seen (§ 125) that when one body 
rolls on another without spinning, the projections of the traces 
on the common tangent plane agree in curvature at the point 
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Shortest of contact. Hcnce, if one of the surfaces be a piano, and the 
tween two trace on the other be a geodetic line, the trace on the plane is a 
lurface. Straight line. Conversely, if the trace on the plane be a straight 
line, that on the surface is a geodetic line. 

An ri, quite generally, if the given trace be a geodetic line, 
the other trace is also a geodetic line. 

Spherical 134. The area of a spherical triangle (on a sphere of unit 
exce&s. is knowii to be equal to the spherical excess/’ ie., the 

excess of the sum of its angles over two right angles, or the 
excess of four right angles over the sum of its exterior angles. 
Area of The area of a spherical polygon whose sides are portions 
polygon, of great circles — i.e,, geodetic lines — is to that of the hemi- 
sphere as the excess of four right angles over the sum of its 
exterior angles is to four right angles. (We may call this the 
'' spherical excess ” of the polygon.) 

For the area of a spherical triangle is known to be equal to 
A B + G — TT, 

Divide the polygon into n such triangles, with a common 
vertex, the angles about which, of course, amount to 27r. 

Area - sum of interior angles of triangles - 7nr 

= 27r + sum of interior angles of polygon - 7nr 
-277- sum of exterior angle of polygon. 

Reciprocal Given an open or closed spherical polygon, or line on the 
sphere, surface of a sphere composed of consecutive arcs of great circles. 
Take either pole of the first of these arcs, and the corresponding 
poles of all the others (all the poles to be on the right hand, or 
all on the left, of a traveller advancing along the given great 
cii’cle arcs in order). Draw great circle arcs from the first of 
these poles to the second, the second to the third, and so on in 
order. Another closed or open polygon, constituting what is 
called the polar diagram to the given polygon, is thus obtained. 
The sides of the second polygon are evidently equal to the 
exterior angles in the first; and the exterior angles of the 
second are equal to the vsides of the first. Hence the relation 
between the two diagrams is reciprocal, or each is polar to the 
other. The polar figure to any continuous curve on a spherical 
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surface is the locus of the ultimate intersections of gi'eat circles neoiprocai 

• T . T . ^ ^ ^ polars on a 

equatorial to points taken infinitely near each other along it. &piiere. 

The area of a closed spherical figure is, consequently, ac- 
cording to what we have just seen, equal to the excess of 27r 
above the periphery of its polar, if the radius of the sphere be 
unity. 

135. If a point move on a surface along a figure whose integral^ 

sides are geodetic lines, the sum of the exterior angles of this direction m 
, . ^ ^ surface. 

polygon is defined to be the integral change of the direction in 
the surface. 

In great circle sailing, unless a vessel sail on the equator, or 
on a meridian, her course, as indicated by points of the com- 
pass (true, not magnetic, for the latter change even on a meri- 
dian), perpetually changes. Yet just as- we say her direction 
does not change if she sail in a meridian, or in the equator, so 
we ought to say her direction does not change if she moves in 
any great circle. Now, the great circle is the geodetic line on 
the sphere, and by extending these remarks to other curved 
surfaces, we see the connexion of the above definition with that 
in the case of a plane polygon (§ 10). 

Note. — We cannot define integral change of direction here by change of 
any angle directly constructible from the first and last tangents 
to the path, as was done (§ 10) in the case of a plane curve or 
polygon; but from §§ 125 and 183 we have the following 
statement : — The whole change of direction in a curved surface, 
from one end to another of any arc of a curve traced on it, is 
equal to the change of direction from end to end of the trace of 
this arc on a plane by pure rolling. 

136. JDef The excess of four right angles above the inte- integral 
gral change of direction from one side to the same side next 
time in going round a closed polygon of geodetic lines on a 
curved surface, is the integral curvature of the enclosed portion 

of surface. This excess is zero in the case of a polygon traced 
on a plane. We shall presently see that this corresponds exactly 
to what Gauss has called the curvatura integra. 

Def, (Gauss.) The curvatura integra of any given portion Cun^atura 
of a curved surface, is the area enclosed on a spherical surface 
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of unit radius by a straight line drawn from its centre, parallel 
to a normal to the surface, the normal being carried round the 
boundary of the given portion. 

The curve thus traced on the sphere is called the Horograph 
of the given portion of curved surface. 

The average curvature of any portion of a curved surface is 
the integral curvature divided by the area. The specific curva- 
ture of a curved surface at any point is the average curvature 
of an infinitely small area of it round that point. 


137 . The excess of 27r above the change of direction, in a sur- 
face, of a point moving round any closed curve on it, is equal to 
the area of the horograph of the enclosed portion of surface. 

Let a tangent plane roll without spinning on the surface over 
every point of the bounding line. (Its instantaneous axis will 
always lie in it, and pass through the point of contact, but will 
not, as we have seen, he at right angles to the given bounding 
curve, except when the twist of a narrow ribbon of the surface 
along this curve is nothing.) Considering the auxiliary sphere 
of unit radius, used in Gauss’s definition, and the moving line 
through its centre, we perceive that the motion of this lino is, at 
each instant, in a plane perpendicular to the instantaneous axis 
of the tangent plane to the given surface. The direction of 
motion of the point which cuts out the area on the spherical 
surface is therefore perpendicular to this instantaneous axis. 
Hence, if we roll a tangent plane on the spherical surface also, 
making it keep time with the other, the trace on this tangent 
plane will he a curve always perpendicular to the instantaneous 
axis of each tangent plane. The change of direction, in the 
spherical surface, of the point moving round and cutting out the 
area, being equal to the change of direction in its own trace on 
its own tangent plane (§ 135), is therefore equal to the change 
of direction of the instantaneous axis in the tangent plane to the 
given surface reckoned from a line fixed relatively to this plane. 
But having rolled all round, and beiug in position to roll round 
a<^ain, the instantaneous axis of the fresh start must be inclined 
to the ti-ace at the same angle as in the beginning. Hence the 
change of direction of the instantaneous axis in either tangent 
plane is equal to the change of direction, in the given surface, of 



KINEIUTICS. 


107 


137.] 

a point going all round the boundary of the given portion of it Cunatura 
(§ 135); to which, therefore, the change of direction, in thew^tphi'^ 
splierical surface, of tlie point going all round the spherical area 
is equal. But, by the well-known theorem (§ 134) of the 
‘‘spherical excess,” this change of direction subtracted from Stt 
leaves the spherical area. Hence the spherical area, called by 
Gauss the cw’vatura integra, is equal to wantiug the change 
of direction in going round the boundary. 

It will be perceived that when the two rollings we have con- 
sidered are each complete, each tangent plane will have come 
back to be parallel to its original position, but any fixed line in 
it will have changed direction through an angle equal to the 
equal changes of direction j list considered. 

Note . — The two roUmg tangent planes are at each int-tant 
parallel to one another, and a fixed line relatively to one drawn 
at any time parallel to a fixed line relatively to the other, re- 
mains parallel to the last-mentioned line. 

If, instead of the closed curve, we have a closed polygon of 
geodetic lines on the given surface, the trace of the rolling of 
its tangent plane will be an unclosed rectilineal polygon. If 
each geodetic were a plane curve (which could only be if the 
given surface were spherical), the instantaneous axis would be 
always perpendicular to the particular side of this polygon which 
is rolled on at the instant ; and, of course, the spherical area on 
the auxiliary sphere would be a similar polygon to the given 
one. But the given surface being other than spherical, there 
must (except in the particular case of some of the geodetics 
being lines of curvature) be tortuosity in every geodetic of 
the closed polygon; or, which is the same thing, twist in 
the corresponding ribbons of the surface. Hence the portion 
of the whole trace on the second rolling tangent plane which 
corresponds to any one side of the given geodetic polygon, must , 
in general be a curve; and as there will generally be finite angles 
in the second rolling corresponding to (but not equal to) those in 
the first, the trace of the second on its tangent plane vdll be an 
unclosed polygon of curves. The trace of the same rolling on 
the spherical surface in which it takes place will generally be 
a spherical polygon, not of great circle arcs, but of other curves. 

The sum of the exterior angles of this polygon, and of the 
changes of direction from one end to the other of each of its sides, 
is the whole change of dii’ection considered, and is, by the proper 
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application of the theorem of § 134, equal to 2ir wanting the 
spherical area enclosed. 

Or agaiuj if, instead of a geodetic polygon as the giren curve, 
vre have a polygon of curves, each fulfilling the condition that 
the normal to the surface tlirough any point of it is parallel to a 
fixed plane; one plane for the first curve, another for the 
second, and so on; then the figure on the auxiliary spherical 
surface will be a polygon of arcs of great circles ; its trace on its 
tangent plane will be an unclosed rectilineal polygon ; and the 
trace of the given curve on the tangent plane of the first rolling 
will be an unclosed polygon of curves. The sum of changes of 
dii'ection in these curves, and of exterior angles in passing from 
one to another of them, is of course equal to the change of 
direction in the given surface, in going round the given polygon 
of curves on it. The change of direction in the other will be 
simply the sum of the exterior angles of the spherical polygon, 
or of its rectilineal trace. Remark that in this case the in- 
stantaneous axis of the first rolling, being always perpendicular 
to that plane to which the normals are all parallel, remains 
parallel to one line, fixed with reference to the tangent plane, 
during rolling along each curved side, and also remains parallel 
to a fixed line in space. 

Lastly, remark that although the whole change of direction of 
the trace in one tangent plane is equal to that in the trace on 
the other, when the rolling is completed round the given circuit; 
the changes of direction in. the two are generally unequal in any 
part of the circuit. They may be equal for particular parts 
of the circuit, viz., between those points, if any, at which the in- 
stantaneous axis is equally inclined to the direction of the trace 
on the first tangent plane. 

Any difficulty which may have been felt in reading this Section 
will be removed if the following exercises on the subject be 
performed. 

(1) Find the horograph of an infinitely small circular area of 
any continuous curved surface. It is an ellipse or a hyperbola 
according as the surface is synclastic or anticlastic (§ 128). Find 
the axes of the ellipse or hyperbola in either case. 

(2) Find the horograph of the area cut off a synclastic surface 
by a plane parallel to the tangent plane at any given point of it, 
and infinitely near this point. Find and interpret the corre- 
sponding result for the case in which the surface is anticlastic 
in the neighbourhood of the given point. 
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(3) Let a tangent plane roll without spinning over the 
boundary of a given closed curve or geodetic polygon on any l^orograph. 
curved surface. Show that the points of the trace in the tangent 

plane which successively touch the same point of the given 
surface are at equal distances successively on the circumference 
of a circle, the angular values of the intermediate arcs being each 
27r — AT if taken in the direction in which the trace is actually 
described, and K if taken in the contrary direction, K being 
the ‘'integral curvature” of the portion of the curved surface 
enclosed by the given curve or geodetic polygon. Hence if K 
be commensurable with tt the trace on the tangent plane, how- 
ever complicatedly autotomic it may be, is a finite closed curve 
or polygon. 

(4) The trace by a tangent plane rolling successively over 
three principal quadrants bounding an eighth part of the cir- 
cumference of an ellipsoid is represented in the accompanying 
diagram, the whole of which is traced when the tangent plane is 



rolled four times over the stated boundary. A, B, 0 ; A', B', C, 

<fec. represent the points of the tangent plane touched in order 
by ends of the mean principal axis (J.), the greatest principal 
axis {B), and least principal axis ((7), and AB, BC^ CA! are the 
lengths of the three principal quadrants. 

138 . It appears from what precedes, that the same equality 
or identity subsists between whole curvature ” in a plane 
arc and the excess of tt above the angle between the terminal curvature. 
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tangents, as between “whole curvature” and excess of 27r above 
change of direction along the bounding line in the surface for 
any portion of a curved surface. 

Or, according to Gauss, whereas the whole curvature in a 
plane arc is the angle between two lines parallel to the terminal 
normals, the whole curvature of a portion of curve surface is 
the solid angle of a cone formed by drawing lines from a point 

parallel to all normals through its boundary. 

. change of direction 

Again, average curvature in a plane curve is 1 


and specific curvature, or, as it is commonly called, curvature, 
. change of direction in infinitely small length 
at any point of it= 

Thus average curvature and specific curvature are for surfaces 
analogous to the corresponding terms for a plane curve. 

Lastly, in a plane arc of uniform curvature, i.e., in a circular 

change of dkeotion^l^ easily proved (as below) 

^ lengtli p 

that, in a surface throughout which the specific curvature is 

27 r - chan ffe of direction integral curvature 1 , 

, or , ^vbere 

p and p are the principal radii of curvature. Hence in a sur- 
face, whether of uniform or non-uniform specific curvature, the 

specific curvature at any point is equal to . In geometry of 

three dimensions, pp' (an area) is clearly analogous to p in a 
curve and plane. 


Consider a portion S, of a surface of any curvature, bounded 
by a given closed curve. Let there be a spherical surface, radius 
r, and centre (7. Draw a radius OQ, parallel to the normal at 
any point F of >S1 If this be done for every point of the bound- 
ary, the line so obtained encloses the spherical area used in 
Gauss’s definition. Now let there be an infinitely small rect- 
angle oh S, at P, having for its sides arcs of angles I and on 
the normal sections of greatest and least curvature, and let their 
radii of curvature he denoted by p and p\ The lengths of these 
sides will be pf and p'^' respectively. Its area will therefore be 
pp'tt'. The corresponding figure at Q on the spherical sui'face 
will he bounded by arcs of angles equal to those, and therefore of 
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lengtlis and respectively, and its area will be Hence 

if d<j denote tliis area, tlie area of tlie infinitely small portion of 

tbe given surface will be . In a surface for wbicli pp is 

constant, tlie area is tLorefore = ^JJdcr = pp'x integral curvature. 


139 . A perfectly flexible but inextensible surface is sug- Eiexibieand 
gested, altbougb not realized, by paper, thin sheet metal, or surface, 
cloth, when the surface is plane ; and by sheaths of pods, seed 
vessels, or the like, when it is not capable of being stretched 
flat without tearing. The process of changing the form of a 
surface by bending is called '' developingr But the term De- 
velopable Siirface ” is commonly restricted to such inextensible 
surfaces as can be developed into a plane, or, in common lan- 
guage, “ smoothed flat.” 


140 . The geometry or kinematics of this subject is a great 
contrast to that of the flexible line (§ 14), and, in its merest 
elements, presents ideas not very easily apprehended, and sub- 
jects of investigation that have exercised, and perhaps even 
overtasked, the powers of some of the greatest mathematicians. 

141 . Some care is required to form a correct conception of 
what is a perfectly flexible inextensible surface. First let us 
consider a plane sheet of paper. It is very flexible, and we 
can easily form the conception from it of a sheet of ideal 
matter perfectly flexible. It is very inextensible; that is to 
say, it yields very little to any application of force tending to 
pull or stretch it in any direction, up to the strongest it can 
bear without tearing. It does, of course, stretch a little. It 
is easy to test that it stretches when under the influence of 
force, and that it contracts again when the force is removed, 
although not always to its original dimensions, as it may and 
generally does remain to some sensible extent permanently 
stretched. Also, flexure stretches one side and condenses the 
other temporarily; and, to a less extent, permanently. Under 
elasticity (§§ 717, 718, 719) we shall return to this. In the 
meantime, in considering illustrations of our kinematical propo- 
sitions, it is necessary to anticipate such physical circumstances. 



Surface 
inextensible 
in two di- 
rections. 


“Elastic 
finish.” of 
muiiliu 
goods. 


rieiure of 

mexfcensible 

developable. 


112 PRELIMINAKY. [ 14 ^ 2 . 

142. Cloth woven in the simple common way, very fine 
mnslin for instance, illustrates a surface perfectly inextensible 
in two directions (those of the warp and the woof), but suscept- 
ible of any amount of extension from 1 up to along one 
diagonal, with contraction from 1 to 0 (each degree of extension 
along one diagonal having a corresponding determinate degree 
of contraction along the other, the relation being + d ^ = 2, 
where 1 1 6 and 1 : $' are the ratios of elongation, which will be 
contraction in the case in which e or e is < 1) in the other. 

143. The flexure of a surface fulfilling any case of the 
geometrical condition just stated, presents an interesting sub- 
ject for investigation, which we are reluctantly obliged to 
forego. The moist paper drapery that Albert Dlirer used on 
his little lay figures must hang very differently from cloth. 
Perhaps the stiffness of the drapery in his pictures may he to 
some extent owing to the fact that he used the moist paper in 
preference to cloth on account of its superior flexibility, while 
unaware of the great distinction between them as regards 
extensibility. Fine muslin, prepared with starch or gum, is, 
during the process of drying, kept moving by a machine, which, 
by producing a to-and-fro relative angular motion of warp and 
woof, stretches and contracts the diagonals of its structure alter- 
nately, and thus prevents the parallelograms from becoming 
stiffened into rectangles. 

144. The flexure of an inextensible surface which can be 
! plane, is a subject which has been well worked by geometrical 
investigators and writers, and, in its elements at least, presents 
little difficulty. The first elementary conception to be formed 

is, that such a surface (if perfectly flexible), taken plane in 
the first place, may he bent about any straight line ruled on 

it, so that the two plane parts may make any angle with one 
another. 

Such a line is called a generating line ” of the surface to be 
formed. 

Next, we may bend one of these plane parts about any other 
line which does not (within the limits of the sheet) intersect 
the former; and so on. If these lines are infinite in number, 
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and the angles of bending infinitely small, but such that their 

sum may be finite, we have our plane surface bent into a developable. 

curved surface, which is of course ''developable’' (§ 189). 


145. Lift a square of paper, free from folds, creases, or 
ragged edges, gently by one corner, or otherwise, without 
crushing or forcing it, or very gently by two points. It will 
hang in a form which is very rigorously a developable surface ; 
for although it is not absolutely inextensible, yet the forces 
wLich tend to stretch or tear it, when it is treated as above 
described, are small enough to produce no sensible stretching. 
Indeed the greatest stretching it can experience without tear- 
ing, in any direction, is not such as can affect the form of the 
surface much when sharp flexures, singular points, etc., are 
kept clear of. 

146. Prisms and cylinders (when the lines of bending, § 144, 
are parallel, and finite in number with finite angles, or infinite 
in number with infinitely small angles), and pyramids and 
cones (the lines of bending meeting in a point if produced), are 
clearly included. 

147. If the generating lines, or line-edges of the angles of 
bending, are not parallel, they must meet, since they are in a 
plane when the surface is plane. K they do not meet all in one 
point, they must meet in several points : in general, each one 
meets its predecessor and its successor in different points. 


148. There is still no difficulty in understanding the form of. 


say a square, or circle, of the plane surface when bent as explained 
above, provided it does not include any ^ 


of these points of intersection. When the 
number is infinite, and the surface finitely 
curved, the developable lines will in gene- 
ral be tangents to a curve (the locus of the 
points of intersection when the number is 
infinite). This curve is called the edge of 
regression. The surface must clearly, when 
complete (according to mathematical ideas), 
consist of two sheets meeting in this edge 
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Edge of of regression (just as a cone consists of two sheets meeting in 
eg ess 0 . vertex), because each tangent may be produced beyond 
the point of contact, instead of stopping at it, as in the annexed 
diagram. 


Practical 
cotistruc- 
tion of a 
developable 
from its 
edge. 


149. To construct a complete developable surface in two 
sheets from its edge of regression — 

Lay one piece of perfectly flat, unwrinkled, smooth-cut 
paper on the top of another. Trace any curve on the upper, 

and let it have no point of inflec- 
tion, but everywhere finite curvature. 
Gut the two papers along the curve 
and remove the convex portions. If 
the curve traced is closed, it must be 
cut open (see second diagram). 

Attach the two sheets together by very slight paper or 
muslin clamps gummed to them along the common curved 




edge. These must be so slight as not to interfere 
sensibly with the flexure of the two sheets. Take 
hold of one corner of one sheet and lift the whole. 
The two will open out into the two sheets of a 
developable surface, of which the curve, bending 
into a curve of double curvature, is the edge of 
regression. The tangent to the curve drawn in 
one direction from the point of contact, will 


always lie in one of the sheets, and its continuation on the 


other side in the other sheet. Of course a double-sheeted 


developable polyhedron can be constructed by this process, by 


starting from a polygon instead of a curve. 


General 150. A flexible blit perfectly inextensible surface, altered 

Toroperty of . « . . , 

^nextensibie m form in any way possible for it, must keep any line traced 
on it unchanged in length; and hence any two intersecting 
lines unchanged in mutual inclination. Hence, also, geodetic 
lines must remain geodetic lines. Hence ^^the change of 
direction in a surface, of a point going round any portion of 
it, must be the same, however this portion is bent. Hence 
(§ 136) the integral curvature remains the same in any and 
every portion however the surface is bent. Hence (§ 138, 
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Gauss's Theorem) the product of the principal radii of curvature 
at each point remains unchanged. 


General 
property of 
mextensible 
surface 


151. The general statement of a converse proposition, ex- 
pressing the condition that two given areas of curved surfaces 
may be bent one to fit the other, involves essentially some 
mode of specifying corresponding points on the two. A full 
investigation of the circumstances would be out of place here. 

152. In one case, however, a statement in the simplest of 
possible terms is applicable. Any two surfaces, in each ofspecmc^^^ 
which the specific curvature is the same at all points, and 
equal to that of the other, may be bent one to fit the other. 

Thus any surface of uniform positive specific curvature {ie., 
wholly convex one side, and concave the other) may be bent 
to fit a sphere whose radius is a mean proportional between its 
principal radii of curvature at any point. A surface of uniform 
negative, or anticlastic, curvature would fit an imaginary sphere, 
but the interpretation of this is not understood in the present 
condition of science. But practically, of any two surfaces of uni- 
form anticlastic curvature, either may be bent to fit the other. 


153. It is to be remarked, that geodetic trigonometry on Geodetic 

. . 1 X • triangles on 

anv surface of uniform positive, or synclastic, curvature, is such a sur- 

^ . . face, 

identical with spherical trigonometry. 

If a = - ^ , h = -4r- , c = — where s, t, u are the lengths 
s/pp sjpp\ s/pP 

of three geodetic lines joining three points on the surfece, and 
if J., A, <7 denote the angles between the tangents to the geodetic 
lines at these points ; we have six quantities which agree perfectly 
with the three sides and the three angles of a certain spherical 
triangle. A corresponding anticlastic trigonometry exists, al- 
though we are not aware that it has hitherto been noticed, for any 
surface of uniform anticlastic curvature. In a geodetic triangle 
on an anticlastic surface, the sum of the three angles is of course 
less than three right angles, and the difference, or “ anticlastic 
defect” (like the ^'spherical excess”), is equal to the area divided 
by p X — p\ where p and — p' are positive. 

154. We have now to consider the very important kinema- strain, 
tical conditions presented by the changes of volume or figure 

8—2 
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Strain. experienced by a solid or liquid mass, or by a group of points 
whose positions with regard to each other are subject to known 
conditions. Any such definite alteration of form or dimensions 
is called a Strain, 

Thus a rod which becomes longer or shorter is strained. 
Water, when compressed, is strained. A stone, beam, or mass 
of metal, in a building or m a piece of framework, if condensed 
or dilated in any direction, or bent, twisted, or distorted in any 
way, is said to experience a strain. A ship is said to strain ” 
if, in launching, or when working in a heavy sea, the different 
parts of it experience relative motions. 

Definition 155. If, when the matter occupying any space is strained 

of homo- ' , . ^ V - T • -X* n 

geneous in any way, all pairs of points of its substance which are initiaiiy 
at equal distances from one another in parallel lines remain 
equidistant, it may be at an altered distance ; and in parallel 
lines, altered, it may be, from their initial direction ; the strain 
is said to be homogeneous. 

Properties 156. Hence if any straight line be drawn through the body 

ofhomo- ; ^ i t i • mi 

in its initial state, the portion of the body cut by it will con- 
tinue to be a straight line when the body is homogeneously 
strained. For, if ABG be any such line, AB and BO, being 
parallel to one line in the initial, remain parallel to one line in 
the altered, state; and therefore remain in the same straight 
line with one another. Thus it follows that a plane remains 
a plane, a parallelogram a parallelogram, and a parallelepiped 
a parallelepiped. 

157. Hence, also, similar figures, whether constituted by 
actual portions of the substance, or mere geometrical surfaces, 
or straight or curved lines passing throxigh or joining certain 
portions or points of the substance, similarly situated 
having corresponding parameters parallel) when altered ac- 
cording to the altered condition of the body, remain similar 
and similarly situated among one another. 

158. The lengths of parallel lines of the body remain in 
the same proportion to one another, and hence all are altered 
in the same proportion. Hence, and from § 156, we infer that 
any plane figure becomes altered to another plane figure which 
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is a diminished or magnified orthographic projection of the first Properties 
on some plane. For example, if an ellipse be altered into a geneous 
circle, its principal axes become radii at right angles to one 
another. 

The elongation of the body along any line is the proportion 
which the addition to the distance between any two points in 
that line bears to their primitive distance. 

159 . Every orthogonal projection of an ellipse is an ellipse 
(the case of a circle being included). Hence, and from § 158, 
we see that an ellipse remains an ellipse ; and an ellipsoid re- 
mains a surface of which every plane section is an ellipse; 
that is, remains an ellipsoid. 

A plane curve remains (§ 156) a plane curve. A system of 
two or of three straight lines of reference (Cartesian) remains 
a rectilineal system of lines of reference ; but, in general, a 
rectangular system becomes oblique. 


be the equation of an ellipse referred to any rectilineal conjugate 
axes, in the substance, of the body in its initial state. Let a and 
yS be the proportions in which lines respectively parallel to OX 
and OY are altered. Thus, if we call i and r] the altered values 
of X and y, we have 

i = ax, Ti = Py. 

which also is the equation of an ellipse, referred to oblique axes 
at, it may be, a different angle to one another from that of the 
given axes, in the initial condition of the body. 


Or again, let 


X y z 
4. £ — 1 — 


be the equation of an ellipsoid referred to three conjugate dia- 
metral planes, as oblique or I'ectangular planes of reference, in the 
initial condition of the body. Let a, /?, y be the proportion 
in which lines parallel to OX, OY, OZ are altered; so that if 
f, 77, I be the altered values of x, y, z, we have 


Thus 
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■wliic}i is tlie equation of an ellipsoid, referred to conjugate dia- 
metral planes, altered it may be in mutual inclination from tliose 
of tbe given planes of reference in tlie initial condition of the 
body. 

160. The ellipsoid -which any surface of the body initially 
spherical becomes in the altered condition, may, to avoid cir- 
cumlocutions, be called the strain ellipsoid. 

161. In any absolutely unrestricted homogeneous strain there 
are three directions (the three principal axes of the strain ellip- 
soid), at right angles to one another, which remain at right 
angles to one another in the altered condition of the body 
(§ 158). Along one of these the elongation is greater, and 
along another less, than along any other direction in the body. 
Along the remaining one, the elongation is less than in any 
other line in the plane of itself and the first mentioned, and 
greater than along any other line in the plane of itself and the 
second. 

Note . — Contraction is to be reckoned as a negative elongation : 
the maximum elongation of the preceding enunciation may be 
a minimum contraction: the minimum elongation may be a 
maximum contraction. 

162. The ellipsoid into which a sphere becomes altered may 
be an ellipsoid of revolution, or, as it is called, a spheroid, pro- 
late, or oblate. There is thus a maximum or minimum elonga- 
tion along the axis, and equal minimum or maximum elongation 
along all lines perpendicular to the axis. 

Or it may be a sphere ; in which case the elongations are 
equal in all directions. The effect is, in this case, merely an 
alteration of dimensions without change of figure of any part. 

The original volume (sphere) is to the new (ellipsoid) evi- 
dently as 1 : a/Sy. 

163. The principal axes of a strain are the principal axes 
• of the ellipsoid into which it converts a sphere. The principal 

elongations of a strain are the elongations in the direction of its 
principal axes. 
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164. When the position of the principal axes, and the magni- and^^ange 
tudes of the principal elongations of a strain are given, the 
elongation of any line of the body, and the alteration of angle 
between any two lines, may be obviously determined by a sim- 
ple geometrical construction, 

Analytically thus: — ^let a — 1, — 1, y — 1 denote the principal 

elongations, so that a, ,8, y may be now the ratios of alteration 
along the three principal axes, as we used them formerly for the 
ratios for any three oblique or rectangular lines. Let Z, m, n 
be the direction cosines of any line, with reference to the three 
principal axes. Thus, 

Zr, mr, nr 

being the three initial co-ordinates of a point P, at a distance 
OP=^r, from the origin in the direction Z, n; the co-ordinates 
of the same point of the body, with reference to the same rect- 
angular axes, become, in the altered state, 
air, p7nr, ynr. 

Hence the altered length of OP is 

{aH^ + /3W + y V)^r, 

and therefore the ‘^elongation’’ of the body in that dii’ection is 

For brevity, let this be denoted by ^ — 1, i.e. 
let t + y^n^^. 

The direction cosines of OP in its altered position are 
al pm yn 

I’ T’ 

and therefore the angles XOP, TOP, ZOP are altered to having 
their cosines of these values respectively, from having them of 
the values I, m, n. 

The cosine, of the angle between any two lines OP and OP', 
specified in the initial condition of the body by the direction 
cosines U, m', n', is 

W -f- mm' + nn', 

in the initial condition of the body, and becomes 

a^W + p^mm' + y^nn 

(aT + )S W + y V)i {aV + jS W + yVf- 

in the altered condition. 
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ciiaTigeof 165 . With the same data the alteration of angle between 
gianemtiie^ny planes of the body may also he easily determined, 

either geometrically or analytically. 

Let I, Tiij n be the cosines of the aogles which a plane makes 
with the planes YOZ^ ZOX.^ ZOY, respectively, in the initial 
condition of the body. The effects of the change being the same 
on all parallel planes, we may suppose the plane in question to 
pass through 0 ; and therefore its equation will be 

Icc + m?/ + nz=0. 

In the altered condition of the body we shall have, as before, 
i=ctx, = 


for the altered co-ordinates of any point initially x, y, 
the equation of the altered plane is 


Hence 


fi y 


But the planes of reference are still rectangular, according to our 
present supposition. Hence the cosines of the inclinations of 
the plane in question, to YOZ, ZOX, XOY, in the altered con- 
dition of the body, are altered from m, n to 


I m n 

respectively, where for brevity 




+ 




If we have a second plane similarly specified by T, m', n\ in the 
initial condition of the body, the cosine of the angle between the 
two planes, which is 


IV + mrn! + nn! 


in the initial condition, becomes altered to 
IV mmV Tin' 





rd^ 

w 


7 / 


sOTj 166 . Returning to elongations, and considering that these are 
elongation generally different in different directions, we perceive that all 
lines through any point, in which the elongations have any one 
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value intermediate between the greatest and least, must lie on Comcai sur- 
a determinate conical surface. This is easily proved to be in Sonlauon!'^ 
general a cone of the second degree. 

Tor, in a direction denoted by direction cosines I, m, n, we 
have 

a?lr + 

where t denotes the ratio of elongation, intermediate between a 
the greatest and y the least. This is the equation of a cone of 
the second degree, m, n being the direction cosines of a gene- 
rating line. 

167 . In one particular case this cone becomes two planes. Two planes 

the planes of the circular sections of the strain ellipsoid. tortio^^' 

Let t = The preceding equation becomes 

or, since 1 — 4- 

The first member being the product of two factors, the equation 
is satisfied by putting either 0, and therefore the equation re- 
presents the two planes whose equations are 

aud ?(a'-y37-w(^=-/)4 = 0, 

respectively. 

This is the case in which the given elongation is equal being the’ 

^ circular 

to that along the mean principal axis of the strain ellipsoid. 

The two planes are planes through the mean principal axis of ellipsoid, 
the ellipsoid, equally inclined on the two sides of either of the 
other axes. The lines along which the elongation is equal to 
the mean principal elongation, all lie in, or parallel to, either 
of these two planes. This is easily proved as follows, without 
any analytical investigation. 

168 . Let the ellipse of the annexed diagram represent the 
section of the strain ellipsoid through the greatest and least 
principal axes. Let 8' 08, T OTloe the 
two diameters of this ellipse, which are 
equal to the mean principal axis of the 
ellipsoid. Every plane through 0, per- 
pendicular to the plane of the diagram, 
cuts the ellipsoid in an ellipse of which 
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one principal axis is the diameter in which it cuts the ellipse of 
the diagram, and the other, the mean principal diameter of the 
ellipsoid. Hence a plane through either 8S', or TT', perpen- 
dicular to the plane of the diagram, cuts the ellipsoid in an 
ellipse of which the two principal axes are equal, that is to say, 
in a circle. Hence the elongations along all lines in either of 
these planes are equal to the elongation along the mean princi- 
pal axis of the strain ellipsoid. 


169. The consideration of the circular sections of the strain 
ellipsoid is highly instructive, and leads to important views 
with reference to the analysis of the most general character of 
a strain. First, let us suppose there to he no alteration of 
volume on the whole, and neither elongation nor contraction 
along the mean principal axis. That is to say, let ^ = 1, 

aiidy = J (§162). 

Let OX and OZ be the directions of elongation a— 1 and 


contraction 1 - “ respectively. 


Let A be any point of the 


body in its primitive condition, 
and A, the same point of the 
altered body, so that OA^==olOA. 

Now, if we take 00= OA^, 
and if (7, be the position of that 
point of the body which was in 
the position O initially, we shall 

have OC=-OC. and therefore 
' a 

00^ = 0 A. Hence the two tri- 
angles OOA and G^OA^ are equal and similar. 

Hence GA experiences no alteration of length, hut takes 
the altered position G^A^ in the altered position of the body. 
Similarly, if we measure on XO produced, OA' and OA^ equal 
respectively to OA and OA^, we find that the line O A' experi- 
ences no alteration in length, but takes the altered position O^A'. 

Consider now a plane of the body initially through CA per- 
pendicular to the plane of the diagram, which will be altered 
into a plane through G^A^, also perpendicular to the plane of 
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the diagram. All lines initially perpendicular to the plane of imtiaiand 
the diagram remain so, and remain unaltered in length. AG 
has just been proved to remain unaltered in length. Hence 
(§ 158) all lines in the plane we have just drawn remain un- 
altered in length and in mutual inclination. Similarly we see 
that ah lines in a plane through GA'. perpendicular to the 
plane of the diagram, altering to a plane through G^A/, per- 
pendicular to the plane of the diagram, remain unaltered in 
length and in mutual inclination. 

170 . The precise character of the strain we have now under 
consideration will be elucidated by the following: — Produce 
GG, and take OG' and OG/ respectively equal to 00 and GG^. 

Join O' A, G'A', G/A^, and G/A/, by plain and dotted lines as 
in the diagram. Then we see that the rhombus GAG' A' (plain 
lines) of the body in its initial state becomes the rhombus 
GjA^GJA' (dotted) in the altered condition. Now imagine 
the body thus strained to be moved as a rigid body 
with its state of ' strain kept unchanged) till A^ coincides 
with A, and G/ with G', keeping all the lines of the diagram 
still in the same plane. A'G^ will take a 
position in GA' produced, as shown in the 
new diagram, and the original and the 
altered parallelogram will be on the same 
base AG', and between the same parallels 
A O' and GA/, and their other sides will be 
equally inclined on the two sides of a per- 
pendicular to these parallels. Hence, irre- 
spectively of any rotation, or other absolute motion of the body 
not involving change of form or dimensions, the strain under con- 
sideration may be produced by holding fast and unaltered the 
plane of the body through A G' perpendicular to the plane of 
the diagram, and making every plane parallel to it slide, keep- 
ing the same distance, through a space proportional to this 
distance {i. e,, different planes parallel to the fixed plane slide 
through spaces proportional to their distances). 

171 . This kind of strain is called a simple shear. The Simple 
plane of a shear is a plane perpendicular to the undistorted 
planes, and parallel to the lines of their relative motion. It 
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has (1) the property that one set of parallel planes remain 
each unaltered in itself; (2) that another set of pamllel planes 

63jc1i uiiajltGrcd in itself. Tins 
otlier set is found when the first set and 
the degree or amount of shear are given, 
thus: — Let OC^ be the motion of one 
point of one plane, relative to a plane 
KL held fixed— the diagram being in a 
plane of the shear. Bisect CQ^ in K 
Draw NA perpendicular to it. A plane 
perpendicular to the plane of the dia- 
gram, initially through A (7, and finally thi ough A remains 
unaltered in its dimensions. 



172, One set of parallel undistorted planes, and the amount 
of their relative parallel shifting having been given, we have 
just seen how to find the other set. The shear may be other- 
wise viewed, and considered as a shifting of this second set of 
parallel planes, relative to any one of them. The amount of 
this relative shifting is of course equal to that of the first set, 
relatively to one of them. 

173. The principal axes of a shear are the lines of maxi- 
mum elongation and of maximum contraction respectively. 
They may be found from the preceding construction (§ 171), 
thus ; — In the plane of the shear bisect the obtuse and 
acute angles between the planes destined not to become de- 
formed. The former bisecting line is the principal axis of 
elongation, and the latter is the principal axis of contraction, 
in their initial positions. The former angle (obtuse) becomes 
equal to the latter, its supplement (acute), in the altered con- 
dition of the body, and the lines bisecting the altered angles 
are the principal axes of the strain in the altered body. 

Otherwise, taking a plane of shear for the plane of the 
diagram, let AB be a line in which it is cut by one of either 

set of parallel planes of no distortion. 

portion AB of this as diameter, 
describe a semicircle. Through (7, its 
middle point, draw, by the preceding 
Ji C ^ construction, CD the initial, and CD 
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the final, position of an unstretched line. <Som BA, BB BA Axes of a 

' > > stiBsir. 

JEB. DA, DB are the initial, and EA, EB the final, positions 
of the principal axes. 

174. The ratio of a shear is the ratio of elongation or con- Measure'of 

• • • • ^ Qj Sallfefl.T' 

traction of its principal axes. Thus if one principal axis is 
elongated in the ratio 1 :a, and the other therefore (§ 169) con- 
tracted in tlie ratio a : 1, a is called the ratio of the shear. It 
will be convenient generally to reckon this as the ratio of 
elongation; that is to say, to make its numerical measure 
greater than unity. 

In the diagram of § 173, the ratio of DB to EB, or of EA to 
DA, is the ratio of the shear. 


175. The amount of a shear is the amount of relative 
motion per unit distance between planes of no distortion. 

It is easily proved that this is equal to the excess of the 
ratio of the shear above its reciprocal. 


Since DC A = ^DBA, and tan DBA = i we have tan DC A -= 

a a“— 

But I)B= 2C'i7tan DC'iV= SCxYcot DC A. 

_ BE n^-1 1 

Hence -=7^=2— r — =a — . 

CB 2a a 


r 


176. The planes of no distortion in a simple shear are EUipsoidai 

ITT • T • T • TT * 1 T T SpCd Gca- 

clearly the circular sections oi the strain ellipsoid. In the ^ 
ellipsoid of this case, be it remembered, the mean axis remains 
unaltered, and is a mean proportional between the greatest and 
the least axis. 


177. If we now suppose all lines perpendicular to the plane shear, sim- 

- ^ ^ ^ . pie elon^- 

of the shear to be elongated or contracted in any proportion, tion, and 

^ . P T T expansion 

without altering lengths or angles in the plane of the shear, combined, 
and if, lastly, we suppose every line in the body to be elongated 
or contracted in some other fixed ratio, we have clearly (§ 161) 
the most general possible kind of strain. Thus if s be the ratio 

of the simple shear, for which case s, 1, - are the three principal 

ratios, and if we elongate lines perpendicular to its plane in the 
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Shear, sim- ratio 1 : m, without any other change, we have a strain of 
tion, anf*^ which the principal ratios are 

expansion, ^ -* 

combined. J- 

If, lastly, we elongate all lines in the ratio 1 : ti, we have a 
strain in which the principal ratios are 

n 

ns, nm, - , 


where it is clear that ns, nm, and - may have any values 

s 

whatever. It is of course not necessary that nm be the mean 
principal ratio. Whatever they are, if we call them a, /3, 7 re- 
spectively, we have 


f = y^ ^ ; w = Va 7 ; and m = 


V ay ‘ 


Analysis of 
a strain. 


178. Hence any strain (oc, A 7 ) whatever may be viewed as 
compounded of a uniform dilatation in all directions, of linear 

13 

ratio Va 7 , superimposed on a simple elongation 

direction of the principal axis to which /3 refers, superimposed 


on a simple shear, of ratio 



or of amount 



in the plane of the two other principal axes. 


179. It is clear that these three elementary component 
strains may be applied in any other order as well as that 
stated. Thus, if the simple elongation is made first, the body 
thus altered must get just the same shear in planes perpen- 
dicular to the line of elongation, as the originally unaltered 
body gets when the order first stated is followed. Or the 
dilatation may be first, then the elongation, and finally the 
shear, and so on. 


Displace- 180. In the preceding sections on strains, we have con- 
body, rigid sidered the alterations of lengths of lines of the body, and of 
^MchYs between lines and planes of it; and we have, in parti- 

iieid fixed, cular cases, founded on particular suppositions (the principal 
axes of the strain remaining fixed in direction, § 169, or one 
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of either set of undistorted planes in a simple shear remain- Dispiace- 
ing fixedj § 170), considered the actual displacements of parts 
of the body from their original positions. But to complete 
the kinematics of a non-rigid solid, it is necessary to take a 
more general view of the relation between displacements and 
strains. It will be sufficient for us to suppose one point of 
the body to remain fixed, as it is easy to see the effect of super- 
imposing upon any motion with one point fixed, a motion of 
translation without strain or rotation. 

181. Let us therefore suppose one point of a body to be 
held fixed, and any displacement whatever given to any point 
or points of it, subject to the condition that the whole substance 
if strained at all is homogeneously strained. 

Let OX, OY, OZ he any three rectangular axes, fixed with 
reference to the initial position and condition of the body. Let 
03, y, z he the initial co-ordinates of any point of the body, and 
cCj, 2 /j, be the co-ordinates of the same point of the altered body, 
with reference to those axes unchanged. The condition that the 
strain is homogeneous throughout is expressed by the following 
equations : — 

a;, = [Xx] X + [Zy] y + [Zs] j 

y^ = {Tx'\x+{7y'\y + \Tz'\z, i (1) 

= [Zxl X + [Zy'] y + [Zz] z, i 

where [X 03 ], [Xy], etc., are nine quantities, of absolutely arbi- 
trary values, the same for all values of x, y, z, 

\Xx\, [Tir], \_Zx\ denote the three final co-ordinates of a point 
originally at unit distance along OX, from 0. They are, of 
course, proportional to the direction-cosines of the altered posi- 
tion of the Line primitively coinciding with OX. Similarly for 
{Xy],[Yyl[Zyl^tc. 

Let it be required to find, if possible, a line of the body which 
remains unaltered in direction, during the change specified by 
[Xx\ etc. Let x, y, z, and x^, y^, z^, be the co-ordinates of the 
primitive and altered position of a point in such a line. "We 

must have ~ = 1 + €, where € is the elongation of the 

xyz 

line in question. 
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Thus we have x^ = {l+ €)x, etc., and therefore if 7; = 1 + € 

{[Xx]^r]}x ■^[^y]y +[X^>=o, . 

[Yx]x + {[Y^j\-'n}y +[Yz\z = 0 , [ ( 2 ) 

[Xr]dj + \.^y]y + 

From these equations, by eliminating the ratios x \y \ z according 
to the well-known algebraic process, we find 

{[Xx]-rj){[^y]-v) ([^^]-v) 

- [r^s] [^y] ([Xx] - 77) - [Xx] [X;^] ([Yy] - 77) - [Xy] [YxJlZz] - 77) 

+ [X^] [roj] [Zy] + [Xt/] [Yz] [Zx] - 0. 

This cubic equation is necessarily satisfied by at least one real 
value of 77, and the two others are either both real or both ima- 
ginary. Each real value of 77 gives a real solution of the problem, 
since any two of the preceding three equations with it, in place of 
77, determine real values of the ratios x \ y \ z. If the body is 
rigid if the displacements are subject to the condition of 
producing no strain), we know {c^nte^ § ^ 5 ) that there is just one 
line common to the body in its two positions, the axis round 
which it must turn to pass from one to the other, except in the 
peculiar cases of no rotation, and of rotation through tvio right 
angles, which are treated below. Hence, in this case, the cubic 
equation has only one real root, and therefore it has two imagi- 
nary roots. The equations just formed solve the problem of finding 
the axis of rotation when the data are the actual displacements 
of the points primitively lying in three given fixed axes of 
reference, OX, OY, OZ\ and it is woithy of remark, that the 
practical solution of this problem is founded on the one real root 
of a cubic which has two imaginary roots. 

Again, on the other hand, let the given displacements be 
made so as to produce a strain of the body with no angular 
displacement of the principal axes of the strain. Thus three 
lines of the body remain unchanged. Hence there must be 
three real roots of the equation in 77, one for each such axis ; and 
the three lines determined by them are necessarily at right angles 
to one another. 

But if neither of these conditions holds, we may have three 
real solutions and three oblique lines of directional identity; or 
we may have only one real root and only one line of directional 
identity. 
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An analytical proof of these conclusions may easily he eiven : Displace- 

thus we may write the cubic in the form — body, ngid 

or not, one 

iXx], {Xy\, [X.] _ r \7y\, [F^] + [Xz], [Xx] +|[X«], [Xj/Jh 
[Fa,]. [Fy], [F*] ’?( \_Zy\ [Zz] [X^], [Xo,] |[F«,], [Fj/]' | 

|[Xa:], \Zy-\, [Zz] + f{[Xx] + [Fy] + [Zz]} - = 0 (3) 

In the particular case of no strain, since [Air], etc., are then 
equal, not mev^j proportional, to the direction cosines of three 
mutually perpendicular lines, we have by well-known geometrical 
theorems 

[Xo,]. \Xy], [X^] =1, and ][F2/], [Yz] = [Xa;], etc. 

[Fo,]. [Fy], [F.] \\Zy\, [Zz] 

[Zx], [Zy\ [X.] 

Hence the cubic becomes 

1 - _ zf) ([Xo,] + [Yy] + [Zz]} - f = 0, 

of which one root is evidently 7j = l. This leads to the above 
explained rotational solution, the line determined by the value 1 
of 7j being the axis of rotation. Dividing out the factor 1 — *7, 
we get for the two remaining roots the equation 

1 + (1 ^ [Ar] - [Yy] - [Yz]) .7 + ^ = 0, 

whose roots are imaginary if the coefficient of rj lies between 
+ 2 and — 2. How — 2 is evidently its least value, and for that 
case the roots are real, each being unity. Here there is no 
rotation. Also + 2 is its greatest value, and this gives us a pair 
of values each =—1, of which the interpretation is, that there is 
rotation through two right angles. In this case, as in general, 
one line (the axis of rotation) is determined by the equations (2) 
with the value 4- 1 for 77 ; but with >7 = — 1 these equations are 
satisfied by any line perpendicular to the former. 

The limiting case of two equal roots, when there is strain, is 
an interesting subject which may be left as an exercise. It 
separates the cases in which there is only one axis of directional 
identity from those in which there are three. 

Let it next be proposed to find those lines of the body whose 
elongations are greatest or least. For this purpose we must find 
the equations expressing that is a maximum, when 

-f- 2/" + 2:^ = r, a constant. First, we have 

-I- ~ Ax^ + Bif 4- 4- 2 {ayz + hzx + cxy) (4), 
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•wliere 

A = lXxJ+[7xY + [ZxY 
B=[X2,J+[YyY4.[ZyJ 
C=:[XzJ + [TzJ + [ZzY 
a = {Xy-\ [X«] + [7y] [F;.] + [Zy] [Zz ] 
h = [Xz] [Xx] + [7z] [7x] + {Zz ] [Zx] 
c = [Xx] [Xy] + [Fx] [Fy] + [Zx] [Zy] J 


Tlie equation 

+ Bif" + + 2 {ayz + hzx + cxy) - (6), 

where is any constant, represents clearly the ellipsoid which a 
spherical surface, radius of the altered body, would become if 
the body were restored to its primitive condition. The problem 
of making a maximum when r is a given constant, leads to the 
following equations : — 




xdx + ydy + zdz = 0 , ) 

(Ax 4- cy + hz)dx + {cx + By + az)dy + (5cc + ay + Cz)dz = 0. / ^ ^ 

On the other hand, the problem of making r a maximum or 
miiu.mum when is given, that is to say, the problem of finding 
maximum and minimum diameters, or principal axes, of the 
ellipsoid ( 6 ), leads to these same two differential equations ( 8 ), 
and only differs in having equation ( 6 ) instead of ( 7 ) to complete 
the determination of the absolute values of cc, y, and z. Hence 
the ratios x : y : z will be the same in one problem as in the 
other; and therefore the directions determined are those of the 
principal axes of the ellipsoid ( 6 ). We know, therefore, by the 
properties of the ellipsoid, that there are three real solutions, 
and that the directions of the three radii so determined are 
mutually rectangular. The ordinary method (Lagrange’s) for 
dealing with the differential equations, being to multiply one of 
them by an arbitrary multiplier, then add, and equate the co- 
efficients of the separate differentials to zero, gives, if we take 
-77 as the arbitrary multiplier, and the first of the two equations 
the one multiplied by it, 

(A~7j)x -hcy +hz = 0, . 

cx-h(B--r})y +az=0, i ( 9 ) 

hx 4- ay + ((7 - y})z = 0. ^ 

We may find what rj means if we multiply the first of these by a;, 
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the second by y, and the third by z, and add j because "tre thus Displace- 

r , . ment of a 

obtain body, rigid 

or not, cue 

Ax^ + + 2 [ayz + hzx + cxy') — 77 (x“ + 2/® + z^') ~ 0, of 


yj'i^ - 0 , 


which IS 
held hsed. 


wMch ffives 


Eliminating tlie ratios x\y :z from (9), by tbe usual metbocl, we 
bave the well-known determinant cubic 


(A-7])(B-7j)(C -7]) - a\A — rf)— b~(B — rj) - c\G —tj) + 2ahG = 0...(11), 

of wbicb tlie three roots are known to be all real. An y one of 
tbe three roots if used for 77, in (9), harmonizes these three equa- 
tions for the true ratios x:y :z; and, making the coefficients of 
cc, y, ^ in them all known, allows us to determine the required 
ratios by any two of the equations, or symmetrically from the 
three, by the proper algebraic processes. Thus we have only to 
determine the absolute magnitudes of x, y, and Zj which (7) 
enables us to do when their ratios are known. 

It is to be remarked, that when [Ej;] = [By\ [Zx'\ = \Xz\ and 
[JTy] = [y£c], equation (3) becomes a cubic, the squares of whose 
roots are the roots of (11), and that the three lines determined 
by (2) in this case are identical with those determined by (9). 
The reader will find it a good analytical exercise to prove this 
directly from the equations. It is a necessary consequence of 
§ 183, below. 

We have precisely the same problem to solve when the question 
proposed is, to find what radii of a sphere remain perpendicular 
to the surface of the altered figure. This is obvious when viewed 
geometrically. The tangent plane is perpendicular to the radius 
when the radius is a maximum or minimum. Therefore, every 
plane of the body parallel to such tangent plane is perpendicular 
to the radius in the altered, as it was in the initial condition. 

The analytical investigation of the problem, presented in the 
second way, is as follows : — 

Let l^x^ 4- m^y^ 4- n^z^ = 0 (12) 

be the equation of any plane of the altered substance, through 
the origin of co-ordinates, the axes of co-ordinates being the 
same fixed axes, OX, OF, OZ, which we have used of late. The 
direction cosines of a perpendicular to it are, of course, propor- 
tional to Zp m^, If, now, for x^, y^, we substitute their 

9—2 
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values, as in (1), in terms of tlie co-ordinates wMcR the same 
point of the substance had initially, we find the e(^uation of the 
same plane of the body in its initial position, which, when the 
terms are grouped properly, is this — 

{l^[Xx] + + [l^Zy] + m^[Yy] + n^Zy\}y 

+ [l^Xz] + m^Tz] +n^[Zz]}z = 0 ( 13 ). 

The direction cosines of the perpendicular to the plane are pro- 
portional to the co-efScients of x, 3/, Now these are to be the 
direction cosines of the same line of the substance as was altered 
into the line Hence, if Z : m : are quantities propor- 

tional to the direction cosines of this line in its initial position, 
we must have 

+ Wj[Th;] + n^[Zx] - y)l 1 

llXy] + mlYy] + n^Zy] = rjm [ (U), 

l^Xz] + mlYz] + n^[Zz] = rin ] 

where ^7 is arbitrary. Suppose, to fix the ideas, that Z^, m,, 
are the co-ordinates of a certain point of the substance in its 
altered state, and that Z, n are proportional to the initial co- 
ordinates of the same point of the substance. Then we shall 
have, by the fundamental equations, the expressions for \ 
in terms of Z, w, n. Using these in the first members of ( 14 ), 
and taking advantage of the abbreviated notation ( 5 ), we have 
precisely the same equations for Z, w, n as ( 9 ) for x, y, z above. 

^lysisofa 182. From the preceding analysis it follows that any homo- 
dis^o^^ geneous strain whatever applied to a body generally changes a 
tion sphere of the body into an ellipsoid, and causes the latter to 
rotate about a definite axis through a definite angle. In par- 
ticular cases the sphere may remain a sphere. Also there 
may be no rotation. In the general case, when there is no 
rotation, there are three directions in the body (the axes of the 
ellipsoid) which remain fixed ; when there is rotation, there 
are generally three such directions, but not rectangular. Some- 
times, however, there is but one. 

Pure strain. 183. When the axes of the ellipsoid are lines of the body 
whose directions do not change, the strain is said to be pure, 
or unaccompanied by rotation. The strains we have already 
considered were more general than this, being pure strains 


Displace- 
ment of a 
body, rip id 
or not, cne 
point of 
which IS 
held fixed. 
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accompanied by rotation. We proceed to find the analytical Pnre strain, 
conditions of the existence of a pure strain. 

Let <93, (93', 03" he the three principal axes of the strain, 
and let m, m', n\ I", m'\ n", 

be their direction cosines. Let a, a', a” be the principal elonga- 
tions. Then, if f', be the position of a point of the un- 

altered body, with reference to OH, OH', OH", its position in 
the body when altered will be a^, But i£ x, y, z be 

its initial, and x^, y^, its final, positions with reference to 
OX, OT, OZ, we have 

i~lx^my^nz, ^' = etc., ^'' = etc (15), 

and x^ = Za^-i- y^ = etc., = etc. 

For substitute their values (15), and we have x^,y^,z^m. 

terms of x, y, z, expressed by the following equations : — 

x^=:{al^ + a'V^ + a" 35+ {aim -^oXrnf +a"W)y-\-{aln +a'Vnf +a' 7 'V 9 21 
y-^ = {aml-\-a'm'V +aV'V')x+{am^ -j-a'm'-* + a"m''2)y+(am?i + a'mV+a'WV')^ [-(16). 
2 !i = (anZ + a'n'l' + a^'n^'V') x + {anm + a'n'm' + a' V'm'Oy + + a'n'^ + aV^) z J 

Hence, comparing with (1) of § 181, we have 

[Xx] = aP + a'Z'" -h o!T\ etc. ; ) 

\zy] = [Yz] = amn + a’m'n' + etc. J 

In these equations, I, V, I", m, m\ m", n, n', n", are deducible 
from three independent elements, the three angular co-ordinates 
(§ 100, above) of a rigid body, of which one point is held fixed ; 
and therefore, along with a, a, a", constituting in all six in- 
dependent elements, may be determined so as to make the six 
members of these equations have any six prescribed values. 

Hence the conditions necessary and sufficient to insure no rotation 
are 

lZy] = [Tz], [Xz]r=lZxl [Xy] = [7x] (18). 

184. If a body experience a succession of strains, each un- Composi- 
accompanied by rotation, its resulting condition will generally 
be producible by a strain and a rotation. From this follows 
the remarkable corollary that three pure strains produced one 
after another, in any piece of matter, each without rotation, 
may be so adjusted as to leave the body unstrained, but rotated 
through some angle about some axis. We shall have, later, 
most important and interesting applications to fluid motion, 
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Composi- which (Chap, il.) will he proved to he instantaneously, or dif- 
stoains.'^ * ferentially, irrotational ; hut which may result in leaving a 
whole fluid mass merely turned round from its primitive posi- 
tion, as if it had been a rigid body. The following elementary 
geometrical investigation, though not bringing out a thoroughly 
comprehensive view of the subject, affords a rigorous demon- 
stration of the proposition, by proving it for a particular case. 

Let us consider, as above (§ 171), a simple shearing motion. 
A point 0 being held fixed, suppose the matter of the body in 
a plane, cutting that of the diagram perpendicularly in CD, to 
move in this plane from right to left parallel to DO-, and in 
other planes parallel to it let there be motions proportional to 
their distances from 0. Consider first a shear from P to Pj ; 
then from Pj on to P^ ; and let 0 be taken in a line through 
^ p, 0, P, A, Q P A r. perpendicular to 
^ \ , X ^ During the shear 

from P to a point 

Q moves of course to 

^ Qj through a distance 

QQ^ = PPj* Choose Q midv^ay between P and so that 
P^Q = QP = iPjP. Now, as we have seen above (§ 152), the 
line of the body, which is the principal axis of contraction in the 
shear from Q to is OA, bisecting the angle QOE at the be- 
ginning, and OJLj, bisecting QfiE at the end, of the whole 
motion considered. The angle between these two lines is half 
the angle Q^OQ, that is to say, is equal to PfiQ. Hence, if the 
plane GD is rotated through an angle equal to PfiQ, in the 
plane of the diagram, in the same way as the hands of a watch, 
during the shear from Q to or, which is the same thing, the 
shear from P to P^, this shear will be effected without final 
rotation of its principal axes. (Imagine the diagram turned 
round till OA^ lies along OA. The actual and the newly 
imagined position of CD will show how this plane of the body 
has moved during such non-rotational shear.) 

Now, let the second step, P^ to P^, be made so as to complete 
the whole shear, P to P^, which we have proposed to consider. 
Such second partial shear may be made by the common shear- 
ing process parallel to the new position (imagined in the preced- 
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184] 

in Of parenthesis) of CD, and to make itself also non-rotational, composi- 

.111 1 « 1 /tionofpure 

as its predecessor has been made, we must turn further round, stmms. 
in the same direction, through an angle equal to Thus 

in these two steps, each made non-rotational, we have turned 
the plane CD round through an angle equal to Q^OQ. But now, 
we have a whole shear PP^ ; and to make this as one non-rota- 
tional shear, we must turn CD through an angle PfiP only, 
wihich is less than QfiQ by the excess of PfiQ above QOP. 

Hence the resultant of the two shears, PP^, P^Pg, each sepa- 
rately deprived of rotation, is a single shear PPg, and a rota- 
tion of its principal axes, in the direction of the hands of a watch, 
through an angle equal to QOP^ — POQ, 

185. Make the two partial shears each non-rotationally. Re- 
turn from their resultant in a single non-rotational shear : we 
conclude with the body unstrained, but turned through the angle 
QOPj^ — POQj in the same dkection as the hands of a watch. 

= Ax + cy + 5^; 
cx + B^ + az 
z^= hx + ay + Oz 

is (§ 183) the most general possible expression for the displace- 
ment of any point of a body of which one point is held fixed, 
strained according to any three lines at right angles to one 
another, as principal axes, which are kept fixed in direction, 
relatively to the lines of reference OX, OY, OZ, 

Similarly, if the body thus strained be again non-rotationally 
strained, the most general possible expressions- for x^, y^, z^, 
the co-ordinates of the position to which x^, y^, z,y will be brought, 
are 

= +a^y^ + G^s,. 

Substituting in these, for y^, z,^, their i^receding expressions, 
in terms of the primitive co-ordinates, x, y, z, we have the follow- 
ing expressions for the co-ordinates of the position to which the 
point in question is brought by the two strains : — 

^2 = {A^A-¥ CjC + hfi) x-h {A c^B + h^a) y [A c^a + 5^(7) « 

Vi - ^ + (^ 1 ^ +B^B + a^a) y + {cf> -t- B,a + a fi)z 

= {h^A -f a^c + Cfi) X + (h^c + a^B + C^a) y -f- {hfi + a^a + Gfi) z. 
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[185. 

The resultant displacement thus represented is not generally of 
the non-rotational character, the conditions (18) of § 183 not 
being fulfilled, as we see immediately. Thus, for instance, we 
see that the coefficient of y in the expression for is not 
necessarily equal to the coefficient of ic in the expression for 
Cor. — If both strains are infinitely small, the resultant displace- 
ment is a pure strain without rotation. For A, B, C, 
are each infinitely nearly unity, and a, 5, etc., each infinitely 
small. Hence, neglecting the products of these infinitely small 
quantities among one another, and of any of them with the differ- 
ences between the former and unity, we have a resultant dis- 
placement 

A^Ax +(c + Cj)y-f-(5 + 5j2: 

^2 = (<^1 + + 4 - a)y-\‘Ofiz, 

which represents a pure strain unaccompanied by rotation. 

186. The measurement of rotation, in a strained elastic solid, 
or in a moving fluid, is- much facilitated by considering sepa- 
rately the displacement of any line of the substance. We are 
therefore led now to a short digression on the displacement 
of a curve, which may either belong to a continuous solid or 
fluid mass, or may be an elastic cord, given in any position. 
The propositions at which we shall arrive are, of course, appli- 
cable to a flexible but inextensible cord (§ 14^, above) as a 
particular case. 

It must be remarked, that the displacements to he considered 
do not depend merely on the curves occupied by the given line 
in its successive positions, but on the corresponding points of 
these curves. 

What we shall caU tangential displacement is to be thus 
reckoned: — Divide the undisplaced curve into an infinite num- 
ber of infinitely small equal parts. The sum of the tangential 
components of the displacements from all the points of division, 
multiplied by the length of each of the infinitely small parts, 
is the entire tangential displacement of the curve reckoned along 
the undisplaced curve. The same reckoning carried out in the 
displaced curve is the entire tangential displacement reckoned 
on the displaced curve. 
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187. The whole tangential displacement of a curve reckoned Two reckon- 
along the displaced curve, exceeds the whole tangential dis- geSiai cu^- 
placement reckoned along the undisplaced curve by half the compared, 
rectangle under the sum and difference of the absolute terminal 
displacements, taken as positive when the displacement of the 
end towards which the tangential components are if positive 
exceeds that at the other. This theorem may be proved 
by a geometrical demonstration which the reader may easily 
supply. 


Analytically thus : — Let x, y, z be the co-ordinates of any 
point, P, in the undisplaced curve; those of the 

point to which the same point of the curve is displaced. Let 
dx, dy^ dz be the increments of the three co-ordinates corre- 
sponding to any infinitely small arc, ds, of the first ; so that 

ds = {dx^+ d'lf-v dz^)^, 


and let corresponding notation apply to the corresponding 
element of the displaced curve. Let 6 denote the angle between 
the line PP^ and the tangent to the undisplaced curve through 
P ; so that we have 


cos^ = 


x^ — xdx^ 


3 ds D ds’ 


where for brevity 

= { K - »)'+ (3/1 - vY + («. - 

being the absolute space of displacement. Hence 

D cos 6ds = {x^ — x)dx-\- (y^ — — ^)dz. 

Similarly we have 

D cos O^ds^ = {x^ - x) dx^ + {y^ - y) dy^ + (z^ - z) dz^, 
and therefore 


D cos S^ds^ - D cos 6ds = (x ^ - x)d{x ^ - £c) -f- {y^ -y)d {y^ - y) 

+ (z^-z)d(z^-z), 

or D cos 6^ds^ — D cos 6ds — \d (P^). 

To find the difference of the tangential displacements reckoned 
the two ways, we have only to integrate this expression. Thus 
we obtain 

/P cos B,d8^ ^ /P cos m = J(P"^ - P'O = 
wLere B” and P' denote the displacements of the two ends. 
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188 . The entire tangential displacement of a closed curve 
So^Vcurve. whether reckoned along the undisplaced or the 

displaced curve. 


189 . The entire tangential displacement from one to another 
of two conterminous arcs, is the same reckoned along either as 
along the other. 


entire tangential displacement of a rigid closed 
ciosedourve. curve when rotated through any angle about any axis, is equal 
to twice the area of its projection on a plane perpendicular to 
the axis, multiplied by the sine of the angle. 


ITangential 
dibpiace- 
ment m a 
solid, in 
terms of 
components 
of bimia. 


(a) Frop. — The entire tangential displacement round a closed 
curve of a homogeneously strained solid, is equal to 

+ Qp + 

where F, Q, R denote, for its initial position, the areas of its 
projections on the planes JOZ, ZOX, XOT respectively, and 
'UT, p, <j are as follows : — 


<r = J{[riK]-[X2/]}. 

To prove this, let, farther, 

®=|{[^yj+[r»]} 

h = :^{[Xz'\+[Zx]} 
c = ^{[Yx]+[Xy]}. 

Thus we have 

=Ax + cy + hz+ cry-pis 
y^ ^cx + Fy+ais+'uxz-ax 
Zj, =dx~h ay + Gz + px — 'zzry. 

Hence, according to the previously investigated expression, we 
have, for the tangential displacement, reckoned along the tindis- 
l)laced curve, 


/{ (^1 -^)dx + (y^ - y) dy + {z^ - z) dz} 

= K¥{{^ ~ 1) - 1) / + ((7 - 1) + 2 (ay;. + hzx + cxy ) } 

+ 'x (pdz — zdy) + p {zdx — xdz) + cr (xdy - ydxy\. 

The first part, fjd{ }, vanishes for a closed ciurve. 
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The remainder of the expression is 

'zzr f {ydz — zdy) + p / {zdx — + a \{xdy — ydx)^ 

which, according to the formulae for projection of areas, is 
*0 2PEr+2^p + 2So-. 


Tangential 
displace- 
ment in a 
solid, in 
terms of 

equal components 
ol strain. 


For, as in g 36 (a), we have in the plane of xy 
f [xdy “ ydx) ~ j r^dO, 


double the area of the orthogonal projection of the curve on that 
plane j and similarly for the other integrals. 

(b) From this and § 190, it follows that if the body is rigid, 
and therefore only rotationally displaced, if at all, {Zy^ - \Yz\ 
is equal to twice the sine of the angle of rotation multiplied by 
the cosine of the inclination of the axis of rotation to the Line 
of reference OX 

(c) And in general [Xy] — [Fsr] measui*es the entire tangential 
displacement, divided by the area on EOT, of any closed curve 
given, if a plane curve, in the plane FOX, or, if a tortuous curve, 
given so as to have zero area pi'ojections on ZOX and XOY. 
The entire tangential disj^lacement of any closed curve given in 
a plane, A, perpendicular to a line whose dh'ection cosines are 
proportional to 'm, p, cr, is equal to twice its area multiplied by 

+ cr“). And the entire tangential displacement of any 
closed curve whatever is equal to twice the area of its projection 
on A, multiplied by + p^ + <r^). 

'In the transformation of co-ordinates, *zir, p, cr transform by the 
elementary cosine law, and of course + p^ + cr^ is an invariant ; 
that is to say, its value is unchanged by transformation from one 
set of rectangular axes to another. 

(d) In non-rotational homogeneous strain, the entire tangential 
displacement along any curve from the fixed point to {x, y, z), 
reckoned along the undisplaced curve, is equal to 


— 1) + (X — 1) y" -h ((7 — 1) -i- 2 (ayz + hzx + cxy)]. 

Beckoned along displaced curve, it is, fi?om this and § 187, 

|{(d -1) + (B - 1) y^ + (G -1) z^ + 2 {ayz + hzx + cxy)} 

+ ^{[(d - 1) £c + cy + IzY-h [cic + (X -1) y -f az^ 

-f \hx ■\-ay+{C~- 1)^]®}. 

And the entire tangential displacement from one point along 
any curve to another point, is independent of the curve, i.e,, 
is the same along any number of conterminous curves, this of 
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Hetero- 

geneous 

strain. 


course wlietlier reckoned in each case along the undisplaced or 
along the displaced curve. 

(e) Given the absolute displacement of every point, to find the 
strain. Let a, y, be the components, relative to fixed axes, 
OX, OY, OZ, of the displacement of a particle, P, initially in 
the position x, y, z. That is to say, let x + a, y + z + yhe the 
co-ordinates, in the strained body, of the point of it 'which was 
initially at x, y, z. 

Consider the matter all round this point in its first and second 
positions. Taking this point F as moveable origin, let f, 77 , f 
be the initial co-ordinates of any other point near it, and 
the final co-ordinates of the same. 

The initial and final co-ordinates of the last-mentioned point, 
with reference to the fixed axes OX, OF, OZ, will be 
+ + 

and x + a + i^, + ^ + + 

respectively ; that is to say, 

are the components of the displacement of the point which had 
initially the co-ordinates x + ^, y + r}, Z'^ or, which is the same 
thing, are the values of a, /?, y, when x, y, z are changed into 

+ y + ^> * + ^- 

Hence, by Taylor’s theorem, 


Vi-V = 


U/U. . UiU. {JUiX, 

dx ^ dy^ ^ dz 
dp . dp dp 
dx ^ dy^^ dz 






dx^ dy 


17 + 


9 

Tz^' 


the higher powers and products of 17 , t, being neglected. Com- 
paring these expressions with ( 1 ) of § 181, we see that they ex- 
press the changes in the co-ordinates of any displaced point of 
a body relatiyely to three rectangular axes in fixed directions 
through one point of it, when all other points of it are displaced 
relatively to this one, in any manner subject only to the con- 
dition of giving a homogeneous strain. Hence we perceive that 
at distances all roxmd any point, so small tliat the first terms 
only of the expressions by Taylor’s theorem for the differences of 
displacement are sensible, the strain is sensibly homogeneous, 
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and we conclude tliat the directions of the principal axes of the Hetero- 
strain at any point {x, y, z), and the amounts of the elongations strain?** 
of the matter along them, and the tangential displacements in 
closed curves, are to be found according to the general methods 
described above, by taking 
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+ 

11 

1 t 


II 

11 


If each of these nine quantities is constant (i.e., the same for all Homo- 

^ ^ , v ’ gpneous 

values of x, y, z), the strain is homogeneous : nob unless. strain. 

(/) The condition that the stra,in may be infinitely small is that smailstiain, 
da da da 

d^^ 

dl3 dp dp 

dx ’ dy ’ dz ^ 


dy dy dy 
dx^ dy^ dz^ 


must be each infinitely small. 

(g) These formulse apply to the most general possible motion Most 
of any substance, and they may be considered as the fundamental tSn 
equations of kinematics. If we introduce time as independent 
variable, we have for component velocities u, v, w, parallel to 
the fixed axes OX, OY, OZ, the following expressions; x, y, z, t 
being independent variables, and a, p, y functions of them : — 



dS 

'' dt ^ 


dy 
dt ’ 


(h) If we introduce the condition that no line of the body ex- 
periences any elongation, we have the general equations for the 
kinematics of a rigid body, of which, however, we have had cimB^e of 
enough already. The equations of condition to express this rigid body. 

will be six in number, among the nine quantities ^ , etc., which 

(g) are, in this case, each constant relatively to x, y, z. There 
are left three independent arbitrary elements to express any 
angular motion of a rigid body. 
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(i) If tHe distui’bed condition is so related to the initial con- 
dition that every portion of the body can pass from its initial to 
its disturbed position and strahij by a translation and a strain 
without rotation ; Le., if the three principal axes of the strain at 
any point are lines of the substance which retain their j)arallelism; 
we must have,^ § 183 (18), 

dj^ dy ^ da _ d/S ^ 

dz dy ^ dx dz^ dy dx ^ 


and if these equations are fulfilled, the strain is non-rotational, as 
specified. But these three equations express neither more nor 
less tlian tliat ^ 

is the differential of a function of three independent variables. 
Hence we have the remarkable proposition, and its converse, that 
if F(x, y, z) denote any function of the co-ordinates of any point 
of a body, and if every such point be displaced from its given 
position (Xy z) to the point whose co-ordinates are 


dF 




dF_ 

dy' 


dz 


(1). 


the principal axes of the strain at every point are lines of the 
substance which have retained their parallelism. The displace- 
ment back from (a;^, to (.t, %) fulfils the same condition, 

and therefore we must have 


dF^ dF^ 


dF, 

-y-^ , S = S H J- . 

dy^ dz, 


( 2 ), 


’tviere F, denotes a function of x,, y,, z,, and etc., its 

partial differential coefficients -witli reference to tiiis system of 
vaiiables. The relation between F and F, is clearly 


F+F, = -ID\ 


ns 

where Z> =- 7 -r + 
dvd 


dF’ ^ 

dif ^ d^f ~ dx’ dy’ 


dF’ 

dz’ 


(3) , 

(4) . 


This, of course, may be proved by ordinary analytical methods, 
applied to find x,y,zm. terms of x„ y,, z,, when the latter are 
given by (1) in terms of the former. 

(y) Let a, -y be any three functions of £B, 2 /, Let f?/? be 
any element of a surface •, I, m, n the direction cosines of its 
normal 
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^(adx + ^dij + ^dz) ( 5 ) , 

the former integral being over any curvilinear area bounded by a 
closed curve ; and the latter, v^liicb. may be vuitten 




ds 


)• 


being round the periphery of this curve line’^. To demonsti'ate 
this, begin with the part of the first member of (5) depending on 
a * that is 



da\ 


and to evaluate it divide S into bands by planes parallel to ZOY, 
and each of these bands into rectangles. The breadth at x, y, z, 

1 1 dx 

of the band between the planes x—-^dx and x + ^dx is , if 9 

2 2 sm ^ 

denote the inclination of the tangent plane of to the plane x. 
Hence if ds denote an element of the curve in which the plane 
X cuts the surface /S', we may take 

dS = . ^ ^ dx ds. 
smO 


And we have I ~ cos and therefore may put 
m = sin 6 cos <j>^ n = sin ^ sin <j>. 


Hence 


ffds(m'^-n^')^ffdx ds (^cos J) 


= / jdx ds~ = Jadx. 


The limits of the 5 integration being properly attended to wo see 
that the remaining integration, f adx, must be performed round 
the periphery of the curve bounding S. By this, and correspond- 
ing evaluations of the parts of the first member of (5) depending 
on /3 and y, the equation is proved. 


* This theorem was given by Stokes in his Smith’s Prize paper for 1854 
{Camhridge University Calendar, 1854). The demonstration in the text is an 
expansion of that indicated in our first edition. A more synthetical proof is 
given in § 69 (g) of Sir W. Thomson’s paper on “Tortex Motion,” Trans. B. S. E. 
1869. A thoroughly analytical proof is given by Prof, Clerk Maxwell in his 
Electricity and Magnetism (§ 24), 
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Hetero- 

geneous 

strain. 


Displace- 
ment func- 
tion. 


(Jc) It is remarkable that 



is tbe same for all surfaces having common curvilinear boundary ; 
and when a, y are the components of a displacement from x, y, z, 
it is the entire tangential displacement round the said curvi- 
linear boundary, being a closed curve. It is therefore this that is 
nothing when the displacement of every part is non-rotational. 
And when it is not nothing, we see by the above propositions and 
corollaries precisely what the measure of the rotation is. 

(1) Lastly^ We see what the meaning, for the case of no rota- 
tion, of / (ckdx + ^dy -h ydz)y or, as it has been called, the dis- 
placement function,” is. It is, the entire tangential displacement 
along any curve from the fixed point (9, to the point F (x, y, z). 
And the entire tangential displacement, being in this case the 
same along all different curves proceeding from one to another 
of any two points, is equal to the difference of the values of the 
displacement functions at those points. 


191 . As there can be neither annihilation nor generation 
tinuity.” of matter in any natural motion or action, the whole quantity 
of a fluid within any space at any time must be equal to the 
quantity originally in that space, increased by the whole quan- 
tity that has entered it and diminished by the whole quantity 
that has left it. This idea when expressed in a perfectly com- 
prehensive manner for every portion of a fluid in motion con- 
stitutes what is called the equation of continuity an unhappily 
chosen expression. 


proceeding to express this idea present 
continuity, themselves, each affording instructive views regarding the pro- 
perties of fluids. In one we consider a definite portion of the 
fluid ; follow it in its motions ; and declare that the average 
density of the substance varies inversely as its volume. We 
thus obtain the equation of continuity in an integral form. 


Let a, h, c be the co-ordinates of any point of a moving fluid, 
at a particular era of reckoning, and let a?, y, z be the co-ordinates 
of the position it has reached at any time t from that era. To 
specify completely the motion, is to give each of these three vary- 
ing co-ordinates as a function of 5, c, t 
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Let Sa, 8bf Sc denote tlie edges, parallel to tlie axes of co-ordi- Inte^l ^ 
nates, of a veiy small rectangular parallelepiped of the fluid, when continuity. 
^ = 0. Any portion of the fluid, if only small enough in all its 
dimensions, must (§ 190, e), in the motion, approximately fulfil 
the condition of a body uniformly strained throughout its volume. 

Hence if Sa, Sb, 8c are taken infinitely small, the corresponding 
portion of fluid must (§ 156) remain a parallelepiped during the 
motion. 

If a, b, c be the initial co-ordinates of one angular point of this 
parallelepiped : and a -h Sa, b, c ; a, b + Sb, c ; a, b, c -h Sc ; those 
of the other extremities of the three edges that meet in it : the 
co-ordinates of the same points of the fluid at time f, will be 

a;, 2/, z; 

dx ^ dy ^ dz ^ 

x-h-^Sa, y + -~Sa, z + -y~8a: 
da ^ da ^ da ^ 

dx dy dz 

a, + _Si, y + « + 

x + ^ha, y + ^tc, * + ^Sc. 

dc ' ^ dc ’ dc 


Hence the lengths and direction cosines of the edges are re- 
spectively — 

dx 

/dx^ dif dz'^Sh^ ^ 

\da^ da? do?) ' /dx^ di/ d^\^ 

\da^ ^ do? da?) 


da? dy^ dh . 

\db^'^ ca>^ 


'da? ^ ^ + 

dc^ d<? J /da? dif d?\\ ’ ^ 


The volume of this parallelepiped is therefore 

fdxdydz dxdy dz dxdydz dxdydz ^dxdydz 
\dadbdc dadcdb dhdcda dbdadc dcdadb dcdhda) 
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or, as it is now usually written, 


dx 

% 

dz 

da^ 

da’^ 

da 

dx 

dy 

dz 


db’ 

dh 

dx 

dy 

dz 

di^ 

de’ 

~dc 


8a Sd Sc, 


Now as there can be neither increase nor diminution of the 
quantity of matter in any portion of the fluid, the density, or the 
quantity of matter per unit of volume, in the infinitely small por- 
tion we have been considering, must vary inversely as its volume 
if this varies. Hence, if p denote the density of the fluid in the 
neighbourhood of (a?, 2 /, ;$;) at time i, and p^ the initial density, 
we have 


dx 

dy 

dz 

da^ 

da' 

da 

dx 

dy 

dz 

db' 

IS’ 

lb 


( 1 )- 


dec dy dz 
do ^ dc^ dc 


which is the integral equation of continuity/’ 


193. The form under which the equation of continuity is 
most commonly given, or the differential equation of continuity, 
as we may call it, expresses that the rate of diminution of the 
density bears to the density, at any instant, the same ratio as 
the rate of increase of the volume of an infinitely small portion 
bears to the volume of this portion at the same instant. 

To find it, let a, hy c denote the co-ordinates, not when ^ = 0, 
but at any time t — dt, of the point of fluid whose co-ordinates 
are a?, « at ^ ; so that we have 


dx 




dy 


dt 



according to the ordinary notation for partial differential co- 
efficients ; or, if we denote by u, v, w, the components of the 
velocity of tHs point of the fluid, parallel to the axes of co- 
ordinates, 


X — a = udty y—h— vdt^ z — c = wdt 
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Hence 


dx 

= 1 +■ 

du 

~-:r~ dt. 


da 


da ’ 

da 

dx 

d'u 

dt^ 

dy 

dh~' 

"db 


dh 

dx 

du 

dt, 


dc 

dc 


dc 


d'\) 

- dv , 
= 1 -i — ^ dt^ 
do 

dv - 


dz _ dw j 
dz __ dw 

db^lh'^ ’ 

dz - dw - 

_=:1 +__ c ^ i ;* 

dc dc 


Di^erential 
equation of 
continuity. 


and, as we must reject all terms involving Ligher powers of dt 
tlian tlie first, tlie determinant becomes simply 
- fdiv dv dio\ 

TMs therefore expresses the ratio in which the volume is aug- 
mented in time dt The corresponding ratio of variation of 
density is 

P 

if -Dp denote the differential of p, the density of one and the same 
poition of fluid as it moves from the position {a, 2>, c) to (a;, y, z) 
in the interval of time from t — dt\ot. Hence 
1 -Dp du dv dio ^ 

-Ts +^ + :^ + :7r=0 W- 


1 -Dp d.u dv 
p dt doj dh 


dw ^ 
+ — = 0 . 
dc 


Here p, u, v, w are regarded as functions of a, c, and and 


the variation of p implied ; 


3 the rate of the actual variation 


of the density of an indefinitely small portion of the fluid as it 
moves away from a fixed position {a, h, c). If we alter the 
principle of the notation, and consider p as the density of what- 
ever portion of the fluid is at time t in the neighbourhood of the 
fixed point (a, 5, c), and u, v, w the component velocities of the 
fluid passing the same point at the same time, we shall have 

+ (2). 

dt dt da, do do 

Omitting again the s uffix es, according to the usual imperfect 
notation for partial differential co-efficients, which on our new 
understanding can cause no embarrassment, we thus have, in 
virtue of the preceding equation, 

1 fdp dp dp dp\ du dv dw . 


dp dp dp dp 


du dv 
da dh 


dw . 


dp , d (pu) , d (pv) , d (pw) 

-=- + z 1 jz — Hr = U 

at da do dc 


10—2 



Differential 
equation of 
continuity. 


Steady 

motion” 

defined. 
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which, is the differential equation of continuity, in the form in 
which it is most commonly giyen. 


194 . The other way referred to above (§ 192 ) leads im- 
mediately to the differential equation of continuity. 

Imagine a space fixed in the interior of a fluid, and consider 
the fluid which flows into this space, and the fluid which flows 
out of it, across different parts of its bounding surface, in any 
time. If the fluid is of the same density and incompressible, 
the whole quantity of matter in the space in question must re- 
main constant at all times, and therefore the quantity flowing 
in must be equal to the quantity flowing out in any time. If, 
on the contrary, during any period of motion, more fluid enters 
than leaves the fixed space, there will be condensation of 
matter in that space ; or if more fluid leaves than enters, there 
will be dilatation. The rate of augmentation of the average 
density of the fluid, per unit of time, in the fixed space in 
question, bears to the actual density, at any instant, the same 
ratio that the rate of acquisition of matter into that space bears 
to the whole matter in that space. 

Let the space jSI be an infinitely small parallelepiped, of which 
the edges a, /5, y are parallel to the axes of co-ordinates, and let 
Xj y, z be the co-ordinates of its centre ; so that 
z =J= are the co-ordinates of its angular points. Let p be the 
density of the fluid at (cr, y, z), or the mean density through the 
space fSf at the time t. The density at the time t-hdt will be 

p + ~ dt ; and hence the quantities of fluid contained in the 

space Sf at the times t, and t + dt, are respectively pci/3y and 

a/3y» Hence the quantity of fluid lost (there will of 




, dp . 


course be an absolute gain if ~ be positive) in the time dt is 

at 

(4 




How let u, V, w be the three components of the velocity of the 
fluid (or of a fluid particle) at P. These quantities will be func- 
tions of 07, y, (involving also t, except in the case of steady 
motion ”), and will in general vary gradually from point to point 
of the fluid ; although the analysis which follows is not restricted 
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by this consideration, but bolds even in cases where in certain 
places of the fluid there are abrupt transitions in the velocity, 
as may be seen by considering them as limiting cases of motions 
in which there are very sudden continuous transitions of velocity. 
If a> be a small plane area, perpendicular to the axis of osj and 
having its centre of gravity at P, the volume of fluid which 
flows across it in the time will be equal to tioidi, and the 
mass or quantity ^vill be puaxlt If we substitute /By for co, 
the quantity which flows across either of the faces /?, y of the 
parallelepiped 3, will differ from this only on account of the 
variation in the value of pu ; and therefore the quantities which 
flow across the two sides /By are respectively 

and ^pu + J liydt. 

Hence a — or a^y dt, is the excess of the quantity 

of fluid which leaves the parallelepiped across one of the faces 
{By above that which enters it across the other. By considering 
in addition the effect of the motion across the other faces of the 
parallelepiped, we find for the total quantity of fluid lost from the 
space 3, in the time dt, 


I dec dy dz ) ^ * 


{h). 


Equating this to the expression [d)^ previously found, we have 


e djpu) d{py) dipw) ] 
f dx dy dz 


and we deduce 


<^(pm) d{,pv) d{pw) dp^ 
dx dy dz dt 


.(4), 


which is the required equation. 


195. Several references have been made in preceding 
sections to the number of independent variables in a dis- 
placement, or to the degrees of freedom or constraint under 
which the displacement takes place. It may be well, there- 
fore, to take a general view of this part of the subject by 
itself. 


Freedom 
and cocL- 
stramt. 



Of a point. 


Of a rigid 
body. 


Treedom 
and con- 
straint of a 
npd body. 
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196. A free point has three degrees of freedom, inasmuch 
as the most general displacement which it can take is re- 
solvable into three, parallel respectively to any three directions, 
and independent of each other. It is generally convenient to 
choose these three directions of resolution at right angles to 
one another. 

If the point be constrained to remain always on a given 
sui'face, one degree of constraint is introduced, or there are 
left but two degrees of freedom. For we may take the 
normal to the surface as one of three rectangular directions of 
resolution. No displacement can be effected parallel to it: 
and the other two displacements, at right angles to each other, 
in the tangent plane to the surface, are independent. 

If the point be constrained to remain on each of two sur- 
faces, it loses two degrees of freedom, and there is left but 
one. In fact, it is constrained to remain on the curve which 
is common to both surfaces, and along a curve there is at each 
point but one direction of displacement. 

197. Taking next the case of a free rigid body, we have 
evidently doc degrees of freedom to consider — three inde- 
pendent translations in rectangular directions as a point has, 
and three independent rotations about three mutually rect- 
angular axes. 

If it have one point fixed, it loses three degrees of freedom ; 
in fact, it has now only the rotations just mentioned. 

If a second point be fixed, the body loses two more degrees 
of freedom, and keeps only one freedom to rotate about the 
line joining the two fixed points. 

If a third point, not in a line with the other two, be fixed, 
the body is fixed. 

198. If a rigid body is forced to touch a smooth surface, 
one degree of freedom is lost; there remain Jive, two dis- 
placements parallel to the tangent plane to the surface, and 
three rotations. As a degree of freedom is lost by a constraint 
of the body to touch a smooth surface, six such conditions 
completely determine the position of the body. Thus if six 
points on the barrel and stock of a rifle rest on six convex 
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portions of the surface of a fixed rigid body, the rifle may be 
placed, and replaced any number of times, in precisely the 
same position, and always left quite free to recoil when fired, 
for the purpose of testing its accuracy. 

A fixed V under the barrel near the muzzle, and another 
under the swell of the stock close in front of the trigger-guard, 
give four of the contacts, bearing the weight of the rifle. A 
fifth (the one to be broken by the recoil) is supplied by a 
nearly vertical fixed plane close behind the second V, to be 
touched by the trigger-guard, the rifle being pressed forward 
in its Vs as far as this obstruction allows it to go. This 
contact may be dispensed with and nothing sensible of accuracy 
lost, by haying a mark on the second V, and a con'esponding 
mark on barrel or stock, and sliding the barrel backwards or 
forwards in the V’s till the two marks are, as nearly as can 
be judged by eye, in the same plane perpendicular to the 
barrel’s axis. The sixth contact may be dispensed with by 
adjusting two marks on the heel and toe of the butt to be 
as nearly as need be in one vertical plane judged by aid of 
a plummet. This method requires less of costly apparatus, 
and is no doubt more accurate and trustworthy, and more 
quickly and easily executed, than the ordinary method of 
clamping the rifle in a massive metal cradle set on a heavy 
mechanical slide. 

A geometrical clamp is a means of appl 3 dng and main- (^metrical 
taining six mutual pressures between two bodies toucmng 
one another at six points. 

A “geometrical slide” is any arrangement to apply five grometricaj 
degrees of constraint, and leave one degi'ee of freedom, to 
the relative motion of two rigid bodies by keeping them 
pressed together at just five points of their surfaces. 

Ex. 1. The transit instrument would be an instance iffeSn^f 
one end of one pivot, made slightly convex, were pressed 
against a fixed vertical end-plate, by a spring pushing at 
the other end of the axis. The other four guiding points are 
the points, or small areas, of contact of the pivots on the Y’s. 

Ex. 2. Let two rounded ends of legs of a three-legged 
stool rest in a straight, smooth, V-shaped canal, and the third 
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on a smooth horizontal plane Gravity maintains positive 
determinate pressures on the five bearing points; and there 
is a determinate distribution and amount of friction to be 
overcome, to produce the rectilineal translational motion thus 
accurately provided for. 

Example of Es. 3. Let Only one of the feet rest in a Y canal, and let 

geometrical . 

clamp. another rest in a trihedral hollowf in line with the canal, the 
third still resting on a horizontal plane. There are thus six^ 
bearing points, one on the horizontal plane, two on the sides of 
the canal, and three on the sides of the trihedral hollow : and 
the stool is fixed in a determinate position as long as all these 
six contacts are unbroken. Substitute for gravity a spring, 
or a screw and nut (of not infinitely rigid material), binding 
the stool to the rigid body to which these six planes belong. 
Thus we have a ''geometrical clamp, which clamps two bodies 
together with perfect firmness in a perfectly definite position, 

* Thomson’s reprint of Electrostatics and Magnetism, § 346. 

f A conical hollow is more easily made (as it can be bored out at once by an 
ordinary drill), and fulfils nearly enough for most practical apphcations the 
geometrical principle. A conical, or otherwise rounded, hollow is touched at 
three points by knobs or ribs projecting from a round foot resting in it, and 
thus again the geometrical principle is rigorously fulfilled. The virtue of the 
geometrical principle is well iUustrated by its possible violation in this very 
case. Suppose the hollow to have been drilled out not quite “true,” and 
instead of being a circular cone to have slightly elliptic horizontal sections : — 
A hemispherical foot will not rest steadily in it, but will be liable to a slight 
hoiizontal displacement in the direction parallel to the major axes of the 
elliptic sections, besides the legitimate rotation round any axis through the 
centre of the hemispherical surface: in fact, on this supposition there aie just 
two points of contact of the foot in the hollow instead of three. When the foot 
and hollow are large enough in any particular case to allow the possibility of 
this defect to be of moment, it is to be obviated, not by any vain attempt to 
turn the hollow and the foot each perfectly “ true — even if this could be done 
the desired result would be lost by the smallest particle of matter such as a 
chip of wood, or a h’agment of paper, or a hah*, getting into the hollow when, 
at any time in the use of the instrument, the foot is taken out and put in again. 
On the contrary, the true geometrical method, (of which the general principle 
was taught to one of us by the late Professor Willis thirty years ago,) is to 
alter one or othei of the two surfaces so as to render it manifestly not a figure 
Of revolution, thus : — Eoughly file three round notches in the hollow so as to 
render it something between a trihedral pyramid and a circular cone, leaving 
the foot approximately round; or else roughly file at three places of the rounded 
foot so that horizontal sections through and a little above and below the points 
of contact may he (roughly) equilateral triangles with rounded corners. 
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witliout the aid of frictioa (except in the screw, if a screw Bjampie of 

. TV T . . , T . . geometncal 

IS 11860.) ; and in various practical applications gives very clamp, 
readily and conveniently a more securely firm connexion by 
one screw slightly pressed, than a clamp such as those com- 
monly made hitherto by mechanicians can give with three 
strong screws forced to the utmost. 

Do away with the canal and let two feet (instead of only one) Example of 

^ ^ geometrical 

rest on the plane, the other still resting in the conical hollow. sHde. 

The number of contacts is thus reduced to five (three in the 
hollow and two on the plane), and instead of a “clamp” we 
have again a slide. This form of slide, — a three-legged stool 
with two feet resting on a plane and one in a hollow, — will 
be found very useful in a large variety of applications, in which 
motion about an axis is desired when a material axis is not 
conveniently attainable. Its first application was to the 
azimuth mirror,” an instrument placed on the glass cover of 
a mariner’s compass and used for taking azimuths of sun or 
stars to correct the compass, or of landmarks or other terrestrial 
objects to find the ship’s position. It has also been applied to 
the ‘'Deflector,” an adjustible magnet laid on the glass of the 
compass bowl and used, according to a principle first we believe 
given by Sir Edward Sabine, to discover the “semicircular” 
error produced by the ship’s iron. The movement may be 
made very frictionless when the plane is horizontal, by weight- 
ing the moveable body so that its centre of gravity is very nearly 
over the foot that rests in the hollow. One or two guard feet, 
not to touch the plane except in case of accident, ought to be 
added to give a broad enough base for safety. 

The geometrical slide and the geometrical clamp have both 
been found very useful in electrometers, in the "siphon re- 
corder,” and in an instrument recently brought into use for 
automatic signalling through submarine cables. An infinite 
variety of forms may be given to the geometrical slide to suit 
varieties of application of the general principle on which its 
definition is founded. 

An old form of the geometrical clamp, with the six pressures 
produced by gravity, is the three V grooves on a stone slab 
bearing the three legs of an astronomical or magnetic instru- 
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Example of men t It is not generally however so '‘'well-conditioned” as 
cal slide, the trihedral hole, the V groove, and the horizontal plane 
contact, described above. 

For investigation of the pressures on the contact surfaces 
of a geometrical slide or a geometrical clamp, see § 551, below. 

There is much room for improvement by the introduction of 
geometrical slides and geometrical clamps, in the mechanism 
of mathematical, optical, geodetic, and astronomical instru- 
ments : which as made at present are remarkable for disregard 
of geometrical and dynamical principles in their slides, mi- 
crometer screws, and clamps. Good workmanship cannot com- 
pensate for bad design, whether in the safety-valve of an iron- 
clad, or the movements and adjustments of a theodolite. 

199. If one point be constrained to remain in a curve, there 
remain four degrees of freedom'. 

If two points be constrained to remain in given curves, there 
are four degrees of constraint, and we have left two degrees of 
freedom. One of these may be regarded as being a simple 
rotation about the line joining the constrained points, a motion 
which, it is clear, the body is free to receive. It may be shown 
that the other possible motion is of the most general character 
for one degree of freedom ; that is to say, translation and rota- 
tion in any fixed proportions as of the nut of a screw. 

If one line of a rigid system be constrained to remain parallel 
to itself, as, for instance, if the body be a three-legged stool 
standing on a perfectly smooth board fixed to a common window, 
sliding in its frame with perfect freedom, there remain three 
translations and one rotation. 

But we need not further pursue this subject, as the number 
of combinations that might be considered is endless ; and 
those already given suffice to show how simple is the determi- 
nation of the degrees of freedom or constraint in any case that 
may present itself. 

One degree 200. One degree of constraint, of the most general character, 
stramtof is not producible by constraining one point of the body to a 
genera? curve surface ; but it consists m stopping one line of the body 
from longitudinal motion, except accompanied by rotation round 
this line, in fixed proportion to the longitudiiuxl motion, and 
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leaving unimpeded every other motion: that is to say, free 
rotation about any axis perpendicular to this line (two degrees of 
freedom) ; and translation in any direction perpendicular to the 
same line (two degrees of freedom). These four, with the one 
degree of freedom to screw, constitute the five degrees of freedom, 
which, with one degree of constraint, make up the six elements. 
Eemark that it is only in case (6) below (§ 201) that there is 
any point of the body which cannot move in every direction. 

201. Let a screw be cut on one shaft. A, of a Hooke’s joint, and 
let the other shaft, i, be joined to a fixed shaft, by a second 
Hooke’s joint. A nut, JV, turning on A, has the most general 
kind of motion admitted by one degree of constraint; or 
it is subjected to just one degree of constraint of the most 
general character. It has five degrees of freedom ; for it may 
move, l 5 ^, by screwing on A, the two Hooke’s joints being 
at rest ; 2d, it may rotate about either axis of the first Hooke’s 
joint, or any axis in their plane (two more degrees of freedom : 
being freedom to rotate about two axes through one point) ; 
Sd, it may, by the two Hooke’s joints, each bending, have 
irrotational translation in any direction perpendicular to the 
link, L, which connects the joints (two more degrees of freedom). 
But it cannot have a translation parallel to the line of the 
shafts and link without a definite proportion of rotation round 
this line; nor can it have rotation round this line without a 
definite proportion of translation parallel to it. The same 
statements apply to the motion of ^ if iV' is held fixed ; but it 
is now a fixed axis, not as before a moveable one round which 
the screwing takes place. 

Ho simpler mechanism can be easily imagined for producing 
one degree of constraint, of the most general kind. 

Particular case (a). — Step of screw infinite (straight rifling), 
the nut may slide freely, but cannot turn. Thus the 
one degree of constraint is, that there shall be no rotation about 
a certain axis, a fixed axis if we take the case of iV fixed and B 
moveable, Tliis is the kind and degree of freedom enjoyed 
by the outer ring of a gyroscope with its fly-wheel revolving 
infinitely fast. The outer ring, supposed taken off its stand, 
and held in the hand, cannot revolve about an axis perpen- 
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dicular to the plane of the inner ring^, but it may revolve 
freely about either of two axes at right angles to this, namely, 
the axis of the fly-wheel, and the axis of the inner ring 
relative to the outer; and it is of course perfectly free to 
translation in any direction. 

Particular case (b ). — Step of the screw =0. In this case 
the nut may run round freely, but cannot move along the axis 
of the shaft. Hence the constraint is simply that the body 
can have no translation parallel to the line of shafts, but may 
have every other motion. This is the same as if any point of the 
body in this line were held to a fixed surface. This constraint 
may be produced less frictionally by not using a guiding sur- 
face, but the link and second Hooke’s joint of the present 
arrangement, the first Hooke’s joint being removed, and by 
pivoting one point of the body in a cup on the end of the 
hnk. Otherwise, let the end of the link be a continuous 
surface, and let a continuous surface of the body press on it, 
rolling or spinning when required, but not permitted to slide. 


A single degree of constraint is expressed by a single equation 
among the six co-ordinates specifying the position of one rigid 
body, relatively to another considered fixed. The effect of this 
on the body in any particular position is to prevent it from getting 
out of this position, except by means of component velocities (or 
infinitely small motions) fulfilling a certain linear equation among 
themselves. » 


Thus if tVg, be the six co-ordinates, and 

) = 0 the condition; then 


= 0 

is the linear equation which guides the motio 
ticular position, the special values of w 


through any par- 
^ 0 * 3 , etc., for the 


particular position, being used in — , - — , &c. 

!N*ow, whatever may be the co-ordinate system adopted, we may, 
if we please, reduce this equation to one between three velocities 
of translation w, 'o, w, and three angular velocities ot, p, cr. 


“The plane of the inner ring” is the plane of the axis of the fly-wheel 
and of the axis of the inner rmg by winch it is pivoted on the outer rmg. 
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Let tMs equation be 

Alb + Bv + Qio + A' 'US + -S'p + G'(j — 0. 
THs is equivalent to tbe following : — 

g + <20) = Oj 


One degree 
of con- 
straint 
expressed 
anal^ ti- 
cally. 


if q denote tbe component velocity along or parallel to tbe line 
whose direction cosines are proportional to 
A, B, C, 

0 ) tbe component angular velocity round an axis through tbe 
origin and in tbe direction whose direction cosines are propor- 
tional to A\ B\ 0\ 


and lastly, 


V A^ + B^^+C^- ' 


It might be supposed that by altering tbe origin of co-ordinates 
we could do away with tbe angular velocities, and leave only a 
linear equation among tbe components of translational velocity. 
It is not so j for let tbe origin be shifted to a point whose co- 
ordinates are rj, C The angular velocities about tbe new axes, 
parallel to tbe old, will be unchanged ; but tbe linear velocities 
which, in composition with these angular velocities about tbe 
new axes, give zu, p, cr, u, w, with reference to tbe old, are 


(§89) 


u — crr) + p^= u\ 


V -~'asl + 


ID — pi + ZU7] = w\ 


Hence tbe equation of constraint becomes 

Au' -f Bv' -h Cu/ + (A' Bi— Crj) 'US -t- etc. = 0. 

How we cannot generally determine i, tj, so as to make zss, 
etc., disappear, because this would require three conditions, 
whereas their coefficients, as functions of 'rj, f, are not in- 
dependent, since there exists the relation 

A (Bi-Crj) + B (Oi-AO + a (Arj-Bi) = 0. 

The simplest form we can reduce to is 

lu^ + mv' + nw^ -t- a (lus + mp -4- no) = 0, 

that is to say, every longitudinal motion of a certain axis must be 
accompanied by a definite proportion of rotation about it. 


202. These principles constitute in reality part of the general 
theory of '^co-ordinates” in geometry. The three co-ordinates 
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Generalized of either of the Ordinary systems, rectangular or polar, required 
nates. to Specify the position of a point, correspond to the three 
Of a point, degrees of freedom enjoyed by an unconstrained point. The 
most general system of co-ordinates of a point consists of 
three sets of surfaces, on one of each of which it lies. When 
one of these surfaces only is given, the point may be any- 
where on it, or, in the language we have been using above, it 
enjoys two degrees of freedom. If a second and a third sur- 
face, on each of which also it must lie, it has, as we have seen, 
no freedom left : in other words, its position is completely 
specified, being the point in which the three surfaces meet. 
The analytical ambiguities, and their interpretation, in cases in 
which the specifying surfaces meet in more than one point, 
need not occupy us here. 

To express this analytically, let = < 5 f) = /3, 5 “ 7 , where 

i/r, (j), 6 are functions of the position of the point, and a, 7 
constants, be the equations of the three sets of surfaces, different 
values of each constant giving the different surfaces of the cor- 
responding set. Any one value, for instance, of a, will determine 
one surface of the first set, and so for the others : and three 
particular values of the three constants specify a particular 
point, P, being the intersection of the three surfaces which 
they determine. Thus a, /3, 7 are the ‘^co-ordinates” of P; 
which may be referred to as “the point (a, /S, 7 ).” The form 
of the co-ordinate surfaces of the (i/r, 0 , 6) system is defined 
in terms of co-ordinates (x, y, z) on any other system, plane 
rectangular co-ordinates for instance, if 1 /^, 0 , 6 are given each 
as a function of (a?, y, z). 


Origin ofthe 203. Component velocities of a moviug point, parallel to 

differential .. ^ ^ ^ ^ _ 

calculus, the three axes 01 co-ordinates 01 the ordinary plane rectangular 

system, are, as we have seen, the rates of augmentation of 

the corresponding co-ordinates. These, according to the 

Newtonian fluxional notation, are written x, y, z] or, according 

. . dx c??/ dz 

to Leibnitz’s notation, which we have used above, -r: , . 

dt dt dt 

Lagrange has combined the two notations with admirable skill and 
taste in the first edition^ of his M^canique Analytique, as we shall 

* In later editions the Newtonian notation is very unhappily altered by the 
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see in Chap. IT. In specifying the motion of a point according to 
the generalized system of co-ordinates, 'yjr, (f), 6 must be considered 

as varying with the time: 6, or will 

then be the generalized components of velocity: and -vjr, 6, or 


d^\r dcj) ^ 
dt ' dt ^ dt' 


, d'o/r d^ 


df ' df ^ 


will be the generalized 


components of acceleration. 


204. On precisely the same principles we may arrange sets Co-ordi- 
of co-ordinates for specifying the position and motion of a system, 
material system consisting of any finite number of rigid bodies, 
or material points, connected together in any way. Thus if 
A|r, (^, 0, etc., denote any number of elements, independently 
variable, which, when all given, fuUy specify its position and ' 
configuration, being of course equal in number to the degrees 
of freedom to move enjoyed by the system, these elements are 
its co-ordinates. When it is actually moving, their rates of 
variation per unit of time, or etc., express what we shall 
call its generalized component velocities ; and the rates at which 
etc., augment per unit of time, or 'i/r, etc., its component 
accelerations. Thus, for example, if the system consists of of velocity, 
a single rigid body quite free, yjr, (f>, etc., in number six, may be Examples, 
three common co-ordinates of one point of the body, and three 
angirlar co-ordinates (§ 101, above) fixing its position relatively 
to axes in a given direction through this point. Then etc., 
will be the three components of the velocity of this point, and 
the velocities of the three angular motions explained in § 101, 
as corresponding to variations in the angular co-ordinates. Or, 
again, the system may consist of one rigid body supported on 
a fixed axis ; a second, on an axis fixed relatively to the first ; 
a third, on an axis fixed relatively to the second, and so on* 

There will be in this case only as many co-ordinates as there 
are of rigid bodies. These co-ordinates might be, for instance, 
the angle between a plane of the first body and a fixed plane, 
through the first axis; the angle between planes through the 


STibstitiition of accents, ' and ", for the * and •* signifying velocities and 
accelerations. 
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Generalized second axis, fixed relatively to the first and second bodies, and 

components ^ . •• 

of velocity, so on ; and tne component velocities, 'xjr, cf), etc. would men be 

Examples, the angular velocity of the first body relatively to directions 
fixed in space; the angular velocity of the second body re- 
latively to the first ; of the third relatively to the second, and 
so on. Or if the system be a set, f in number, of material 
points perfectly free, one of its 3i co-ordinates may be the sum 
of the squares of their distances from a certain point, either 
fixed or moving in any way relatively to the system, and the 
remaining — 1 may be angles, or may be mere ratios of 
distances between individual points of the system. But it is 
needless to multiply examples here. We shall have illustrations 
enough of the principle of generalized co-ordinates, by actual 
use of it in Chap, ii., and other parts of this book. 


APPENDIX TO CHAPTEE I. 

Aq. — Expeession IK Geneealized Co-oeeikates foe 
Poissok’s extension of Laplace’s equation. 

(a) In § 491 (c) below is to be found Poisson^s extension 
of Laplace’s equation, expressed in rectilineal rectangular co-ordi- 
nates; and in § 492 an equivalent in a form quite independent 
of the particular kind of co-ordinates chosen : all with reference 
to the theory of attraction according to the Newtonian law. 
The same analysis is largely applicable through a great range of 
physical mathematics, including hydro-kinematics (the equation 
of continuity” §192), the equilibrium of elastic solids (§734), 
the vibrations of elastic solids and fluids (Yol. li.), Pourier’s 
theory of heat, &c. Hence detaching the analytical subject from 
particular physical applications, consider the equation 
d^U d^U , 
dy^ ^ d!^~ 

where p is a given function of x, y, (arbitrary and discontimious 
it may be). Let it be required to express in terms of generalized 
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io W*] 

co-ordinates f", tlie property of U which this equation ex- Laplace’s 
. , .1 .T T- rrn . equation in 

presses in terms oi rectangular rectilinear co-ordinates. This generalized 

may be done of course dii'ectly [§ (m) below] by analytical trans- dmates. 

formation, finding the expression in terms of for the 

d? 

operation ^ -f- ^ -h ^ . But it is done in the form most con- 
venient for physical applications much more easily as follows, by 
taking advantage of the formula of § 492 which expresses the 
same property of U independently of any particular system of 
co-ordinates. This expression is 

( 2 ), 

where jjdS denotes integration over the whole of a closed surface 
S, jjj dB integration throughout the volume B enclosed by it, 
and SZ7 the rate of variation of TJ at any point of /S, per unit of 
length in the direction of the normal outwards. 

(6) For B take an infinitely small curvilineal parallelepiped 
having its centre at (^, ^"), and angular points at 

Let be the lengths of the edges of the paral- 

lelepiped, and a, a\ ol' the angles between them in order of 
symmetry, so that R'E' sin a <fec., are the areas of its faces. 

Let BTJ^ D'U, I)"U denote the rates of variation of per 
unit of length, perpendicular to the three surfaces const., 

= const., = const., intersecting in (f, ^") the centre of the 

parallelepiped. The value of jj^UdS for a section of the paral- 
lelepiped by the surface ^ = const, through (^, will be 

Hence the values of jjhU dS for the two corresponding sides 
of the parallelepiped are 

Hence the value of //S6^ dS for the pair of sides is 
(R’R" sin a Sf U" D U) . S^, 

or ^(R'R''sma,DU)B^B^8^''. 

Dealing similarly with the two other pairs of sides of the 
parallelepiped and adding we find the first member of (2). Its 

11 


VOL 1. 
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Laplace’s 
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diuates. 


[A„ (h). 

second member is - i'lrp . Q . BR'R" Si Si' Si", if Q denote tbe ratio 
of the bulk of tbe parallelepiped to a rectangular one of equal 
edges. Hence equating and dividing both sides hj the bulk of 
the parallelepiped we find 

+ ~ {RK sin a" B" U)^ = - 4jrp . . . (3). 

(c) It remains to express D U, JD'U, I>"U in terms of the co- 
ordinates i, i', i". 

Denote by K, L the two points {i, ^') and (^+8^, f'). 

From L (not shown in the diagram) draw LM perpendicular to 

the surface f = const, through K, 
Taking an infinitely small portion 
of this surface for the plane of our 
diagram, let K'Sy KU" be the lines 
in which it is cut respectively by the 
surfaces = const, and |' = const, 
through K. Draw MB parallel to 
and MG perpendicular to iTS'. 

Let now p denote the angle LKM, 

M „ LGM, 

We have 

ML = XL siny> = sin^ Si, 

BM= GM coseo a — ML cosec a cot M — R^hip cosec a cot A! Si, 
Similarly KN =Rsmp cosec a cot A" Si, 
if A" denotes an angle corresponding to A'; so that A' and A" 
are respectively the angles at which the surfaces i" = const, and 
i' = const, cut the plane of the diagram in the lines XU' and X'S\ 

XW 

How the difference of values of i' for X and B is 

» » » » » r „ „ M „ 

Hence if U (X), U{M), U {L) denote the values of U i*espectively 
at the points X, M, L, we have 
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(o).] 


But 



and so using tlie preceding expressions in the terms involved we 


Laplace’s 
equation in 
generalized 
co-or- 
dinates. 


find 


DLr= 


1 dU 

i^sinj? di 


1 (m 

JS'sinatan^" 


1 dzr 

H" sin a tan A ' d^^ 


..(4). 


Using this and the symmetrical expressions for D'U and D"!!, 
in (3), we have the required equation. 

(d) It is to be remarked that a, a\ a’' are the three sides of 
a spherical triangle of -which A\ A” are the angles, and <p the 
perpendicular from the angle A to the opposite side. 

Hence by spherical trigonometry 


. cos a — cos (Z cos a' 

cos A : : 

sm a sm oi 


. , ^(1 — cos''c)~-cos® — cos a +2 cos a cos a cos 

smasma 


sin 'p = sin A! sin a" 

__ ^(1 — cos® a — cos® a' — cos® a" -{- 2 cos a cos a' cos a") 
sines 


( 6 ). 


To find Q remark that the volume of the parallelepiped is 
equal to /sin p , ghmia^f^g^ h be its edges : therefore 

§ = sin p sin a 

whence by (6) 

Q = ^(1 — cos® a — cos® a* — cos® a" + 2 cos a cos a! cos a!') (8). 

liastly by (5) and (8) we have 


tan .4= 7 

_ cos a — cos a cos a 

(e) Using these in (4) we find 

1 /sve^adU cos a" — cos a co^ a! dU 

~ Q^ma\ E d^ R' d^ 

cos a' — cos a cos a!' dU\ 

w w) 


( 9 ). 


( 10 ). 


Using this and the two symmetrical expressions in (3) and 
adopting a common notation [App. B {g), § 491 (c), &c. &c.], 
according to which Poisson^s equation is written 

= — Ittp 


( 11 ), 
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we find for tlie symbol in terms of tbe generalized co-ordinates 


■72 


1 

QEE'E" 


(d 1 VE'E^Bm^a 
{diQl E 


^ + E^' (cos a cos a' - cos a'") 


+ R (cos a" cos a - cos a') ^ J 

d \\E"E^w^a^ d . d 

M'Q M ^ «<=«««- cos a) 

d n 

+ E” (cos a cos a ' - cos a') ^ , 

'sin® a" d d 

-^77 ^ ^ cos a - cos a ) ^ 

+ ^ (cos a cos a" - cos a) ^ |...( 12 ), 


d l^EE'^m^a" d 

'W'Q 


where for its value by ( 8 ) in terms of a, a\ a" is to be used, 
and a, a\ a", E, E\ E' are all known functions of when 


Case of 
rectangular 
co-ordi- 
nates, 
curved or 
plane. 


the system of co-ordinates is completely defined. 

(/) Tor the case of rectangular co-ordinates whether plane 
or curved a,=^a' = a" ^ A — A' -W and Q = l, and therefore 
we have 


1 /. 

d /E'E'‘ 


d 

J 

(R"R d \ 


fRR' d \) 

EEE"\c 

ii\ R 

dU 


^ R' deJ 

'^di" 

\^dt)] 


which is the formula originally given by Lame for expressing 
in terms of his orthogonal curved co-ordinate system the Fourier 
equations of the conduction of heat. The proof of the more 
general formula ( 12 ) given above is an extension, in purely 
analytical form, of a demonstration of Lame’s formula (13) which 
was given in terms relating to thermal conduction in an article 
“ On the equations of Motion of Heat referred to curvilinear 
co-ordinates” in the Cambridge Mathematical Journal (1843). 

(g) For the particular case of polar co-ordinates, r, 0 , 
considering the rectangular parallelepiped corresponding to Sr, 
S^, 8 ^ we see in a moment that the lengths of its edges are 8 r, 
rSO, r sin Hence in the preceding notation 1, ^' = r, 
E" = r sin 0, and Lame’s formula (13) gives 


V' =: 


' sin ^ 
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A (A).] 

(h) Affain let tKe co-ordinates be of the 'kind wHch has Laplace’s, 

^ ^ equation in 

been called “ columnar ” ; that is to say, distance from an columnar 

axis (r), angle from a plane of reference through this axis to dinates. 

a plane through the axis and the specified point (^), and distance 

from a plane of reference perpendicular to the axis (z). The 

co-ordinate surfaces here are 


coaxal circular cylinders (r = const.), 
planes through the axis (<^ = const.), 
planes perpendicular to the axis (z = const.). 

The three edges of the infinitesimal rectangular parallelepiped 
are now dr, rd(f>, and Hence A = l, B'—r, and 

Lamp’s formula gives 




which is very useful for many physical problems, such as the 
conduction of heat in a solid circular column, the magnetization 
of a round bar or wire, the vibrations of air in a closed circular 
cylinder, the vibrations of a vortex column, &:c. &c. 


(^) For plane rectangular co-ordinates we have R=-JRf=R'^i Algebraic 
^ - transfer- 


so in this case (13) becomes (with x, y, z for 


V = 


dm? ^ <5fy“ 


d? 


.(16), 


mation 
from plane 
rectangular 
to genera- 
lized CO’- 
ordinates. 


which is Laplace’s and Fourier’s original form. 

(^') Suppose now it he desired to pass from plane rectangular 
co-ordinates to the generalized co-ordinates. 

Let x,y,zko expressed as functions of ; then putting 

for brevity 


’ di'~ ^ 


dz 


dx 


dx 


= ~ = X', &c. ; ~= X", &c. ...(17); 


dS' 


we have 8a: = X8| + X'8|' + X"Sf ',1 

hy= Y8i + rsi' + r'Si", I (is) ; 

8» = .^8| + XS|' + X"8rj 

whence 


Ji = V(X= + 7“ + X = ^(X'‘ + 7'* + X'=), 

JS" = 7(X"’ + 7"* 4- X"“) (19), 
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and tlie direction cosines of tlie three edges of ^the infinitesimal 
parallelepiped corresponding to S^, 8^', 8^^' are 

X r £\ /X' r x'\ r; 

RJ ^ \R'^ RT R"' 

Hence 


cos a =z - 


x'x''4-rr"+irx'^ 


R'R' 


cos a = - 


, x'^x+rx+x'x 

cos a - , 


XX'+7r + ^^' 


.( 21 ). 


(Jc) It is important to remark that when these expressions 
for cos cos a', cos a'\ R, R\ R'\ in terms of X, &c. are used in 
(8), becomes a complete square, so that QRR'R" is a rational 
homogeneous function of the 3rd degree of X, 7, X', &c. 

For the ordinary process of finding from the direction cosines 
(20) of three lines, the sine of the angle between one of them and 
the plane of the other two gives 


sin^ = 


X, 7, X 

x; 7', x 

X", 7", X" 


^RER''mia ( 21 ); 


from this and (7) we see that QRR'R" is equal to the deter- 
minant. From this and (8) we see that 


Square of a 

deternu- 

nant. 


{X‘ + + X’) {Z'‘ + r‘ + Z'‘) (Z"" + T"‘ + Z"*) 

-{X‘+T^+Z^{X'X''+TT’+Z'Z'y-{X'^+T^+Z'^{X"X+T'ThZ"Z)‘ 


- (x"^ + T"‘ + z"‘)(xx' + rr + zzy 


+ 2 {X'X"+TY" + z'Z")(Z"z+r"F+z"z)(zz'+ rr+zz') 


z, r, z, 

X', Y’, Z', 
X", Y", Z", 


( 22 ), 


an algebraic identity which may be verified by expanding both 
members and comparing. 

(Z) Denoting now by T the complete determinant, we 
have 


T 

0 ———— 
^^EE'R" 


(23), 


and using this for ^ in (12) we have a formula for in which 
only rational .functions of X, 7, X, &c. appear, and which 
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is readily verified by comparing vdtli the following derived from 
(16) by direct transformation. 

{m) Go back to (18) and resolve for \Ye find 

L M N 

8f=&c., 8r = &c., 

where 

L^YZ'-T'Z', F=X'7"-X"Ta 

L'=7''X-~YZ'\ M'^Z"X-ZX", X'==X"7--X7", ( (24). 

L"=7Z'-7'Z, M"=ZX'--Z'X, X"=X7'--X'7, J 

Hence 


dx ~ Tdi Tdi''^ T dS' ’ dy~^^'^ dz 

and thus we have 

E.A. a'j^Y (M^ i^d^ 

~\T d^^ T d^'^ T d^') '^{Td^'^ T di' 

(Nd N' _d 

""XTdi^ T T d^’j ••• 


= &c., 


_dy 
T di") 

(25). 


d^ 

Expanding this and comparing the coefficients of ^ » 

d 

^ , &c. with those of the corresponding terms of (12) with (21 ) 
and (23) we find the two formulas, (12) and (25), identical 


A. — Extension of Green’s Theorem. 

It is convenient that we should here give the demonstration 
of a few theorems of pure analysis, of which we shall have 
many and most important applications, not only in the subject 
of spherical harmonics, which follows immediately, but in the 
general theories of attraction, of fluid motion, and of the con- 
duction of heat, and in the most practical investigations regard- 
ing electricity, and magnetic and electro-magnetic force. 

((%) Let TJ and JJ' denote two functions of three independent 
variables, a;, y, 2 ?, which we may conveniently regard as rect- 
angular co-ordinates of a point P, and let a denote a quantity 
which may be either constant, or any arbitrary function of the 


Algebraic 
transfor- 
mation 
from plane 
rectangular 
to genera- 
lized co- 
ordinates. 
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[A («). 

variables. Let fff do(dydz denote integration tbronghout a finite 
singly continuous space bounded by a close surface S ; let jjdS 
denote integration over tbe whole surface S ; and let 8, prefixed 
to any function, denote its rate of variation at any point of 
per unit of length in the direction perpendicular to S outwards. 
Then 

JdJJdJT dUdU' dUdU'\ , , , 


= jjdS. 





Por, t,a.Vi'ng one term of the first member alone, and integrating 
“ by parts,” we have 




dx 


lav 


<-’f) 


dx 


dxdydz, 


the first integral being between limits corresponding to the sur- 
face S; that is to say, being from the negative to the positive 
end of the portion within S, or of each portion within S, of the 
line X through the point (0, y, z), Now if and A^ denote the 
inclination of the outward normal of the surface to this line, at 
points where it enters and emerges from S respectively, and if 
dS^ and dS^ denote the elements of the surface in which it is cut 
at these points by the rectangular prism standing on dydz, we 
have 

dydz = - cosA^dS^ = cos A^dS^, 

Thus the first integral, between the proper limits, involves the 

elements UA^^cosAj^dSj, and - 27V ^cos^gd/S^; the latter 

of which, as corresponding to the lower limit, is subtracted. 
Hence, there being in the whole of S an element dS^ for each 
element dS^y the first integral is simply 


/ /JT'V cos A dSy 
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for the T^hole surface. Adding the corresponding terms for y 
and z, and remarking that 


dTJ 

-y- cos A + 
cix 


dTJ dU ^ 

~y-cosA+ ^cos(7 = 8Cr. 
dy dz 


a constant 
gtves a 
theorem of 
Green’s. 


where B and C denote the inclinations of the outward normal 
through dS to lines drawn through dS in the positive directions 
parallel to y and z respectively, we perceive the truth of (1). 

(h) Again, let U and TJ' denote two functions of x, y, z, which 
have equal values at every point of /S', and of which the first 
fulfils the equation 



for every point within S. 

Then U' U have 




(2> 


Equation of 
the coiiduc- 
*3 tionofheat. 


(3). 


For the first member is equal identically to the second member 
with the addition of 


2///a^ 


^dU du ^ dU du ^ dTJ du 


\dx dx dy dy 
But, by (1), this is equal to 


dz dz. 


dxdydz. 




p 

(••S 

d 

■ L 



r 

dx 

•V *“ 

dy 

dz ) 


dxdydz, 


of which each term vanishes; the first, or the double integral, 
because, by hypothesis, u is equal to nothing at every point of S, 
and the second, or the triple integral, because of (2). 

(c) The second term of the second member of (3) is essentially property of 
positive, provided a has a real value, whether positive, zero, or 
negative, for every point (a?, y, z) within S, Hence the first 
member of (3) necessarily exceeds the first term of the second 
member. But the sole characteristic of 27 is that it satisfies (2), solution 
Hence TJ' cannot also satisfy (2). That is to say, TJ being any 



170 


PBELIMINAKT. 


be determi- 
nate; 


)roved to 
)e possible. 


[A (c). 


one solution of (2), there can be no other solution agreeing with 
it at every point of /S', but differing from it for some part of the 
space within S. 

(d) One solution of (2) exists, satisfying the condition that U 
has an arbitrary value for every point of the surface S. Por let 
U denote any function whatever which has the given arbitrary 
value at each point of S; let u be any function whatever which 
is equal to nothing at each point of S, and which is of any real 
finite or infinitely small value, of the same sign as the value of 



at each internal point, and therefore, of course, equal to nothing 
at every internal point, if any, for which the value of this ex- 
pression is nothing] and let U' — U + 6u, where 6 denotes any 
constant. Then, using the formulae of (5), modified to suit the 
altered circumstances, and taking Q and Q' for brevity to denote 



ra^V + 


Iv dx) 

1 <iy) 



and the corresponding integral for U', we have 




7 duV 

( dv\^ 

/ dvS" 



V'dz) 


The coefficient of - 26 here is essentially positive, in consequence 
of the condition under which u is chosen, unless (2) is satisfied, 
in which case it is nothing; and the coefficient of 6^ is essentially 
positive, if not zero, because all the quantities involved are real. 
Hence the equation may be written thus ; — 

Q'= Q^mO(n- 6), 

where m and n are each positive. This shows that if any positive 
value less than n is assigned to 6, Q' is made smaller than Q ; 
that is to say, unless (2) is satisfied, a function, having the same 
value at JS as U, may be found which shall make the Q integral 
smaller than for JJ. In other words, a function U, which, 
having any prescribed value over the surface S, makes the 
integral Q for the interior as small as possible, must satisfy 
equation (2). But the Q integral is essentially positive, and 
therefore there is a limit than which it cannot be made smaller. 
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A {d).] 

Hence there is a solution of (2) subject to the prescribed surface Solution 

condition. possible. 

(e) We have seen (c) that there is, if one, only one, solution 

of (2) subject to the prescribed surface condition, and now we 

see that there is one. To recapitulate, — we conclude that, if 

the value of U be given arbitrarily at every point of any closed a.constant 

surface, the equation Green’s 

^ ^ theorem.’* 



(N 

4.^1 


4.^1 

01 

dx ' 


dy\ 

K dy) 

dz^ 



determines its value without ambiguity for every point within 
that surface. That this important proposition holds also for the 
whole infinite space without the surface jS, follows from the pre- 
ceding demonstration, with only the precaution, that the different 
functions dealt with must be so taken as to render all the triple 
integrals convergent. S need not be merely a single closed 
surface, but it may be any number of surfaces enriosing isolated 
portions of space. The extreme case, too, of >S, or any detached 
pari of jSj an open shell, that is a finite unclosed surface, is clearly 
included. Or lastly, S, or any detached pari of JS, may he an 
infinitely extended surface, provided the value of V arbitrarily 
assigned over it be so assigned as to render the triple and double 
integrals involved all convergent. 


B. — Spherical Harmonic Analysis. 


The mathematical method which has been commonly referred 
to by English writers as that of ''Laplace's CoeflScients,” but^^omc 
which is here called spherical harmonic analysis, has for its 
object the expression of an arbitrary periodic function of two 
independent variables in the proper form for a large class of 
physical problems involving arbitrary data over a spherical sur- 
face, and the deduction of solutions for every point of space. 


(u) A spherical harmonic function is defined as a homogeneous Defimtion 

function, F. of x. y, z, which satisfies the equation harmonic 

^ functions. 


6?T ^ ^ 
dx^ df dz^ 


(4). 


Its degree may he any positive or negative integer; or it may 
he fractional; or it may be imaginary. 
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[B (a). 

Examples. Tlie functions "written below are spherical har- 
monics of the degrees noted; r representing {x%y^+z ^)^: — 

Degree Zero. 


I X {x^+yj ’ 

Grenerally; in -virtue of (g) (15) and (13) below, 

dV^ dV^ dV, 

. dx^ dy dz 

if Fq denote any harmonic of degree 0 : for instance, group HI. 
^ below. 

^ rx zx ^ X f_rx—zx\^ ^zy 


( _ rx—zx\ ^ 

V x^ + yy' 


ry , zy ^ y ^ 
x^+y^^ af+2/^^ r-\-z^ 


, -1 2/ 2/^1 

— ^tan ^ - 4- -f — 2 log . 

x^y'^ X of+y^ ® T-z 


Generally, in yirtue of {g) (15), (13), below, 

where denotes any spherical harmonic of integral degree, J, 

and 8,8., homogeneous integral functions of , -r , 

ni n-;-! to to dx dy’ dz 

of degrees n and n-j’-l respectiyely : for instance, some of 

. group II. above, and groups Y. and YI. below. 




dz^-^ * dy^ ‘ 


Remark that 


tan ^ “ = — }z 


1 log^±i^^, 

27-1 ^x-yj-l 


and therefore 
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so the preceding yields 


Bin 

cos'‘ 


dz" 


{x^ + ifY 


where denotes tan“' - . 
L ^ a 


Examples of 

spherical 

harmoriics. 


YI. 


Taking, in IT., y = — 1, 


„ 1 , r + « 

r = - log , 




I find 


/^V on+l/^V/ll ^ + /a bvYCOS , 

( ^"+1 _leg \ (af-hy^y . n^, 

\dzj L \TdTj \r ^ ^ sm 


where -r denotes differentiation with reference to r on the snp- 
dr 

position of 12 ; constant^ and ^ differentiation with reference to 
^ ^ on supposition of x and y constant. 


Degree -i~l, or +i, and type H{z, ^(x^ + y^)} 


H denoting a homogeneous function j n any integer; and i 
any positive integer. 


Let and denote functions yielded by Y. and TI. pre- 
ceding. The following are the two*^ distinct functions of the 
degrees and types now sought, and found in vhine of {g) (15) 
below : — 


7-y(«) d 


yt-O 


0 » 


See Kniielow. 
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D6 (a). 


Examples of or explicitly 
spherical 
liarmonics. 


I. 


•w sin ^ 


cr™ = 

—1 dz'^* 






(*^ + 2/y 

^ ^ sm ^ 


In the particular case of ^^ = 0, these two are not distinct. Either 
of them yields 


II 


■© 


-»-i dz 


The other harmonic of the same degree and type is 

cZ'filog— ) 

\r ^ r~zj 




dz* 


/ To obtain the harmonics of the same types, but of degree i, 
III ^multiply each of the preceding groups I. and 11. by in 
( virtue of (^) (13) below. 


Degree — 1. 


li 


Generally, in virtue of {g) (13) below, any of the preceding 
functions of degree zero divided by r; or, in virtue of {g) (15), 
the differential coefficient of any of them with reference to x, 
or y, or z. Eor instance, 


IL 


in. 


-tan -log ; -tan^^log . 

T x’ T T X ^r-z 






y . 


xz 

r(£c" + 2/^)" 
yz 

r{x^^y^) ’ 


X 

r{r + z)^ 

y 

r{r + zy 
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Degrees — 2 and + 1 . 


Examples of 

sphencal 

harmonics. 




( ;s; tan”^ - 

iiA ^ 


• z tan“^ - . 

^ X 


r + S! 2 , ^ + « o 


r a^-i/ Sasy . r^{o ?-‘f) . 

(a;“ + 2/T’ {*'*+2/")'’ + 

cos 2 <#. sin 2 <t> _ cos 2 ^ i>^sm 2 <^ 

af+2^’ af+f'’ a^ + r 


ri/ r + » 2rs \ A ’•+*_L 

' {tt» tomer bemg «* HI. 2 degree - 1, and the latter being 

. - /& of YI. degree 0 -with n = 1 ). 

27ie BatioTvd IntegraZ EwrmmMS of Degree 2. 

I. Pive distinct functions, for instance, 

a^-f; yz-, a»; acy. 

Or one function with five axbitrary constants. 

( aa^ + hf + 03? + eyn +fzai + gxy, 

^•1 where a+ 6 +C= 0 . 


Degrees -n- 1 , and +n {p. aniy integer). 

With same notation and same references for proof as above for 
Degree 0 , group TV. 

I. K.Jo, KV-. 8-/-- 

II. 8 ,,..„,(v=<‘-^^‘ 8 .F,. 0 , and »^-‘ 8 „«_,,,(r»'-'’« 8 .F, J. 
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Examples of 

spherical 

harmonics. 


Partial 

Harmonics 


Degrees e + rf j and — e ~ 1 — . 


{y denoting V — 1, and e and / any real quantities.) 

I\[{x + vyY+'"f + (« - •, ^ [(® + vyY'^'‘f- {x - •u?/)«+>'/] : 

or cos [{e + vf) 4 >\ ; qe+vf 


( 


where ^^ad <jE> = tan' 




or J [cos (/ log g - e<^) + sin (/ log q - e^)] 

\ 4- c-/*^ [cos (/ log q + e<fi) + vsm (/ log + e^)]} ; 

II. -j the same with -g- + instead of 

^ [(a; 4- vyy+'^f + (as — ^ 2 /)^+"/] ^ 

or Jr- 2 e-lg 6 [e/‘#^€^Cflogg- 2 /logr~^(^) + £-/<^ev(/losa-2/logr+6<^}j . 
or |r-2« - 1 g'* |e/^ [cos log ^ - 6<^) + v sin (flog ^ - e^) 

+ e-f* [cos (^/log ^ + 6<#>)+ vsin (/log i+«^) |. 


(b) A spherical surface harmonic is the function of two 
angular co-ordinates, or spherical surface co-ordinates, which a 
spherical harmonic becomes at any spherical surface described 
from 0, the origin of co-ordinates, as centre. Sometimes a func- 
tion which^ according to the definition (a), is simply a spherical 
harmonic, will be called a spherical solid harmonic, when it 
is desired to call attention to its not being confined to a spherical 
surface. 

(c) A complete spherical harmonic is one which is finite and 
of single value for all finite values of the co-ordinates. 

A partial harmonic is a spherical harmonic which either does 
not continuously satisfy the fundamental equation (4) for space 
completely surrounding the centre, or does not return to the 
same value in going once round every closed cmwe. The 
partial ” harmonic is as it were a harmonic for a part of the 
spherical surface : but it may be for a part which is greater than 
the whole, or a part of which portions jointly and independently 
occupy the same space. 
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{d) It win be shown, later, § (7i), that a complete spherical Alfyebraic 
harmonic is necessarily either a rational integral function of the compEte^ 
co-ordinates, or reducible to one by a factor of the form harmonics. 


(oj® + 2/^ + , 


7)1 being an integer. 


(e) The general problem of finding harmonic functions is Differential 


most concisely stated thus : — 

To find the most general integral of the equation 


equations of 
a harmonic 
of degree «. 


dhi d^u Fu ^ 
dF dif dz^ 

w 

subject to the condition 


du du du 

^-T--^y-r--^z-j--7hu 

dx dy dz 

(5), 


the second of these equations being merely the analytical expres- 
sion of the condition that is a homogeneous function of y, z 
of the degree n, which may be any whole number positiye or 
negative, any fraction, or any imaginary quantity. 

Let F + vQ he ^ harmonic of degree e + vf, F, <?, e, f being Differential 
real. We tare 

tuents of a 

/ ^ ^ f-n r,\ ! r\ /-n homogene- 

(^55 ^ ® ^ ^ ’ of!““ 

nary degree. 




and therefore 


dP dF j. 
dQ dQ ^ 


whence 


£C -Tj- 4- V w + ^ - 
, dx ^ dy ( 



P = 0, ] 


( t 


1! 

o 

1 . . 


( f) Analytical expressions in various forms for an absolutely Value of 

1 I* j -XU A general 

general mtegi^ation of these equations, may be lounci witnout symbolical 
much difficulty ; but with us the only value or interest which 
any such investigation can have, depends on the availability of 

12 
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Use of com- 
plete spheri- 
cal har- 
monics in 
physical 
problems. 


Uses of in- 
complete 
spherical 
harmonics 
in physical 
problems. 


"Working 

formulae. 




its results for solutions fulfilling the conditions at bounding sur- 
faces presented by physical problems. In a very large and most 
important class of physical problems regarding space bounded by 
a complete spherical surface, or by two complete concentric 
spherical surfaces, or by closed surfaces differing very little from 
spherical surfaces, the case of n any positive or negative integer, 
integrated particularly under the restriction stated in (c?), is of 
paramount importance. It will be worked out thoroughly below. 
Again, in similar problems regarding sections cut out of spherical 
spaces by two diametral planes making any angle with one 
another not a suh-multi'ple of two right angles^ or regarding spaces 
hounded by two circular cones having a common vertex and 
axis, and by the included portion of two spheiical surfaces 
described from their vertex as centre, solutions for cases of 
fractional and imaginary values of n are useful. Lastly, when 
the subject is a solid or fluid, shaped as a section cut from the 
last-mentioned spaces by two planes through the axis of the 
cones, inclined to one another at any angle, whether a sub- 
multiple of TT or not, we meet with the case of n either integi'al 
or not, but to be integrated under a restriction differing from 
that specified in (cZ). We shall accordingly, after investigating 
general expressions for complete spherical harmonics, give some 
indications as to the determination of the incomplete harmonics, 
whether of fractional, of imaginary, or of integral degrees, which 
are required for the solution of problems regarding such portions 
of spherical spaces as we have just described. 

A few formulae, which will be of constant use in what follows, 
are bi^ought together in the first place. 


(g) Calling 0 the origin of co-ordinates, and P the point 
X, y, let OP = r, so that + r^» Let 8, prefixed to 

any function, denote its rate of variation per unit of space in 
the direction OP j so that 


X d yd z d 
T dx r dy r dz 


( 6 ). 


If denote any homogeneous function of x, y, z of order n, we 
have clearly 


m 


•whence 


dE^ dH^ 

dy 


dx 


dz 


- nE 


( 7 ); 

(5) or (8), 
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the well-known djjGferential equation of a homogeneous function ; Working 

t , formulie. 

in whicJi, of course, n may have any value, positive, integral, 

negative, fractional, or imaginary. Again, denoting, for brevity, 

+ - 7 ^ + -^o by v^, we have, by differentiation, 
dx^ dy^ dz- 


(r'”) = m (m 4- 1) r”" “ 

Also, if v! denote any two functions, 

_ , ,, , „ « fdu du du dv! du du\ 

whence, if u and are both solutions of (4), 
V^(W) = 2 


+ . 


...(9). 

.( 10 ); 


/du du' du du' du duf\ /n\- 

\dx dx dy dy dz dz ) ^ 


or, by taking u= sl harmonic of degree and u' = r”* 

dY. dV: 


\^\r’"rj = 2«ir~-= 1^: 


x~ + ^-^" + z , 
dx dy dz 




+ F,.v'(r”), 


.( 12 ). 


or, hy (8) and (9), 

V» If' F„) = m (2n ■+ m + 1) r"-" F„ 

From this last it follows that is a harmonic; which, 

being of degree — 1, may be denoted by so that we 

have 


or 

if 


V — Y 1 

'' -n~l ' “I 

r’*' r” I 

n-\-n ^—1 I 


.(13), 


a formula showing a reciprocal relation between two solid har- 
monics which give the same form of surface harmonic at any 
spherical surface described from 0 as centre. Again, by tak ing 
m = — 1, in (9), we have 


v^- = o, 

T 


.(U). 


1 . 


Hence — is a harmonic of degree — 1. We shall see later 

T 

§ (A), that it is the only complete harmonic, of this degree. 

If w be any solution of the equation '^^u = 0, we have also 

,du 


12—2 
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Working 

formula. 


Theorem 
due to 
Laplace. 


EjLtensioTi 
of theorem 
of Laplace 
to partial 
harmonics. 


and so on for any number of differentiations. Hence if is 
a harmonic of any degree is a harmonic of degree 

or, as we may write it, 


dosPdyMz^ 




(15). 


Again, we have a most important theorem expressed by the 
following eq[uations : — 

//W^=0 (16), 


where d'ur denotes an element of a spherical surface, described 
from 0 as centre with radius unity ; fj an integration over the 
whole of this surface ; and Sp S;i^^ two complete surface harmonics, 
of which the degi'ees, i and i\ are neither equal to one another, 
nor such that t + = — 1. Por, denoting the solid harmonics 
and by and F^. for any point {x, s), we have, by 

the general theorem (1) of A (a), above, applied to the space 
between any two spherical surfaces having 0 for their common 
centre, and a and their radii ; — 


Ilf 


•dVidV,’ dV.dV.' dVidVA - , - 


i' i 

But, according to (7), 8F^'=“ F^', and F^. And for the 

portions of the bounding surface constituted by the two spherical 
suifaces respectively, dcr ^ a^dmj and dcr = Hence the two 

last equal members of the preceding double equations become 


to satisfy which, when i differs from ij and from 

( 1 6) must hold. 


The corresponding theorem for partial harmonics is this : — 
Let *S^j S^, denote any two different partial surface harmonics 
of degrees i, %, having their sum different from - 1 ; and further, 
fulfilling the condition that, at every point of the boundary of 
some one part of the spherical surface either each of them 
vanishes, or the rate of variation of each of them perpendicular 
to this boundary vanishes, and that each is finite and single in 
its value at every point of the enclosed portion of surface j then, 
with the integration // limited to the portion of surface in 
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question, equation (16) holds. The proof differs from the Extension 
preceding only in this, that instead of taking the whole space of Laplace 
between two concentric spherical surfaces, we must now take immSifcs. 
only the part of it enclosed by the cone having 0 for vertex, and 
containing the boundary of the spherical area considered. 


(Ji) Proceeding now to the investigation of complete harmonics, 
we shall first prove that every such function is either rational and complete 
integral in terms of the co-ordinates cCj y, 5 ;, or is made so by 
a factor of the form r”*. 


Let F be any function of a?, 3 /, satisfying the equation 


V^r=0..... (17) 

at every point within a spherical surface, described from 0 as 
centre, with any radius a. Its value at this surface, if a known 
function of any arbitrary character, may be expanded according 
to the general theorem of § 51, below, in the following series : — 

(r = a), F=/y,-rAy,4-/S3 + + ;S; + etc (18) 

where denote the surface values of solid spherical 

harmonics of degrees 1 , each a rational integral function 

for eveiy point within S, But 


S. — }- — 2 4- . . . + ' 4- etc. 


(19) 


Harmonic 
solution of 


is a function fulfilling these conditions, and therefore, as was w^^for^he 

_ _ 1 / \ -rr T ^ o • -XT j • spacewithiii 

proved above, A(c), V cannot differ from it. iNow, as a parti- a spherical 
cular case, let F be a harmonic function of positive degree q 


which may be denoted by : we must have 


/S^ — = /SI 4- (6^ — 4" /SI “s ""i Btc, 

This cannot be unless t = t, — Si, and all the other functions 
Sq, etc., vanish. Hence there can be no complete spheri- 

r* 

cal harmonic of positive degree, which is not, as / 8 ^ — , of integral 

of positive 

degree and an integral rational function of the co-ordinates. 

Agam, let F be any function satisfying (17) for every point 
without the spherical surface S, and vanishing at an infinite dis- 
tance in every direction j and let, as before, (18) express its surface 
value at / 8 . We similarly prove that it cannot differ ffom 


aS, a% 

r r® 




+ etc. 


•(20). 


proved 
rational and 
integral. 

Harmonic 
solution of 
Green’s pro- 
blem for 
space ex- 
ternal to a 
spherical 
surfiace. 
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Harmonic 
solution of 
Green’s pro* 
blem for 
space ex- 
ternal to a 
spherical 
surface. 


Complete 
harmonics 
of negative 
degree. 


Orders and 
degrees of 
complete 
harmonics. 


General 
expressions 
for complete 
harmonics. 


By differ- 
entiation of 
harmonic of 
degree -l. 


Hence if, as a particular case, V be any complete harmonic 
— of negative degree k, we must have, for all points out- 


side S, 

a% 

ftK r r® r® 



+ etc., 


which requires that and that all the other func- 
tions etc., vanish. Hence a complete spherical harmonic 

of negative degree cannot be other than ^ , or 

where is not only a rational integral function of the co- 
ordinates, as asserted in the enunciation, but is itself a spherical 
harmonic. 


(^) Thus we have proved that a complete spherical harmonic, 
if of positive, is necessarily of integral, degree, and is, besides, a 
rational integral function of the co-ordinates, or if of negative 

V 

degree, - (t + 1), is necessarily of the form , where is 

a harmonic of positive degree, i. We shall therefore call the order 
of a complete spherical harmonic of negative degree, the degree 
or order of the complete harmonic of positive degree allied to it; 
and we shall call the order of a surface harmonic, the degree^ or 
order of the solid harmonic of positive degree, or the order of the 
solid hai'monic of negative degree, which agrees with it at the 
spherical surface. 

(j) To obtain general expressions for complete spherical har- 
monics of all orders, we may first remark that, inasmuch as a 
constant is the only rational integi'al function of degree 0, a com- 
plete harmonic of degree 0 is necessarily constant. Hence, by 
what we have just seen, a complete harmonic of the degree - 1 

is necessarily of the form . That this function is a harmonic 
we knew before, by (14). 

Hence, by (15), we see that 

— ^ {of + I (21), 

if g ■¥ — % J 

where denotes a harmonic, which is clearly a complete 

harmonic, of degree - (^ + 1). The differential coefficient here in- 
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dicated, wlien \v^orked out, is easily found to be a fraction, of wbicb By differ- 
. .1. 1/. * j- 1 entiation of 

tlie numerator is a rational integral function of degree and the harmonic of 


denominator is By what we have just seen, the nume« 

rator must be a harmonic ; and, denoting it by we thus have 


degree - 1 . 


.( 22 ). 


V = - 

* dx^dy^cW T 

The number of independent harmonics of order which we Number of 

mdependenfc 

can thus derive by differentiation from is 2^ 4- 1. Bor, although of any 

^ order. 


there are 


(t+2)(i+l) 


differential coefficients 


^.7+l+Z 


. for 

1 


dx^dy^d^ 

which j + 10 + 1- only 2^ + 1 of these are independent when ~ 
is the subject of differentiation, inasmuch as 
/ d^\ 1 . 


which gives 


£))■» (“)' 

7 W’K'S 


n being any integer, and shows that 

1-/ ifZ 

dx^dif^d^ T ^ ^ dx^dy^ \dx^ dy^J t ’ 


differential 
coefficients 
of har- 
monics. 


- is even, 


or 


= ( - 1) -T-TTx I + -Ti ) 7- ? IS odd. 

* dx^dy^ \dx dif/ dz r 




Hence, hy taking 1=0, and j + h = i, in the first place, we have 
i+l differential coefficients - ^3 -]^; and by taking next Z = 1, and 






j -\~lc = i — 'l., we have i varieties of ^ ^7? have 

in all 2{ + 1 vaineties, and no more, when ^ is the subject. It is 

easily seen that these 2Z + 1 varieties are in reality independent 
We need not stop at present to show this, as it will be apparent 
in the actual expansions given below. 

ISTow if (x, y, z) denote any rational integral function of 
X, y, z of degree i, {x, y, z) is of degree Z - 2. Hence since 


in H, there are 




terms, in there are 
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any degree 
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algebrai- 
cally. 


Hence i£ = 0, we liave 




equations among tlie constant 

coefficients, and the number of independent constants remaining is 

(i 4- 2) (-1 -f 1) ^ or +1 ; that is to saj, there are 

2 2 

constants in the general rational integral harmonic of degree i 
But we have seen that there are 2^ + 1 distinct varieties of dif- 
ferential coefficients of - of order i, and that the numerator 
T 

of each is a harmonic of degree I Hence every complete har- 
monic of order % is expressible in terms of differential coefficients 

of - . It is impossible to form 2^+1 functions symmetrically 

T 

among three variables, except when is divisible by 3 ; that 

is to say, when -irrSw + l, n being any integer. This class of 
cases does not seem particularly interesting or important, but 
here are two examples of it. 

Example 1. { = 1, 2^ + 1 = 3. 

The harmonics are obviously 

£l 1 1^1 

dxT^ dy dzr' 

Eormula (25) involves z singularly, and x and y symmetrically, 
for every value of i greater than unity, but for the case of ^ = 1 
it is essentially symmetrical in respect to a, y, and z, as in this 
case it becomes 

\ ^ dx ^ dy ° dz) r ' 

Example 2. 'i = 4, 2i -i- 1 = 9. 

Looking first for three differential coefficients of the 4th order, 
singular with respect to cu, and symmetrical with respect to 
y and z ; and thence changing cyclically to yzx and z/xy^ we find 




d^ 



dxdy^ ’ 

dxd^ ’ 

d* 

d^ 


d^ dx^ ’ 

dydz^’ 

dydQ(^ ’ 

d" 

d* 
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1 , . Complete 

These nine differentiations of - are essentially distinct and iiarmomc of 

y any degree 

investigated 

^ve ns therefore nine distinct harmonics of the 4th order formed aigebrai- 
symmetrically among a?, z. By putting in them for 

wherever it occurs, its equivalent - , consideiing 

1 ... , 

that it is - which is differentiated, and for j- 3 , its equivalent 
7 * ciz 


But for every value of i the general harmonic may be exhibited 
as a function, with + 1 constants, involving two out of the 
three variables symmetrically. This may be done in a variety 
of ways, of which we choose the two following, as being the 
most useful : — First, 


+A dy'^-^\dx) \dy) \dy) I r \ 

^\dx) dy'^ ^\dx) 


(25). 


General ex- 
pression for 
complete 
harmonic of 
order 


+B,_ 


1 



1 j 

dzT^ 


Secondly, let x^yv — ^^ x — yv^rj 

where, as formerly, tj is taken to denote V— 1 . 

This gives aj = J(| + 07), 2/- ^(^-’ 7 )? 

1 1 


(26), 


(27); 


^ [®’ y\ - (cZf dy " {di d^^^’ j_ 

v|) [^,.1, |[i, .] = !)[-, .]> . 


...(28), 


Imaginary 
linear trans- 
formation. 


where [x, 2 /] and [f, vj] denote the same quantity, expressed in 
terms of a?, 2 /, and of f, rj respectivdy. From these we have, 
further, 
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formation. 


& ^ I? ^ i) ^ d^) 

ov 9<ccor(lu3-§ ^0 our uiblDrovis^ijod uotutioUj 

, , , cl^ 

^ d^dt] dz^ 


[B (i). 


...(29). 


HencOj as v*^=0) ^ denote - or any other solid harmonic, 


— „ F=-4 — - F. 
dz^ didrj 


.(29'). 


Using (28) in (25) and taking <S.„, to denote 

another set of coefficients readily expressible in terms of 

A, 


F. 


^ ( /d\' ^ f dy~^ d ^ .ar/'i.V'li "I 

= dri"^ \dU \dn) "' ‘\di]))r 

( /dy-^^/d\'-^d ■y.fd^^-ydy _ 

^^\dU dr,'^^\di) W ‘"'W ]dzr 


■...(30). 


The differentiations here are performed with great ease, by the 
aid of Leibnitz’s theorem. Thus we have 


.... (31) 


Expansion 
of element- 
ary term. 

^m+rt 1 

(_)’»+"!. |.|...(m + w-i) 

di dr] r 

r mtn . m{m-\).n{n~l) ,„- 2 p- 8 ^ 4 _ 1 

^ ^ 1.2.(m+n-4)(OT+7i-|)^ J 

and 

^m+rt+l i ^ 

i!(«+»)+ 3 “ ± _ i.3.|....(m+w+i). 2 « 

’ di'^dtfdzr ^ ' 3 ^ i \ a; 

^ l.{m+n+l)^ * 1 . 2 .(m+?i+^)(m+ra-|) J 

Polar trans- Tliis expression leads at once to a real development, in terms of 
polar co-ordinates, thus : — Let 

z^TCO^d, jc = r sin 0 cos ?/ = r sin 0 sm<^) (32) ; 

so that I = r sin 9^'’^, 17 = r sin ec’’''*' (33). 

Then, since ^ = !i(f + y^ = r^ sin' 8, 
and 

= (|77)”‘(rsni6)*(cos<5f)+usin^)^ = (rsin^)”‘’^''(coss<^+rsin5^), 
where $ = n- 7 }i; and if, further, we take 

(a„-^jv=A.', I 

a3,+3s„=B., (35,-a3jv=B;, J 


formation. 


( 34 ) 



KINEMATICS, 


187 


B (i).] 

vre Lave 

_ 1 
, ■ - + 


cZ 


m+n 


1 


d^'^drf' r d^'^drp r 
= . I • I • • • ('^^ + ^^ - 1) cos sci> + A,' sin s<3f>) 

m(m- l).7i(7;,-l) 




1. (7^^+?^— ^) ‘ 


33 


1 




'ni+ 11+ 1 


1 


\ .^ .{Qn-^n—^){ni+n—^) 


” d^'^dyf'dz T dCdrfdz r 

^^_^m+n+i^ 3 5 ,^,(^+j^4.i^^-{'«+«+2)^g^^os5(^+B/sin5<^)2cos^ 

'nin . ^ m{m—l).oi(n—l) 


sm”’ 


l.(77i + ?^+^) 


sin 




1. 2. + + — 

- etc.! . 


(35) 


Setting aside now constant factors, which have been retained 
hitherto to show the relations of the expressions we have investi- 
gated, to differential coefficients of - ; taking 2 to denote sum- 
mation with respect to the arbitrary constants, A> A'? B? B'j 
and putting sin ^ = v, cos 0 = ja; we have the following perfectly 
general expression for a complete surface harmonic of order i : — 

m+nr=i m+n-¥i=i 

S,= 5 (A,coss<^+A.'sms^)®(„,„,+ 2 (B.coss^+B;siiis^)/i^i^_,_,...(36) 
where s = and 




ran 




to(w-1).?i(w-1) _ 

2 . (m+ 71 — |) (wi+M— I) 


while differs from only in having m->rn+l in place 

of m + n, in the denominators. 


The formula most commonly given for a spherical harmonic 
of order i (Laplace, Mecaiiiqiie Celeste, livre iii. chap, ii., or 
Murphy's Electricity, Preliminary Prop, xi.) is somewhat simpler, 
being as follows : — 


>S'. = 2'(A.coss^ + B.sins(^)©“ (37). 

i=0 


=v‘ 


•- 


(i-s)(i-s-l) 


2 (l— 5)(^-5-l)(^--5-2)(^-$-3) 

2.4.(2i-l)(2i-3) 


( 38 ), 


Trigono- 

metrical 

expansions. 



Trigono- 

metrical 

expansions 
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is) 

where it may be remarked that @ means the same as 

if m + n-=i and m~n = s, or as (- 1 ) “ if 

m-vn-¥l=i and Formula (38) may be deiived 

algebraically from (36) by putting ^(1 - /a®) for v in 
and in : or it may be obtained dhectly by the method 

of differentiation followed above, varied suitably. But it may 
also be obtained by assuming (with and as arbitrary 
constants) 

F, = Sy = % -f + etc. ), 


which is obviously a proper form ; and determining p, q, etc., by 
the differential equation ’y^Fj = 0 , with (29). 

Another form may be obtained with even greater ease, thus : 
Assuming 

Fj = + b,rf) + etc.), 


and determining p,, p^, etc., by the differential equation, we 
have 


F. = S(a.|‘+/3.^0 

{i-s){i-s-V)(i-s-2){i-s-Z) , ,.22 .1 

* 4-.(.,.l)W2).i.8 -W-«o.JJ 

which might also have been found easily by the differentiation of 
i. Hence, eliminating imaginary symbols, and retaining the 
notation of (37) and (38), we have 


@“ = C sin* d 


(^ -s){i-s - 1 ) 

4.(s+iy.r ^ 


where 


(^-g)('i-a--l)(z— g-2)(z-g-3) £-4-4 4 
4:\{s+l)(s + 2)A,2 ^ 

(2s + l)(2s + 2)...(i + s) 
(2s + l)(2s+3)...(2z-l)* 


■ etc. 


(40) 


This value of G is found by comparing with (35). Thus we see 
that G must be equal to the numerical coefficient of the last 
term of (35), irrespectively of sign. Or 0 is found by comparing 
(40) with (38) : it is equal to the coefficient of the last term of 
(38) divided by the coefficient of the last term within the 
brackets of (40). Or it is found directly (that is to say, 
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independently of other equivalent formulas) thus : — 'We have, Trigono- 

, /OQ'\ metrical 

expansions. 

:=(-) if is even. 


dz^~^drf T 


= (-)■ 


K1 *±f /»• ' 

d^ 


dzd^ dq “ 


-r-i-, if i — s is odd. 

-s— 1/}. ^ 


(41) 


Expanding the first member in terms of f, rj, by successive 
differentiation, -with reference fii*st to rj, s times, and then z, i-s 
times, we find 


(-)* I . I . . . (5 ~ i) (25 + 1 ) (25 + 2) (25 + 3) . . . (i + s)z^-^i \ . . . (42), 
for a term in its numerator : comparing this with (39) and (40), 
and the second number of (41) with (35), we find G, 


(k) It is very important to remark, first, that 

fJlT,U:d<r^0 


Important 
properties of 


(43), elementary 


' terms and 


where and Ul denote any two of the elements of which F is functions, 
composed in one of the preceding expressions; and secondly, that 


[ ^ (■^^)> 

the case of i-i' being of course excluded. For, taking r = tt, 
the radius of the spherical surface; and d(T-a“dm, as above; 
we have dw — sin 6d6d(ft, etc., the limits of 6 and ip, in the inte- 
gration for the whole spherical surface, being 0 to tt, and 0 to 27r, 

rZir 

■respectively. Thus, since I cosspcoss^pdp-O, we see the 

0 

truth of the fii’st remark; and from (16) and (36) we infer the 
second, which the reader may verify algebraically, as an exercise. 

(1) Each one of the preceding series may be taken by either Expansions 
end, and used with i or 5, either or both of them negative haramnlL 
or fractional or imaginary. Whether finite or infinite in its aM^w^ges. 
number of terms, any series thus obtained expresses when 
multiplied by r* a haimionic of degree i ; since it is of degree i, 
and satisfies }\ = 0. In any case in which one of the pre- 

ceding series is not finite, the formula taken by one end gives 
a converging series; taken by the other end a diverging series. 

Tlius (40) taken in the order shown above, converges when 0 is 
between 0 and 45°, or between 135° and 180°: and taken with 
the last term of that order first it converges when 6 > 45° and 
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[B (Z). 


<135'’. Thus, again, and of (36), being each of 

a finite number of terms when either m or is a positive 
integer, become when neither is so, infinite series, which diverge 
when V < 1 and converge when v> 1. These two series, whether 
both infinite or one finite and the other infinite, when convergent 
are so related that 

i) = \/ — 1 n) )> 

as is easily verified for a few terms by multiplying n-l) 

/ 1\^ . . 1 

by the expansion of (1 — ^ 1 in ascending powers of -g. But 

expansions in ascending powers of 4 of comparatively little 

interest, as they are divergent for real values of 0, and therefore 
not available for the proposed physical applications. To find 
expansions which converge when v < 1 take the last terms 
of (36) first. Thus, if we put 

' 1.3....(«-l}w,(m+re— * !’ 

supposing w to be > and n to be a positive integer, we find 


(m-?i + l).l ^ (m-7^+l)(m-?i+2).l. 2^ ^ 


...(36"'). 


Writing down the corresponding expression for n-i) 

from (36), and using (36'), we find 


' (n-i)(m+l) (^ |-)_(^|).j77^) 2) 

(m-^^ + l).l (m— ?^+l)(m— 7 z+2).1.2 ^ 


...(36^''). 


This expansion of is deiivable algebraically from (36'") by 
multiplying the second member of (36'") by 

Ai(l+|v= + |^v‘+etc.) 


(which is equal to unity). Both expansions converge when 
V® < 1, or, for all real values of 0; just failing when 0 = ^ 7 r, 
In choosing between the two expansions (36'") and (36'^), prefer 
(36'"^) when n differs by less than ^ from zero or some positive 
integer, otherwise choose (36"'); but it is chiefly important to 
have them both, because (36^^^) is finite, but (36'") infinite, when 
27-1 

(36'") is finite, but (Sfi'"") infinite, when n=j- 1; 


j being any positive integer. 
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Put now 




Complete 

expressions 


m = + s), n = i(i-s)A (36^) 

jr (5) I of any tes- 

i serai type; 


and denote by Ku J . 

'' ^ 

what the second members of (36'") and (36^'") become with these 
values for m and n. Again, put 

m + n~i, n — m = s, ^ 

or m = s), n = ^{i + s), [ (36^) 

and denote by j 

what the second members of (36"') and (36^^) become with these 
values for m and oi. We thus have two equal convergent series 
for and two equal convergent series for , and are 

functions of v (or of 0) such that 

(A cos s6 + JB sin s<f>) ) . « - . - 

* ^ ^ I (36"^) ^ 

and (A cos scj^ + B sin scj>) ) 

are surface harmonics of order L 

The first terms of and are v* and v”*, or jav' and fiv"*, 

% % 

according as they ai’e taken from (36'") or (36^""), and in general 
and are distinct from one another. 

i % 

Two distinct solutions are clearly needed for the physical 

problems. But in the particular case of s an integer, and 

are not distinct. Por in this case each term of after the fiorst 

s terms has the infinite factor — ^ ; thus if denote the coefil- 

s — s ^ 

is) 

cient of the (y+1)^^ term of , the first s terms of ^ vanish 

when s is an integer, and those that follow constitute the same 
series as that expressing whether we take (36'") or (36*^). 
For the case of s an integer the wanting solution is to be found 
by putting 


^36^1 in ascending 
/ powers of y. 




thus found is such that 


when <r = 0 : 


(A cos sin. scj)) 
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Complete 
expressions 
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seral type; 


is a surface harmonic of order i distinct from 


The first 


inascending 
powers of /*. 




term of according to (36'"), is v® log v, or jav'log v according 
to (36'^), and subsequent terms are of the form (a +h log v) v% or 
(a-hb log v) j being an integer. The circumstances belong 
to a well-known class of cases in the solution of linear dif- 
ferential equations of the second order (see § (/') below). 

Again, lastly, remark that (38), unless it is finite (which it is 
if and only if t — s is a positive integer), diverges when /a < 1 
and converges when /a > 1, if taken in the order in which it is 
given above. To obtain series which converge when /a < 1 
(that is to say, for real values of 0), reverse the order of (38) 
for the case of i — 5 a positive integer. Thus, according as i — s 
is even or odd, we find 

1 


(^~s).(^-l-54-l) 2 (i—s){i-~s~2) (^+s+l)(^+5+3) 


1.2 


'/A^ + - 


1.2. 3.4 


/A -etc. 


where, ^ - s being even, 




and 


(i—s){i-s-l) (i— s-2)(^-5-3)...4.3.2. 1 
2.4...(^-s-2)(t-5).(2^-l)(2z-3)...(t+5+3)(^+5+l) 


...(380, 


(t-s-l)(t+s+2) (w-l)(t-s-3).(z+s+2)(i+s+4) 5 

(.^ 273 ^ 2.3. 4.5 

where, i — s being odd, 

jny_ / u(i-«-i) (i-s)(i—s—l) ({— g— 2)(^— g— 3)...5.4. 3. 2 

^ ^ 2.4...(^-5-3)(^-s-l).(2i-l)(2'i-3)...(^+-s+4)(i+s+2) 


\ (38"). 


Then, whatever be ^ - 5, or i, or s, integral or fractional, positive 
or negative, real or imaginary, the formulas within the brackets 
{ } are convergent series when they are not finite integral func- 
tions of /A. Hence we see that if we put 


^ (^-s).('i+S-^-l) 3 (i-5)(^-S-2).(^4•S+l)(^-i-54•3) 4 

’ " 07374 ^ 


1.2 


-etc. 


and 
9, =/^“ 


+ (^-5-l)(^-5-3).(^^-5+2)(^-^-S-!-4) 5 

~ _ — _ — J_ ^ _ 


2.3 

or 

and 


2. 3. 4. 5 


-jtA - etc. 


Pi = -^0 + 

g‘'‘ = A^ix + + &c., 


A-i, A-., 


(38"0 


(38*0, 
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ffl.] 

tlie fimctions thus expressed, whether they be algebraic 

or transcendental, are such that harmonics^ 

(A cos + -5 sin s<^) v% 
and q^^^ (A cos s<j> + B sin s<j>) v% 

are the two sni'face harmonics of order z, and of the form 
f ip) s<^. For example, if ^ — s be an even integer, is the 

finite function with which we are familiar as giving a rational 
integral solution of the form (SS""), and gives the solution of 
the same form which is not integral or rational. And if ^ - 5 
is odd, q^ gives the familiar rational integral solution, and 
the other solution of the same form but not integral or rational. 

The corresponding solid harmonics of degrees i and — ^ — 1 ai'e 
obtained by multiplying (38^ by and Beducing the ^^armonics. 

latter from polar to rectangular co-ordinates, we find them of the 
form 


.(38^) 


of any tes- 
seral type 
in ascending 
powers of /X. 




■ (f + 1) 


1.2 


*+etc. E^{x,y) 


and 


(38-), 


^ 2/) J 

where denotes a homogeneous function of degree 5 . j[!^ow (15) 

— of any solid harmonic of degree — z is a solid harmonic of 
dz 


degree — t — 1. 

Hence 



cos ^ dz^ 

Successive 
derivation 
from lower 
orders. 

and 

cos ^ dz^ 



are surface harmonics of order i, and they are clearly of the first 
and second forms of (38^). Hence, putting into the forms 
shown in (38-) and performing the indicated differentiation for 
the first term of the q function and the first and second terms of 
the p function, so as to find the numerical coefiicients of r * * ^ 
and in the immediate results of the differentiation, and 

then putting pjr for we find 
VOL. I. 


13 



Successive 
derivation 
from lower 
ordeis. 
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^ Pi XJ 


and 
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..(38™). 


To reduce back to polar co-ordinates put for a moment 
x^ + y^ a^. Then we have 


r = 




ajjL 


afjL 


and 


dz - - 


ad\x adfjL 


Hence, instead of (38^), we have 


p =v 


and 


^ =-^^2— iV 








.... (3S™‘). 


[Compare § 782 (5) below.] 

Supposing now 5 and i to be real quantities, and going back 
to (38^^), to investigate the convergency of the series for and 
we see that, when n is infinitely great, 

I 2(s-l) 

A 

ISTowif (1 = 

we have, by the binomial theorem, 

B,= \, aiid = 1 + 

Hence, when ja = =i= (1 — e), where e is an infinitely small positive 
quantity, 


and 

according as 


nd 1/^=0 or = 00 , 

i 

q^‘\^ = G or =00, 


K>S or K<S, 


.(38^). 


Hence if i> the quantities within the brackets under 


d . 


dp 


in (38^) vanish when /jl = ± 1 j and as they vary con- 
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tinuously, and mthin finite limits, wlien u is continuously Acquisition 

of roots with 

increased from —1 to +1, it follows that p vanislies one time 
more than does , and one time more than does . 1^^‘ow 
looking to (3S'")j and supposing (as we clearly may without loss 
of generality) that s is positive, we see that every term of 
is positive if i<s + l. Hence if ^ is any quantity between Th^r^tless 
s and 5+lj vanishes when j«, = =J=l, and is finite and o?der? 

positive for every intermediate value of /r. 


Hence and from the second formula of (38^^), vanishes 

just once as ju, is increased continuously from — 1 to + 1 : thence 

and from the first of (38^% vanishes twice : hence and from 

the second again, q ^^vanishes thrice, and so on. Again, as the 

coefficient of every term of the series (38'") for q^^ is positive 

when i < 5 4- 1, this is the case for q^^ , and therefore this func- irder has 

one root,— 

tion vanishes only for ^ = 0, as ft is increased fi'om -1 to +1. zero. 
Hence vanishes twice; and, then, continuing alternate ap- 
plications of the second and first of (38'"), we see that 

vanishes thrice, p^^^^ four times, and so on. Thus, putting all 
together, we see that iias J or / + 1 roots, and p^^_^ has 
y 4- 1 or j roots, according as j is odd or even ; j being any 
integer and % as defined above, any quantity between s and 

5 4-1. In other words, the number of roots of p^^ is the even census of 

^ . roots of tes- 

number next above i — s: and the number of roots of < 7 ^ is the serai har- 
^ monies of 

odd number next above i — s. Farther, from (SS''^) we see that 
the roots of p^‘'‘ lie in order between those of and the roots 
of q^^^^ between those of [Compare § (p) below.] These 

properties of the p and q functions are of paramount importance, 
not only in the theory of the development of arbitrary functions 
by aid of them, but in the physical applications of the 
fractional harmonic analysis. In each case of physical ap- 
plication they belong to the foundation of the theory of the 
simple and nodal modes of the action investigated. They 
afford the principles for the determination of values of i — s. 


which shall make or vanish for each of two stated 

ad ‘ 


13—2 
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[B(Z). 


values of &. This is an analytical problem of high interest in con- 
nexion with these extensions of spherical harmonic analysis : it is 
essentially involved in the physical application referred to above 
where the spaces concerned are bounded partly by coaxal cones. 
When the boundary is completed by the intercepted portions of 
two concentric spherical surfaces, functions of the class desciibed 
in (o) below also enter into the solution. When prepared to 
take advantage of physical applications we shall return to the 
subject; but it is necessary at present to restrict ourselves to 
these few observations. 


(m) If, in physical problems such as those already referred 
to, the space considered is bounded by two planes meeting, at 

any angle — , in a diameter, and the portion of spherical surface 

in the angle between them (the case of s < 1, that is to say, the 
case of angle exceeding two right angles, not being excluded) the 
harmonics required are all of fractional degi'ees, but each a finite 
algebraic function of the co-ordinates rj, z i£ s k any incom- 
mensurable number. Thus, for instance, if the problem be to 
find the internal temperature at any point of a solid of the shape 
in question, when each point of the curved portion of its surface 
is maintained permanently at any arbitrarily given temperature, 
and its plane sides at one constant temperature, the forms and 
the degrees of the harmonics referred to are as follows : 



These harmonics are expressed, by various formula (36)... (40), 
etc., in terms of real co-ordinates, in what precedes. 


(7i) It is worthy of remark that these, and every other spherical 
harmonic, of whatever degree, integi'al, real but fractional, or 
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imaginaiT, are derivable by a general form of process, ’??Mcb in- Harmonic 

^ factions of 

eludes differentiation as a particular case. Tlius if { ~ } denotes 

\dy}J ^om that of 

an operation wliicli, when s is an integer, constitutes taking tke 
differential coefficient, ^e liave clearly 


by general- 
ized differ- 
entiation. 








wkere denotes a function of 5, wliick, wken 5 is a real integer, 
becomes ■“^)* 

The investigation of this generalized differentiation presents 
difficulties which are confined to the evaluation of P,, and which 
have formed the subject of highly interesting mathematical in- 
vestigations by Liouville, Gregory, Kelland, and others. 

K we set aside the factor P, , and satisfy ourselves with deter- Expansions 
minations of forms of spherical harmonics, we have only to apply harmonics 
Leibnitz’s and other obvious formulae for differentiation with any by^common 
fractional or imaginary number as index, to see that the equiva- ^th gener- 
lent expressions above given for a complete spherical harmonic 

of any degree, are derivable from ^ by the process of generalized 

differentiation now indicated, so as to include every possible 
partial harmonic, of whatever degree, whether integral, or 
fractional and real, or imaginary. Bub, as stated above, those 
expressions may be used, in the manner explained, for partial 
harmonics, whether finite algebraic functions of 77, z, or tran- 
scendents expressed by converging infinite series; quite irrespec- 
tively of the manner of derivation now remarked. 


(0) To illustrate the use of spherical harmonics of imaginary Imaginaiy 

^ w V deforces iis6* 

degrees, the problem regarding the conduction of heat specified fui yhen 
above may be varied thus : — Let the solid be bounded by two functions 
concentric spherical surfaces, of radii a and a\ and by two expressed, 
cones or planes, and let every point of each of these flat or 
conical sides be maintained with any arbitrarily given distribution 
of temperature, and the whole spherical portion of the boundary 
at one constant temperature. Harmonics will enter into the 
solution, of degree 
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, a 
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[B(o). 

where j denotes any integer. [Compare § (d') below.] Converg- 
ing series for tliese and tbe others required for the solution 
are included in our general formulas (36)... (40), etc. 

(p) Tbe method of finding complete spherical harmonics by the 

differentiation of investigated above, has this great advantage, 

T 

that it shows immediately very important properties which they 
possess with reference to the values of the variables for which 

they vanish. Thus, inasmuch as ^ and all its differential coeM- 

cients vanish for x = ^co , and for y-^co^ and for ^ = =i= co , 
it follows that 

dx^dyhH r 

vanishes j times when x is increased from — oo to -!- co 

>j ^ V J? 

and I z ,, „ „ ,, 

[Compare with the investigation of the roots of and in 
§ (1) above.] 

The reader who is not familiar with Courier’s theory of equations 
will have no difficulty in verifying for himself the present appli- 
cation of the principles developed in that admirable work. Its 
interpretation for fractional or imaginary values of j, h, I is 
wonderfully interesting, and of obvious value for the physical 
appKcations of partial harmonics. 

Thus it appears that spherical harmonics of large real degrees, 
integral or fractional, or of imaginary degrees with large real 
parts (a + /? J— 1, with a large), belong to the general class, to 
which Sir William H. Hamilton has applied the designation 
fluctuating Functions.” This property is essentially involved 
in their capacity for expressing arbitrary functions, to the 
demonstration of which for the case of complete harmonics we 
now proceed, in conclusion. 

(r) Let C be the centre and a the radius of a spherical 
surface, which we shall denote by S. Let P be any external or 
internal point, and let f denote its distance from G, Let dcr 
denote an element of S, at a point B, and let BP = D, Then, / / 
denoting an integration extended over S, it is easily proved that 
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4:7ra 


and 


f{d(T _ a 
f f dcr ^zTra 


'^lien P is external to S 


when P is *witMn S 


.(45). 


This is merely a particular case of a very general theorem of 
G-reen’Sj included in that of A (a), above, as will be shown when 
we shall be particularly occupied, later, with the general theory 
of Attraction : a geometrical proof of a special theorem, of which 
it is a case, (§ 474, fig. 2, with P infinitely distant,) will occur 
in connexion with elementary investigations regarding the dis- 
tribution of electricity on spherical conductors: and, in the 
meantime, the following direct evaluation of the integral itself 
is given, in order that no part of the important investigation 
with which we are now engaged may be even temporarily 
incomplete. 

Choosing polar co-ordinates, 6 = ECP^ and the angle be- 
tween the plane of EGP and a fiLxed plane through CP, we have 

dc = ( 2 ^ sin ^ dO d<j>. 

Hence, by integration from ^ = 0 to <^ = 27r, 


But 


and therefore 


= 2afoo^ 6-^f' I 

. BdD 
sm Odd = - 


of ’ 

the limiting values of i? in the integral being 
f— a, a, when 

and when f< a. 

Hence we have 


ffd<r_ 

27ra f 

j 

1 OT— 

rj l\ 


~r\ 

f-a f+aj 


\a-/ a+fj 


in the two cases respectively, which proves (45). 

(s) Let now PiJE) denote any arbitrary function of the position 
of E on and let 

u = 

When /is infinitely nearly equal to a, every element of this in- 
tegral will vanish except those for which D is infinitely small. 


Preliminary 
proposition. 


Solution of 
Green’s 
problem 
for case of 
spherical 
surface, ex- 
pressed by 
defimte 
integral. 
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Green’s 
problem 
for case of 
spherical 
surface, ex- 
pressed by 
definite 
integral. 


Its expan- 
sion in 
harmonic 
senes. 




Hence the integral ‘will have the same value as it would have if 
F{E) had everywhere the same value as it has at the part of S 
nearest to F ; and, therefore, denoting this value of the arbitrary 
function by F{P)y we have 

when/ differs infinitely little from a; or, by (45), 

u=iiraF(P) (460. 


How, if e denote any positive quantity less than unity, we 
have, by expansion in a convergent series, 


1 

(1 - 2e cos 6 + 


— 1 4- Q^6 4 - 4* etc. 


m 


Q^, etc., denoting functions of 6, for which expressions will be 
investigated below. Each of them is equal to 4- 1, when ^ = 0, 
and they are alternately equal to - 1 and 4- 1, when ^ = tt. It 
is easily proved that each is > - 1 and <4- 1, for all values of 
6 between 0 and tt. Hence the series, which becomes the 
geometrical series + 6^^ etc., in the extreme cases, con- 
verges more rapidly than the geometrical series, except in those 
extreme cases of d = 0 and 0 = tt. 


Hence 


1 4- ^ 4- 4- etc.^ a 


- = -( 

and ~ - ("l 4- 4- 4- etc.') when/- 

F a\ a / 


d 


How we have 


F cos ^ — / 


F^ 


F^ 


d 


F 1 




and therefore 
Hence by (48), 

= )when/>« 

and F-(l +^+ ^ + ) wlien/<« 


.(48). 


( 49 ). 





B (.).] 


KINEMATICS. 


201 


Hence, for u (46), we have the following expansions: — 

^^ffFiS)da+^JJQ^FiE)d<,+^JjQ^F{E)d<,+ ...'^, y^heu f>a, 
and 

c^'^^fJF{E)d<T+^JJQ,F{E)d^+^SfQ^F{E)da+... J, ^^lieii/< a 


Green’s pro 
biem for 
case of 
sphencal 
surface, 
solved ex- 
plicitly in 
narmonio 
senes. 


.(51). 


These series being clearly convergent, except in the case of /= a, 
and, in this limiting case, the unexpanded value of u having been 
proved (46') to be finite and equal to 4:iraF(F), it follows that the 
sum of each series approaches more and more nearly to this value 
when y approaches to equality with a. Hence, in the limit, 

F(P) = ^,^JIF(E)da- + 3JJQ^F{E)do- + 5jfQ^(E}da- + etc., |. . . (52), gSf 

expansion of 

which is the celebrated development of an arbitrary function in 
a series of Laplace’s coefficients,” or, as we now call them, 

Sjpherical harmonics. 

(t) The preceding investigation shows that when there is one 
determinate value of the arbitrary function F for every point of 
S, the series (52) converges to the value of this function at P. 

The same reason shows that when there is an abrupt transition Convergence 
in the value of P, across any line on S, the series cannot con- Seve?lost 
verge when P is exactly on, but must still converge, however 
near it may be to, this line. [Compare with last two paragraphs the 

of § 77 above.] The degree of non-convergence is so slight that, 
as we see from (51), the introduction of factors e, e®, e®, &c. to 
the successive terms e being < 1 by a very small difference, pro- 
duces decided convergence for every position of P, and the value 
of the series differs very little from F (P), passing very rapidly 
through the finite difference when P is moved across the line of 
abrupt change in the value of F{F). 


{u) In the development (47) of 

1 

(1 - 2e cos 6 -h e°)^ ’ 


the coefficients of e, ... are clearly rational integral functions 
of cos^, of degrees 1, respectively. They are given ex- 

plicitly below in (60) and (61), with 0' = 0. But, if a?, y, z and 



202 


PEELIMINAET. 




Expansion 

of^in 

symnLetncal 
harmonic 
functions 
of the co- 
ordinates 
of the two 
points. 


Eiaxal har- 
monic. 


x\ y\ z' denote rectangular co-ordinates of F and of E re- 
spectively, we have 


cos 


. xx' -h yy^ 4- zz' 


where r = -f 3 /® + and r' = {x'^ + y'^ + z'^)^. Hence, de- 
noting, as above, by the coefficient of i in the development, 
we have 


/I «), (*'. 2/') ®')] 


(53), 


2 /> ®)j y'y ^ 0 ] denoting a symmetrical function of {x, y , «) 
and {x'j y\ z), which is homogeneous with reference to either set 
alone. An explicit expression for this function is of course found 
from the expression for in terms of cos 0, 

Viewed as a function of (a;, 3 /, z), is symmetrical 

roimd OE ; and as a function of (x', y\ z') it is symmetrical 
round OP. We shall therefore call it the biaxal harmonic of 
{x, y, z) {x', y\ z') of degree i ; and the biaxal surface har- 
monic of order i. 


Expansion 
of I by 
Taylor^s 
theorem. 


(v) But it is important to remark, that the coefficient of any 
term, such as x'^y'^z^, in it may he obtained alone, by means of 
Taylor’s theorem, applied to a function of three variables, thus : — 

1 r r 


(1 ~2ccos^-!-e^)i (r--2rr'cos^-!-/-)‘^ \{x-x'Y+{y--yy^{z-zy’^ 

Now if F{Xj y, z) denote any function of x, y, and z^ we have 

F{x +fy+g,e + h) -5 ^ dx^dy^dd ’ 

where it must be remarked that the interpretation of 1 . 2 .../, 
when/ = 0, is unity, and so for h and I also. Hence, by taking 
1 


F{x,y,z) = 


(x^ y^ + z^)^ 

1 


we have 


[{x-xy+{y-yy + {z-z')^^ 




*1.2 ,../. 1 . 2 ... A . 1 . 2 ... ? dxPdy ^ d ^ 4- 3/^ + ’ 

a development which, hy comparing it with (48), above, we see 
to be convergent whenever 

a:'® 4- 3 ^'® 4- 7i^<X^ 4- 3/^4* 2 ;®. 
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B(y).] 


Hence 

0+^.+Z=^} ( 




. .^. 1.2 . . .Z d^dy^d-i 


Expression 
for biaxal 
harmonic 
(54) deduced 


tiie summation including all terms wHcIl fulfil tlie indicated con- 
dition (jZ + ^ + Z = i). It is easy to verify tliat tlie second member 
is not only integral and fiomogeneous of tlie degree in y, z, 
as it is expressly in x\ y\ z \ but that it is symmetrical with 
reference to these two sets of variables. Arriving thus at the 
conclusion expressed above by (53), we have now, for the function 
there indicated, an explicit expression in terms of differential co- 
efficients, which, further, may be immediately expanded into an 
algebraic form with ease. 


iy') In the particular case of aj'=0 and y'=0, (54) becomes 
reduced to a single term, a function of cc, y^ z symmetrical about 
the axis OZ ; and, dividing each member by t'\ or its equal, z^^^ 
we have 


^ d^ 1 


(55). Axial har- 
> monic of 
order L 


By actual differentiation it is easy to find the law of successive Axial har- 

1 • 1 -L monicvnth 

derivation of the numerators ; and thus we find, with about equal its co-ordi- 
.1 -I . ///^\ /vi\ 1 ^ nates trans’ 

ease, either of the expansions (31), (10), or (41), above, lor the formed 
case 071 = 01 , or the trigonometrical formulae, which are of course biaxaL 
ohtaiued by putting z — o' cos 0 and of — or sin” 


(w) If now we put m these, cos 6 = , mtroducmg 

again, as in (u) above, the notation (x, y, z), {x\ y\ z), we arrive 
at expansions of in the terms indicated in (53). 


(x) Some of the most useful expansions of are very readily Ex^^nsio^ 
obtained by introducing, as before, the imaginary co-ordinates Mmonic, 
(f, y) instead of (x, y), according to equations (26) of {j), and 
similarly, (^', y’) instead of {x, y'). Thus we have 


Hence, as above, 

1 

[(f-r)(i7-i?o+(^-"r]^ 

d^dr,'-d;f (^+^' 



204 


PEELIMIifAIlT. 




3Sxpansions Hence 
ofthebiaxal 

harmonic, ^ J+i+i=i) (- 1 

o£ order i. (rrJQ, = 2 3 2 i^ 2 ...j.l.^...k.l. 2 ...l WWd ^ 

Of coui-se -we have in this case 


...( 66 ). 


and 


cos 


zz' 


And, just as above, we see tbat tliis expression, obviously a homo- 
geneous function of tj', ;s', of degree and also of z, 
involves these two systems of variables symmetrically. 

How, as we have seen above, all the differential coefficients 

of - are reducible to the 2z+ 1 independent forms 


/fZy d 1 

fdy-^^ fdvi 

fdvi 

\dz) dt) r ’ 

\dz) \dr]) r ’ *' 

• [drjJ r’ 

/'IV'Al 


/dvl 

V&y r ’ 

\dz) \di) r ’ ' ’ 

• \diJr- 


Hence viewed as a function of 2;, 77, is expressed by 

these 2i)+l terms, each with a coefficient involving z', rj'. 
And because of the symmetry we see that this coefficient must 
be the same function of z, 77', f', into some factor involving 
none of these variables (z, 77), (z\ 77', i'). Also, by the 

symmetry with reference to 77' and 77, we see that the 
numerical factor must be the same for the terms similarly involv- 
ing rj on the one hand, and 77, on the other. Hence, 


JBiaxal har- 
momc ex- 
pressed in 
symmetrical 
senes of 
differential 
coefficients. 


Qi= {'rrj' 


6=i 

+ %E' 

S =1 


Iw {±\l (±Sl 

1_ » \dz') r' \dz) r 

(s) C 




d^ 1 

\dz''^‘d^'° v' dz'’~‘drf r 


1 

- + 


d^ 


d^ in 


dz”'-‘dyf’r' dz'-‘d^ 


-}■ 

T) 


where 


..(57). 


j; 

~ 1.2... 5.1.2. ..(^-5).^.|...(s-^).(25^-l)(25 + 2)...(^+5) J 

The value of is obtained thus : — Comparing the coefficient 
of the term {zz'f^^^y in the numerator of the expression 
which ( 56 ) becomes when the differential coefficient is expanded, 
with the coefficient of the same term in ( 57 ), we have 


{-JM 

1.2...(i~5).1.2...5 


= 

\ 


( 58 ), 
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■wliere If denotes tlie coefficient of in 7 ^'^ 


d 1 Biaxal har- 

^ t 1 - ? or, monic ex- 

dz^~ ^dif r pressed in 

^ symmetrical 

wMch is the same, the coefficient of in — 7^7 - « differential 

i .. coefficients. 


( 5 ) 

From this, with the value (42) for if, we find fJ as above. 

(y) We are now ready to reduce the expansion of to a real 
trigonometrical form. Fiz'st, we have, by (33), 

(iv'Y + {^'vY = sin 6 sin S'Y cob s {({>- cj^') (59). 

Let now 

{i - s)({ - s -1) 


3-. =8^"*^ 


r^(9- 


- cos®“*“- 0 sin” 0 


4(5 + 1).! 

+ -2' " ~ ^ 

(that is to say, , in accordance with the prexious no- 

tation,) and let the corresponding notation with accents apply 
to O'. Then, by the aid of (57), (58), and (59), we have 

(25+l)(25+2)...(2s+i-5) Trigono- 

0=22- ^- 7 , - ■ / -.. L ^C0S$U-(^')^7 .y ...(61), metrical 

s=Q 1.2. ..5 1.2...(^-5) Z * \ e^ansion 

^ ' of biaxal 

of which, however, the fii'st term (that for which s = 0) must be 
halved. 

(z) As a supplement to the fundamental proposition // 3,8^ (f cr = 0, 

(16) of (y), and the corresponding propositions, (43) and (44), 
regarding elementary terms of harmonics, we ai’e now prepared to 
evaluate ffS^dTix. 

First, using the general expression (37) investigated above for 
3^, and modifying the arbitrary constants to suit our present 
notation, we have 

s=i /»! 

3^~'^A^ cos (s<j3 + oLg)^ (62), 

«=o * 

Hence 


definite in- 
tegral in- 
vestigated. 


/ f 3^ dra = ttS f (^l^y sin 0 dO , 
0 Jo 


(63). 


To evaluate the definite integral in the second member, we have 
only to apply the general theorem (52) for expansion, in terms of 
surface harmonies, to the particular case in which the arbitrary 
function F(j^) is itself the harmonic, cos5</>^f. Thus, remem- 
bering (16), we have 
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[B(4 


Panda- 
mental defi- 
nite integral 
evaluated. 


Using here for its trigonometrical expansion just investigated, 
and performing the integration for between the stated limits, 
we find that cos s<j> may be divided out, and (omitting the 
accents in the residual definite integral) we conclude, 



2 _ 
2i+l‘ I 


1.2.. s 

(25+1)(25+2).. {2s+i-s) 


(65). 


Spherical 

harmonic 

synthesis of 

arbitrary 

function 

concluded. 


This holds without exception for the case 5 = 0, in which 

2 

the second member becomes — ---. It is convenient here to 

2^+ 1 

recal equation (41), which, when expressed in terms of 
instead of becomes 


f smeSry^d& = 0 ’(66), 

Jo 

where i and i' must be different. The properties expressed by 
these two equations, (65) and (66), may be verified by direct 
integration, from the explicit expression (60) for ; and to 
do so will be a good analytical exercise on the subject. 

(a') Denote for brevity the second member of (65) by (i, s), 
so that 

( sin 0(-Srfy dd = (if s) (67). 

Jo 

Suppose the co-ordinates 9, (j> to be used in (52) ; so that a, 9, <}> 
are the three co-ordinates of F, and we may take dcr^a^ sin OdOdcji. 
Working out by aid of (61), (65), the processes indicated 
symbolically in (52), we find 

I’{e,<p) = 2V,&f'+ 2(^f cos5^ + siiis./,)^^} (68), 

4=0 S=1 

where 


A, = 

A^l^ = ‘ ^ T ^I^^sm9d9j cob s<fiF (9^ <l>)d(j) 

Ff = — f Bin 9 d9 [ sin scfo F (9, ^)d(l> 

\h Jo Jo 


which is the explicit form most convenient for general use, of the 
expansion of an arbitrary function of the co-ordinates 9, in 
spherical surface harmonics. It is most easily proved, [when 
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once the general theorem expressed by (66) and (65) has been in 
any way established,] by assuming the form of expansion (68), 
and then determining the coefiS.cients by multiplying both mem- fonction. 
hers by cos s<jy sin 6d0d<p, and again by sin S(fy sin 0d0d<j>, 
and integrating in each case over the whole spherical surface. 

(h') In what precedes the expansions of surface harmonics, 
whether complete or not, have been obtained solely by the differ- 

^ ^ gations of 

entiation of - with reference to rectilineal rectangular co- properties. 

ordinates x, z. The expansions of the complete harmonics 
have been found simply as expressions for differential coeff- 

1 

cients, or for linear functions of differential coefficients of 

T 

The expansions of harmonics of fractional and imaginary orders 
have been inferred from the expansions of the complete har- 
monics merely by generalizing their algebraic forms. The pro- 
perties of the harmonics have been investigated solely from the 
differential equation 

dW dW d^V ^ 

dx^ 

in terms of the rectilineal rectangular co-ordinates. The original 
investigations of Laplace, on the other hand, were founded 
exclusively on the transformation of this equation into polar 
co-ordinates. In our fii'st edition this transformation was not 
given — ^we now supply the omission, not only on account of the 
historical interest attached to ^‘Laplace’s equation” in terms of 
polar co-ordinates, but also because in this form it leads directly by 
the ordinary methods of treating differential equations, to eveiy 
possible expansion of surface harmonics in polar co-ordinates. 

(c') By App. Z(y)(14) we find for Laplace’s equation (20) 
transformed to polar co-ordinates, 

d/'r^dV\ 1 d f , ^dV\ , 1 cFV ^ 

*(— ) ('')• 


In this put 


We find 


V:=SA or r=Sr-^ 


1 d f . adS\ 1 ^ ^ 
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[B (c'). 


Laplace’s 
equation for 
surface har- 
monic in 
polar co- 
ordinates. 


wiiicli is tiie celebrated formula commonly known in England 
as “Laplace’s Equation” for determining tbe “Laplace’s 
coefficient” of order i; i being an integer, and tbe solutions 
admitted or sought for being restricted to rational integral 
functions of cos 6, sin 0 cos and sin S sin 


(d') Doing away now with all such restrictions, suppose i to 
be any number, integi'al or fractional, real or imaginary, only if 
imaginary let it be such as to make -i ('i ~ 1) real [compare § (o)] 
above. On the supposition that is a rational integral func- 
tion of cos 0, sin 0 cos (j> and sin $ sin <^, it would be the sum of 

terms such as sch, 'Now, allowing s to have any value 

* cos 

integral or fractional, real or imaginary, assume 

(74). 

This will be a form of particular solution adapted for application 
to problems such as those referred to in §§ (1), (m) above; and 
(73) gives, for the determination of 


1 d 
mi 6 d6 



/ ^sin^0 


4-^ (i+ 1) 


0J^)=:O 


(75). 


Definition of 
“ Laplace’s 
functions.” 


(e') When i and 5 are both integers we know from §(A) 
above, and we shall verify presently, by regular treatment 
of it in its present form, that the differential equation (75) has 
for one solution a rational integral function of sin 0 and cos 0. 
It is this solution that gives the “Laplace’s Eunction,” or the 

complete surface harmonic” of the form being a 

differential equation of the second order, (75) must have another 
distinct solution, and from § (h) above it follows that this second 
solution cannot be a rational integral function of sin 0, cos 0. It 
may of course be found by quadratures from the rational integral 
solution according to the regular process for finding the second 
particular solution of a differential equation of the second order 
when one particular solution is known. Thus denoting by 
any solution, as for example the known rational integral solu- 
tion expressed by equation (38), or (36) or (40) above, or 
§ 782 (e) or (/) with (5) below, we have for the complete 



(«')-] 

solution, 
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S) _ @ t 3 ) 


/(TT 


d[ji 


fX.^) [©.'“>7 


(76). 


For a direct investigation of tlie complete solution in finite 
terms for the case ^ — s a positive integer, see below § (71'), 
Example 2 ; and for the case i an integer, and s either not an 
integer or not ci, see § (o') (111). 


Definition 
of “ La- 
place’s 
functions.” 


The rational integral solution alone can enter, and it alone 
suffices, when the problem deals with the complete spherical 
surface. When there are boundaries, whether by two planes 
meeting in a diameter at an angle equal to a submultiple of 
four right angles, or by coaxal cones corresponding to certain 
particular values of 0, or by planes and cones, both the rational 
integral solution and the other are required. But when there 
are coaxal cones for boundaries, the values of i required by the 
boundary conditions [§ (^)] are not generally integral, and it is 
only when i — s is integral that either solution is a rational and 
integral function of sin 6 and cos $, Hence, in general, for the 
class of problems refeiued to, two solutions are required and 
neither is a rational integral function of sin 6 and cos 6, 


(y') The ordinary process for the solution of linear differential 
equations in series of powers of the independent variable when 
the multipliers of the differential coefficients are rational alge- 
braic functions of the independent variable leads easily from the 
equation (75) to any of the forms of rational integi'al solutions 
referred to above, as well as to the second solution in a form 
corresponding to each of them, when i and s are integers; and, 
quite generally, to the two particular solutions in every case, 
whether i and 5 be integral or fractional, real or imaginary. 
Thus, putting as above, § {h), 


cos fly sin $ — v 


( 77 ), 


make fi the independent variable in the first place, in order to 
find expansions in powers of fi: thus (75) becomes 


iL 

d/M 




d®}‘ 




j + i(i + l) 




.( 78 ). 


Differential 
equation 
with V inde- 
pendent 
variable 
omitted 
here for 
brevity. 


This is the form in which Laplace’s equation” has been most 
commonly presented. To avoid the appearance of supposing 


14 
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Commonest ^ g ^0 l^g integers or even real, put 
form of ^ 

I ^pISlCC S .. «/**^\ OY />rA\ 

equation"* = 10^ z(z + lj S = Oj ( < 

TJsing this notation, and multiplying both members by (1 - /a®), 
we have, instead of (78), 

genenOised. (1 - | [(1 + [a (1 -/.») - 6] 0 (80). 

To integrate this equation, assume 

series so found for its first member equate to zero the 
; coefficient of /x“. Thus we find 

{n + 1) (re + 2) = [2w^- a + 5] - [(re - 1) (n - 2) - a\ Z„_^. ... (81). 

The first member of this vanishes for and for ^ = — 2, if 

Z’j and be finite. Hence, we may put = 0 for all negative 
values of w, give arbitrary values to and and then find 
iT^, iTg, Z^, <Src., by applications of (81) with = 0, = 1, tz, = 2,. . . 

successively. Thus i£ we first put Z^ = l, and Z^ = 0; then 
again Z^ = 0, Z^ = 1 ; we find two series of the forms 

1 + Zg/JL" + Z^jLt^ + &c. 

and /X + Zg/a^ + Zg/ 4 ® -f (fee., 

each of which satisfies (80); and therefore the complete solu- 
tion is 

2{7 = (/ (1 + E^il^ + Z^/t^ + (fee.) -I- (7' (ju, + E^fj? + Zg/^® + (fee.) , . . (82). 

From the form of (81) we see that for very great values of n we 
have 

Z^^g = 2Z„-Z„_g approximately, 

and therefore 

= approximately. 

Hence each of the series in (82) converges for every value of fx 
less than unity. 

Bailed. ig") But this is a very unsatisfactory form of solution. It 

gives in the form of an infinite series l+E^jx^ + o 

P- + + &<5-, the finite solution which we know exh 

in the form 
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or 


(1 ( 4 „ + + ... 

(1 + + ... A,^^iA~’), 


Geometrical 
antecedents 
sugj?est 
modified 
form of 
solution ; 


•wlien h is tlie square of an odd integer (s), and wlien a = i (i + 1), 
i being an odd integer or an even integer; and, a minor defect, 
but still a serious one, it does not sbow i^tbout elaborate veri- 
fication that one or other of its constituents 1 + -h tire, or 
/r + + &c. consists of a finite number, or + 1), of terms 

when h is the square of an even integer and a = ^ (i + 1), ^ being 
an even integer or an odd integer. 

(h') A form of solution wHcb turns out to be much simpler 
in every case is suggested by our primary knowledge [§ (j) above] 
of integral solutions. Put 

:£l 

w V (83), 

in (80) and divide the first member by (1 - ju.^) . Thus we 

find 

correspond- 

(l_^=)|^^_2(^5 + l)f.g + [<.-^/5(V6 + l)>- = 0 (84). 

^ ^ equation: 

Assume now 

•y = S^.ft“ (85); 

equating to zero tL.e coefELcient of /*." in the first member of 
(84) gives 

or {n + 1) (?^ + 2) = (n-h^ + 8 + a) (n + ^ + s-a) (87), 

if we put a = J{a + J), s = Jb (88), 

and with this notation (84) becomes 

(l-^.0g-2(s+l)M|+[a=-(. + i)=]«=O....;..(84'). 

The second member of (87) shows that if the series (85) is in 
descending powers of jx its first term must have either 

— 4-5 + a, or n = s — a\ 

the expansion thus obtained would, if not finite, be convergent 
when p,>l and divergent when /x<l, and they are ^liere- 
-fore not suited for the physical applications. On the other chosen, 
hand, the fii’st member of (87) shows that if the series (8o) is in 
ascending powers of fx, its first term must have either ti = 0 or 

14—2 
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[B (V). 


n=l: the expansions thus obtained are necessarily convergent 
■when /id, and it is therefore these that are suited for our pur- 
poses. Taking then = 1 and .4, = 0, and denoting by p the 

series so found, and again = 0 and Aj — 1, and q the series j so 

that we have 

p = l+A^y + Ay + etc, I 

and ^ = ju, + A^jx^ + A^p.^ + etc. / 

A,, A^, etc. and A^, A,, etc. being found by two sets of suc- 
cessive applications of (S7) ; then the complete solution of (84) is 

v = C‘p-^C'q (^^)* 

This solution is identical with (38^^) of § (Z) above, as we see by 
(88) and (79), which give 

( 91 ). 

(i') The sign of either a or s may he changed, in virtue of 
(68). No variation however is made in the solution by changing 
the sign of a [which corresponds to changing i into -i — 1, and 
verifies (13) (y) above]: but a very remarkable variation is made 
by changing the sign of 5 , from which, looking to (88), (83), (87), 
we infer that if p and q denote what jp and q become when — s 
is substituted for 8 in (89), we have 

and the prescribed' modification of (89) gives 

P = l+ay-|-ay + etO. 1 .gg. 

tl = H + -i- etc. y ^ 

etc., aud etc. being found by successive applica- 

tions of 

sr (w •^-|-s-^a)(w + i■-g-a) a^ /c,4^ 

(J^ +!)(« + 2) ^ 


(/) In the case of ^‘complete harmonics’’ s is zero or an 
integer, and the p or q solution expressing the result of multiply- 
ing the already finite and integral p or q solutioil by the integral 
polynomial (1 — ij!)\ is only interesting on account of the way of 
obtaining it from' (87), etc. in virtue of (88). But when either 
a — J or s is not an integer, the possession of the alternative solu- 
tions, p or p, 3 ' or q may come to be of great intrinsic importance, 
in respect to obtaining results in finite form. Bor, supposing a 
and 5 to be both positive, it is impossible that both p and q can 
be finite polynomials, but one or both of p and q may he so; or 
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one of the q forms and the other of the p, q forms may be Cases 
finite. This we see from (87) and (^4), which show as follows: — aiaebnuo 

solution. 

1 . IfJ + s — ais positive, p and g must each be an infinite 
series ; but ^ or q vdll be finite if either l + s — a or |•-f-s + ais 
a positive integer and p and q will be finite if — a 
and ^ + 5 + a are positive iutegers difieriug bj unity or any odd 
number. 

2. If I, one of the two series p, q must be infinite 5 

and if a — s — is zero or a positive integer, one of the two 
seiies g is finite. If, lastly, a + s — J is zero or a positive 
integer, one of the two p, q is finite. It is p that is finite if 
a — s — is zero or even, g if it is odd : and p that is finite if 
a + 5 — ^ is zero or even, q if it is odd. Hence it is and p, or 
g and q that are finite if 25 be zero or even ; but it is ^ and q, 
or g and p that are finite if 25 be odd. Hence in this latter case 
the complete solution is a fibiite algebraic function of jul. 


(k') Hemembering that by a and 5 we denote the positive 
values of the square roots indicated in (88), we collect from {/) 
1 and 2, that, if p denote a rational integral function of p, and 
(1 the character of the solution of (80) is as follows in 

the several cases indicated : — 




I. 


B; 


a <s A' ^ ; if s and a — J are integers. 
a^54-|; ifs+l and a are integers. 

The complete solution is p. 


II. 


Aj a <5 + |; if5=i=(a — I-) is an integer, but a — ^ not an 


integer. 


B; ifa — 1■=^=5 is an integer, but 5 + 4 ^aot an 

integer. 

I A particular solution is P j but the complete solution is not p. 


(If) Complete Spherical Harmonics,” or “Laplace’s Co- 
efificients,” are included in the particular solution P of Case II. B. 


(fib) Differentiate (84^ and put 
dv 


dp 


— u. 


.(95). 


Unity being understood as included in the class of positive integers.” 
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We find immediately 

(1 - 0- 2 (s + 2)^ g + [a=- + 1)^ « = 0 (96). 

Let ^ 4 '= + (± a 4 - s + -1) y (97). 

"We have, as vill be proved presently. 

(1 -p.')^^-2 (s + 2)ju. [(a=t 1)-- {s + f)°]u' = 0 ...(98). 

Lastly, let «" = (1 -ja®) ^ - (± a + s + 4) /a-w (99). 

We hare, as mil be proved presently, 

Tfie operation ~ performed on a solid harmonic of degree 

and type.S'ji^, co^ transformed to polar 

co-ordinates r, /t, </>, -with attention to (83), gives the transition 
from V to u", as expressed in (99), and thus (100) is proved by 

(^) (15). 

Similarly the operation 

(4 '/(*°+2/')] {x+v2/y+ (^ - 

transformed to co-ordinates r, {x, gives (97), and thus (98) is 
proved by (» (15). 

Thus it was that (97) (98), and (99) (100) were found. But, 
assuming (97) and (99) arbitrarily as it were, we prove (98) and 
(100) most easily as follows. Let 


u' = %B' ft”, and u" = %B" fx* 

(101). 

Then, by (97) and (99), with (85), we find 


.B'„«=(« + 2±a + s + |).i„^, 1 


and + 

(102). 


Lastly, applying (87), we find that the corresponding equa- 
tion is satisfied hy with a^l and 5 + 1 instead of 

a and 5 ; and by with a =fc 1 instead of a, but with s 

unchanged. 
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As to (95) and (96), they merely express for the generalized 
surface harmonics the transition from s to s + 1 without change 
of i shown for complete harmonics by Murphy’s formula, 
§ 782 (6) belo-w. 


{n') Examples of (95) (96), and (99) (100). 
Example 1. Let a = a + ^. 


(84') becomes ^ ^ 

of which the complete solution is 

By (95) (96) we find 

as a solution of 

^ ^ ® 

This is the particular fi.nite solution indicated in § (^ ) IL A, 
The liberty we now have to let a be negative as well as positive 
allows us now to include in our formula for u the cases repre- 
sented by the double sign ± in IL A (^')* 

Example 2. By m successive applications of (99) (100), with 
the upper sign, to v of (103), we find for the complete integral of 


dv 


.(103). 


, (104). 


Tesserals 
from sec- 
torial by in- 
crease of $y 
with order i 
unchanged. 




Tesserals 
from sec- 

.... (105), tonal by m- 

crease of 
with s un- 
changed » 


where f{f), F{p), P(p.) denote rational integral algebi-aic funo 
tions of /i. 

Of this solution the part 0’F{f) is the particular finite solution 
indicated in § {E) H. B- "We now see that the complete solution 

involves no other transcendent than s is an 

integer, tMs is reducible to tbe form 

1 + )X N 
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last exam- 
ple. 


Zonal of 
order zero: 


^wing 
into one 
sectorial by 
augmenta- 
tion of s, 
'with order 
still zero: 


[B (n’). 

a being a constant and f (/a) a rational integral algebraic function 
of ft. In this case, remembering that (105) is wbat (84') 
becomes when m + s + ^ is put for a, we may recur to our 
notation of ^ {g) (j), by putting { for m -f s, wbicb is now an 
integer : and going back, by (83) to (80) or (78), put 

w = {l-ixfw' (83'), 

thus (105) is equiyalent to 


i- 


.,dw~\ r — s" ... - ■ 


ty = 0. 


, (78'). 


The process of Example 2, § {n!\ gives the complete integi^al of 
this equation when i - 5 is a positive integer. When also s, and 
therefore also i, is an integer, the transcendent involved be- 
comes log ^ : in this case the algebraic part of the solution 

[or C'P(ft) (l~ft^)^ according to the notation of (105) and (78')] 
is the ordinary “ Laplace’s Function” of order and type $) ; 
the &o. of our previous notations of §§ (j?), (y). It is 

interesting to know that the other particular solution which we 
now have, completing the solution of the differential equation 
for these functions, involves nothing of transcendent but 

lo-^. 

(o') Examples of (99) (100), and (95) (96) continued. 

Example 3. Eeturning to (9^'), Example 2, let s + J be an 


integer : the integral 


( dji 

J (1-/^7 


rj is algebraic. Thus we have the 


case of (E) I. B? which the complete solution is algebraic. 

(p') Eeturning to (n'). Example 1 : let a = J and 5=0; 
(103) becomes 

/1 2\ A 

(1 

of which the complete integral is (103'). 


v = iClog^^ + C' 

As before, apply (95) (96) n times successively : we find 




.( 106 ) 
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as one solution of 




the other 
derived 
from this by 


.(96^) 


To find the other: treat (106) by (99) (100) with the lower 
sign ; the efiect is to diminish a from J to — and therefore to 


order to -1, 
equivalent 
to zero. 


make no change in the differential equation, but to deiive from 
(106) another particular solution, which is as follows : 






. (106'). 


Giving any different values to G in (106) and (106'), and, using Complete 
K, K' to denote two arbitrary constants, adding we have the com- tesserals of 
plete solution of (96'), which we may write as foUows : order zero; 


K K' 


(107). 


{(f) That (107) is the solution of (96') we verify in el moment 
by trial, and in so doing we see farther that it is the complete 
solution, whether n be integral or not. 


(/) Example 4 Apply (99) (100) with upper sign i times to derivation 
(107) and successive results. "We get thus the complete solution both tes- 
of (84') for a — |- = i any integer, if n is not an integer. But if n every mte- 
is an integer we get the complete solution only provided i<9i: 
this is case 1. A of § (^'). If we take z-n—l, the result, 
algebraic as it is, may be proved to be expressible in the form 


(l^yaT 

which is therefore for n an integer the complete 
integral of [ 


(108): 


(1 - F-') 


dii du „ „ 1 except ossa 

of 5 an into* 
ger and 
a > s, -when 

being the case of (84') for which a = 5 -- 1, and s = 72. an integer : 
applying to this (99) (100) with upper sign, the constant C dis- 
appears, and we find u*— (7' as a solution of 




dru' 

dpr 




(109). 


Hence, for i^n one solution is lost. The other, found by 
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continued appUcations of (99) (100) with upper sign, is the 

sm 

regular “ Laplace’s function” growing from C sin" d n^, which 

is the case represented hy u'=C' in (109). But in this con- 
tinuation we are only doing for the case of an integer, part 
of what was done in § (»/), Example 2, where the other part, 
from the other pai't of the solution of (109) now lost, gives the 
other part of the complete solution of Laplace’s equation subject 
to the limitation i-n (or is) a positive integer, but not to the 
limitation of i an integer or n an integer. 


(s') Ketuming to the commencement of § (r), with s put 
for n, -we find a complete solution gi’owing in the form 




,( 110 ); 


(llO); 


(1-f)'"'"' (Urf 

which may be immediately reduced to 

(i-rt’ 

/ denoting an iutegi’a! algebraic function of the degree, readily 
found by the proper successive applications of (99) (100). 
Hence, by (83) (79), we have 

g 

as the complete solution of Laplace’s equation 

i 

djt. 


1 '■%. 


-s' 


1 -- 


;3-f-f(i+ 1) 


w = 0 . 


(Ill), 


.( 118 ). 


for the case of i an integer without any restriction as to the 
value of s, which may be integral or fractional, real or imaginary, 
with no failure except the case of s an integer and i>s, of which 
the complete treatment is included in § (m’), Example 2, above. 



CHAPTER IL 


BYXAJVIICAL LAWS AKD PRIXCIl'LES. 

205. In the preceding chapter we considered as a subject of ideas of ^ 
pure geometry the motion of points, lines, surfaces, and volumes, force intro- 
whether taking place with or without change of dimensions and 

form; and the results we there arrived at are of course altogether 
independent of the idea of matter, and of the/o?'ce5 which matter 
exerts. We have heretofore assumed the existence merely of 
motion, distortion, etc.; we now come to the consideration, not 
of how we might consider such motions, etc., to be produced, but 
of the actual causes which in the material world do produce 
them. The axioms of the present chapter must therefore be 
considered to be due to actual experience, in the shape either 
of observation or experiment. How this experience is to be 
obtained wiU form the subject of a subsequent chapter. 

206. We cannot do better, at all events in commencing, than 
foUow ISTewton somewhat closely. Indeed the introduction to 
the Pnncipia contains in a most lucid form the general founda- 
tions of Dynamics. The Dejinitiones and Axiomata sive Leges 
Ilot'ds, there laid down, require only a few amplifications and 
additional illustrations, suggested by subsequent developments, 
to suit them to the present state of science, and to make a much 
better introduction to dynamics than we find in even some of 
the best modern ti'eatises. 

207. We cannot, of course, give a definition of Matter Wkich Matter, 
will satisfy the metaphysician, but the naturalist may be con- 
tent to know matter as that which can he perceived by the senses, 

or as that which can be acted upon by, or can exert, force. The 
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latter, and indeed the former also, of these definitions involves 
the idea of Force, which, in point of fact, is a direct object of 
sense; probably of all our senses, and certainly of the “ mus- 
cular sense.” To our chapter on Properties of Matter we must 
refer for further discussion of the question. What is matter? 
And we shall then be in a position to discuss the question 
of the subjectivity of Force. 

208. The Quantity of Matter in a body, or, as we now call 
it, the Mass of a body, is proportional, according to Newton, to 
the Volume and the Density conjointly. In reality, the defini- 
tion gives us the meaning of density rather than of mass; for 
it shows us that if twice the original quantity of matter, air for 
example, be forced into a vessel of given capacity, the density 
will be doubled, and so on. But it also shows us. that, of matter 
of unifom density, the mass or quantity is proportional to the 
volume or space it occupies. 

Let Jf be the mass, p the density, and F the volume, of a homo- 
geneous body. Then 

if = Fp ; 

if we so take our units that unit of mass is that of unit volume ot 
a body of unit density. 

If the density vary from point to point of the body, we have 
evidently, by the above formula and the elementary notation of 
the integral calculus, 

i/= j^jpdxdydz, 

where p is supposed to be a known function of y, and the 
integmtion extends to the whole space occupied by the matter of 
the body whether this be continuous or not. 

It is worthy of particular notice that, in this definition, 
Newton says, if there he anything which freely pervades the 
interstices of all bodies, this is not taken account of in estimat- 
ing their Mass or Density. 

209. Newton further states, that a practical measure of the 
TTigsg of a body is its Weight. His experiments on pendulums, 
by which he establishes this most important result, will be de- 
scribed later, in our chanter on Properties of Matter. 
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As will be presently explained, the unit mass most convenient 
for British measurements is an imperial pound of matter. 

210. The Quantity of Motion, or the MoMentum, of a rigid Momentum, 
body moving without rotation is proportional to its mass and 
velocity conjointly. The whole motion is the sum of the motions 
of its several parts. Thus a doubled mass, or a doubled velocity, 
would correspond to a double quantity of motion; and so on. 


Hence, if we take as unit of momentum the momentum of 
a unit of matter moving with unit velocity, the momentum of a 
mass M moving with velocity -z? is Mv. 


211. Change of Quantity of Motion, or Change q/* Change of 

turn, is proportional to the mass moving and the change of its 
velocity conjointly. 

Change of velocity is to be understood in the general sense 
of § 27. Thus, in the figure of that section, if a velocity re- 
presented by OA be changed to another represented by 0(7, the 
change of velocity is represented in magnitude and direction 
by AG, 


212. Bate of Change of Momentum is proportional to the 
mass moving and the acceleration of its velocity conjointly, momentum. 
Thus (§ 35, h) the rate of change of momentum of a falling 
body is constant, and in the vertical direction. Again (§ 35, a) 
the rate of change of momentum of a mass M, describing a 


circle of radius i?, with uniform velocity V, is 


J/F" 

— and IS 


directed to the centre of the circle; that is to say, it is a 
change of direction, not a change of speed, of the motion. 
Hence if the mass be compelled to keep in the circle by a 
cord attached to it and held fixed at the centr>e o-f the circle, the 

MV^ 

force with which the cord is stretched is equal to : this is 


called the centrifugal force of the mass M moving with velocity 
Fin a circle of radius i?. 


Generally (§ 29), for a body of mass M moving anyhow in 

drs . 

space there is change of momentum, at the rate, M—^ in the dii^ec- 
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tion of motion, and J/— towards tlie centre of cui’vature of tlie 
path ; and, if we choose, we maj exhibit the whole acceleration 
of momentum by its three rectangular components Ji ^ 



or, according to the Newtonian notation, Mx^ 


213. The Vis Viva, or Kinetic Energy, of a moving body is 
proportional to the mass and the square of the velocity, con- 
jointly. If we adopt the same units of mass and velocity as 
before, there is particular advantage in defining kinetic energy 
as half the product of the mass and the square of its velocit}^ 


214. Rate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
rate of change of momentum in the direction of motion. 


Tor 


d f2Iv\ d {2Iv) 

dtVTj^'' dt 


215. It is to be observed that, in what precedes, with the 
exception of the definition of mass, we have taken no account 
of the dimensions of the moving body. This is of no consej 
quence so long as it does not rotate, and so long as its partsi 
preser^'e the same relative positions amongst one another. Im 
this case we may suppose the whole of the matter in it to be| 
condensed in one point or particle. We thus Speak of a material] 
particle, as distinguished from a geometrical point If the body 
rotate, or if its parts change their relative positions, then we 
cannot choose any one point by whose motions alone we may 
determine those of the other points. In such cases the momen- 
tum and change of momentum of the whole body in any direc- 
tion are, the sums of the momenta, and of the changes of 
momentum, of its parts, in these directions ; while the kinetic 
energy of the whole, being non-directional, is simply the sum 
of the kinetic energies of the several parts or particles. 


216. Matter has an innate power of resisting external in- 
fluences, so that every body, as far as it can, remains at rest, or 
moves uniformly in a straight line. 

This, the Inertia of matter, is proportional to the quantity of 
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matter in the body. And it follows that some cause is requisite inertia, 
to disturb a body’s uniformitj^ of motion, or to change its direc- 
tion from the natural rectilinear path. 

217. Force is any cause which tends to alter a body’s natural Force, 
state of rest, or of uniform motion in a straight line. 

Force is wholly expended in the Action it produces; and the 
body, after the force ceases to act, retains by its inertia the 
direction of motion and the velocity which were given to it. 

Force may be of divers kinds, as pressure, or gravity, or friction, 
or any of the attractive or rejiulsive actions of electricity, mag- 
netism, etc. 

218. The three elements specifying a force, or the three Specifica- 
elements which must be known, before a clear notion of the force, 
force under consideration can be formed, are, its place of appli- 
cation, its direction, and its magnitude. 

(a) The place of application of a force. The first case to be Place of, 
considered is that in which the place of application is a point. 

It has been shown already in what sense the term ''point” 
is to be taken, and, therefore, in what way a force may be 
imagined as acting at a point. In reality, however, the place of 
application of a force is always either a surface or a space of 
three dimensions occupied by matter. The point of the finest 
needle, or the edge of the sharpest knife, is still a surface, and 
acts by pressing over a finite area on bodies to which it may 
be applied. Even the most rigid substances, when brought 
together, do not touch at a point merely, but mould each other 
so as to produce a surface of application. On the other hand, 
gravity is a force of which the place of application is the whole 
matter of the body whose weight is considered; and the smallest 
particle of matter that has weight occupies some finite portion 
of space. Thus it is to be remarked, that there are two kinds 
of force, distinguishable by their place of application — force, 
whose place of application is a surface, and force, whose place 
of application is a solid. When a heavy body rests on the 
ground, or on a table, force of the second character, acting 
downwards, is balanced by force of the first character acting 
upwards. 
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Direction (^) second element in tiie specification of a force is its 

direction. The direction of a force is the line in which it acts. 
If the place of application of a force be regarded as a point, a 
line through that point, in the direction in which the force 
tends to move the body, is the direction of the force. In the 
case of a force distributed over a surface, it is frequently pos- 
sible and convenient to assume a single point and a single line, 
such that a certain force acting at that point in that line would 
produce sensibly the same effect as is really produced. 

Magnitude. (c) The third element in the specification of a force is its 
magnitude. This involves a consideration of the method fol- 
lowed in dynamics for measuring forces. Before measuring 
anjiihing, it is necessary to have a unit of measurement, or a 
standard to which to refer, and a principle of numerical specifi- 
cation, or a mode of referring to the standard. These will be 
supplied presently. See also § 258, below. 

Accelerative 219. The Accelerative Effect of a Force is proportional to 
^ ' the velocity which it produces in a given time, and is measured 

by that which is, or would be, produced in unit of time ; in 
other words, the rate of change of velocity which it produces. 
This is simply what we have already defined as acceleration, § 28. 

Measure of 220. The Measure of a Force is the quantity of motion which 
force* produces per unit of time. 

The reader, who has been accustomed to speak of a force of 
so many pounds, or so many tons, may be startled when he finds 
that such expressions are not definite unless it he specified at 
what part of the earth’s surface the pound, or other definite 
quantity of matter named, is to be weighed ; for the heaviness or 
gravity of a given quantity of matter differs in different latitudes. 
But the force required to produce a stated quantity of motion in 
a given time is perfectly definite, and independent of locality. 
Thus, let Tf be the mass of a body, the velocity it would 
acquire in falling freely for a second, and P the force of gravity 
upon it, measured in kinetic or absolute units. We have 

F^Wg, 
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221. According to the system commonly followed in mathe- syltSn 
matical treatises on dynamics till fourteen years ago, when a small 
instalment of the first edition of the present work was issued 
for the use of our students, the unit of mass was g times the 
mass of the standard or unit weight. This definition, giving a 
vai'ying and a very unnatural unit of mass, was exceedingly 
inconvenient. By taking the gravity of a constant mass for standards 

. « « . T 1 . « >. of weijjht 

the unit of force it makes the unit of force greater in high than are 

° o and not 

in low latitudes. In reality, standards of weight are masses, 
not ybrce^. They are employed primarily in commerce for the 
purpose of measuring out a definite quantity of matter; not an 
amount of matter which shall be attracted by the earth with a 
given force. 

A merchant, with a balance and a set of standard weights, 
would give his customers the same quantity of the same kind of 
matter however the earth's attraction might vary, depending as 
he does upon weights for his measurement; another, using a 
spring-balance, would defraud his customers in high latitudes, 
and himself in low, if his instrument (which depends on constant 
forces and not on the gravity of constant masses) 'were correctly 
adjusted in London. 

It is a secondary application of our standards of weight to 
employ them for the measurement oi forces, such as steam pres- 
sures, muscular power, etc. In all cases where great accuracy 
is required, the results obtained by such a method have to be 
reduced to what they would have been if the measurements of 
force had been made by means of a perfect spring-balance, 
graduated so as to indicate the forces of gravity on the standard 
weights in some conventional locality. 

It is therefore very much simpler and better to take the 
imperial pound, or other national or international standard 
weight, as, for instance, the gramme (see the chapter on 
Measures and Instruments), as the unit of mass, and to derive 
from it, according to Newton's definition above, the unit of 
force. This is the method which Gauss has adopted in his 
great improvement (§ 223 below) of the system of measurement 
of forces. 


YOL. I. 


15 
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ciaimuit *3 222. The formula, deduced by Clairault from observatiou, 
the^mouS and a certain theory regarding the. figure and density of the 
jcra ty may be employed to calculate the most probable value 

of the apparent force of gravity, being the resultant of true 
gravitation and centrifugal force, in any locality where no 
pendulum observation of sufiS.cient accuracy has been made. 
This formula, vnth the two coefficients which it involves, 
corrected according to the best modem pendulum observations 
(Airy, Encyc, Metropolitana, Figure of the Earth), is as fol- 
lows: — 

Let G be the apparent force of gravity on a unit mass at the 
e(juator, and g that in any latitude X] then 

^ + -005133 sin"\). 

The value of G, in terms of the British absolute unit, to be 
explained immediately, is 

32‘088. 

According to this formula, therefore, polar gravity will be 
g = 32-088 x 1*005133 = 32*2527. 

223. Gravity ha^dng failed to furnish a definite standard, 
independent of locality, recourse must be had to something else. 
The principle of measurement indicated as above by Newton, 
r.au&s's hut first introduced practically by Gauss, furnishes us with 
un^of what we want. According to this principle, the unit force is 
that force which, acting on a national standard unit of matter 
during the unit of time, generates the unity of velocity. 

This is known as Gauss’s absolute unit ; absolute, because 
it furnishes a standard force independent of the differing 
amounts of gravity at different localities. It is however ter- 
restrial and inconstant if the unit of time depends on the earth’s 
rotation, as it does in our present system of chronometry. The 
period of vibration of a piece of quartz crystal of specified shape 
and size and at a stated temperature (a tuning-fork, or bar, as 
one of the bars of glass used in the musical glasses”) gives us 
a unit of time which is constant through all space and all time, 
and independent of the earth. A unit of force founded on such 
a unit of time would be better entitled to the designation ahso^ 
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lute thau is the ^'absolute unit” now generally adopted, which is MaxveU’s 
founded on the mean solar second. But this depends essentially tions^fo?^' 
on one particular piece of matter, and is therefore liable to all rmt of 
the accidents, etc. which affect so-called ivational Standards 
however carefully they may be preserved, as well as to the 
almost insuperable practical difficulties which are experienced 
when we attempt to make exact copies of them. Still, in the 
present state of science, we are really confined to such approxi- 
mations. The recent discoveries due to the Kinetic theory of 
gases and to Spectrum analysis (especially when it is applied to 
the light of the heavenly bodies) indicate to us natural standard 
pieces of matter such as atoms of hydrogen, or sodium, ready made 
in infinite numbers, all absolutely alike in every physical pro- 
perty. The time of vibration of a sodium particle corresponding 
to any one of its modes of vibration, is known to be absolutely 
independent of its position in the universe, and it will probably 
remain the same so long as the particle itself exists. The wave- 
length for that particular ray, i. e. the space through which 
light is propagated in vacuo during the time of one complete 
vibration of this period, gives a perfectly invariable unit of 
length; and it is possible that at some not very distant day the 
mass of such a sodium particle may be employed as a natural 
standard for the remaining fundamental unit. This, the latest 
improvement made upon our original suggestion of a Perennial 
Spring (First edition, § 406), is due to Clerk Maxwell*; who 
has also communicated to us another very important and in- 
teresting suggestion for founding the unit of time upon physical 
properties of a substance without the necessity of specifying any 
particular quantity of it. It is this, water being chosen as the 
substance of all others known to us which is most easily obtained 
in perfect purity and in perfectly definite physical condition. — 

Call the standard density of water the maximum density of 
the liquid when under the pressure of its own vapour alone. 

The time of revolution of an infinitesimal satellite close to the 
surface of a globe of water at standard density (or of any kind 
of matter at the same density) may be taken as the unit of 
time ; for it is independent of the size of the globe. This has 


Electricity and Magnetism, 1872. 
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suggested to us still another unit, founded, however, still upon 
the same physical principle. The time of the gravest simple 
harmonic infinitesimal vibration of a globe of liquid, water at 
standard density, or of other perfect liquids at the same density, 
may he taken as the unit of time ; for the time of the simple 
harmonic vibration of any one of the fundamental modes of a 
liquid sphere is independent of the size of the sphere. 


Let y* he the force of gravitational attraction between two 
units of matter at unit distance. The force of gravity at the 

siuface of a globe of radius r, and density p, is ^ fyr. Hence 


if 0 ) be the angular velocity of an infinitesimal satellite, we 
have, hv the equHihrium of centrifugal force and gravity 
(^^ 213 , 477 ), 



Hence “ = 

and therefore if T be the satellite’s period, 

(which is equal to the period of a simple pendulum whose length 
is the globe’s radius, and weighted end infinitely near the surface 
of the globe). And it has been proved* that if a globe of liquid 
be distorted infinitesimally according to a spherical harmonic of 
order z, and left at rest, it will perform simple harmonic oscilla- 
tions in a period equal to 


/( 3 2i+l ) 

'v U^/p*2i(^-l)j' 


Hence if T' denote the period of the gravest, that, namely, 
for which i = 2, we have 

The semi-peiiod of an infinitesimal satellite round the earth is 
equal, reckoned in seconds, to the square root of the number of 
metres in the earth’s radius, the metre being very approximately 


* “Dynamical Problems regarding Elastic Spheroidal Shells and Spheroids 
of Incompressible Liquid” (W. Thomson), FhU. Tram, Nov. 27, 1862. 
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the length of the seconds pendulum, whose period is two Suggestions 
seconds. Hence taking the eaii:h’s melius as 6,370,000 metres, Umtof 

. ’ ’ ^ Time, 

and its density as 5} times that of our standard globe, 

^ =3h. ITm. 

T' = 3 h. 40 m. 

224. The absolute unit depends on the unit of matter, the 
unit of time, and the unit of velocity; and as the unit of velo- 
city depends on the unit of space and the unit of time, there is, 
in the definition, a single reference to mass and space, but a 
double reference to time; and this is a point that must be par- 
ticularly attended to, 

225. The unit of mass may be the British imperial pound; 
the unit of space the British standard foot; and, accurately 
enough for practical purposes for a few thousand years, the unit 
of time may be the mean solar second. 

We accordingly define the British absolute unit force as “the British ab- 
force which, acting on one pound of matter for one second, 
generates a velocity of one foot per second.'' Prof. James 
Thomson has suggested the name “Poundal" for this unit of 
force. 

226. To illustrate the reckoning of force in “absolute measure,” companson 
find how many absolute units will produce, in any particular ^vity. 
locality, the same effect as the force of gravity on a given mass. 

To do this, measure the effect of gravity in producing accelera- 
tion on a body unresisted in any tvay. The most accurate method 
is indirect, by means of the pendulum. The result of pendulum 
experiments made at Leith Fort, by Captain Kater, is, that the 
velocity which would be acquired by a body falling unresisted 
for one second is at that place 32*207 feet per second. The 
preceding formula gives exactly 32*2, for the latitude 33', 
which is approximately that of Edinburgh. The variation in 
the force of gravity for one degree of difference of latitude about 
the latitude of Edinburgh is only *0000832 of its own amount. 

It is nearly the same, though somewhat more, for every degree 
of latitude southwards, as far as the southern limits of the 
British Isles. On the other hand, the variation per degree is sen- 
sibly less, as far north as the Orkney and Shetland Isles. Hence 
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Gravity of the augmentation of gravity per degree from south to north 
or mass m throiighont tlie British Isles is at most about whole 

Kinetic amount in any locality. The average for the whole of Great 
^ Britain and Ireland differs certainly but little from 32*2. Onr 
present application is, that the force of gravity at Edinburgh is 
32*2 tinaes the force which, acting on a pound for a second, 
would generate a velocity of one foot per second ; in other 
words, 32-2 is the number of absolute units which measures the 
weight of a pound in this latitude. Thus, approximately, the 
poundal is equal to the gravity of about half an ounce. 

227. Forces (since they involve only direction and magr ^ 
tuJe) may be represented, as velocities are, by straight lines in 
their directions, and of lengths proportional to their magnitudes, 
respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall show later 
f§ 255), the same as those which we have already proved to 
hold for velocities; so that with the substitution of force for 
velocity, §§ 26, 27, are stiU true. 

Effective 228. In rectangular resolution the Component of a force in 
any direction, (sometimes called the Effective Component in that 
direction,) is therefore found by multiplying the magnitude of 
the force by the cosine of the angle between the directions of 
the force and the component. The remaining component in this 
case is perpendicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

Geomctncal 229. The point whose distances from three planes at right 
pr^^mmaiy angles to One another are respectively equal to the mean dis- 
of centre of tances 01 any group oi points irom these planes, is at a distance 
from any plane whatever, equal to the mean distance of the 
group from the same plane. Hence of course, if it is in motion, 
its velocity perpendicular to that plane is the mean of the velo- 
cities of the several points, in the same direction. 
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Let (rCj, 3 /j, etc., be tbe points of tlie group in number { ; jtometrical 

and X, y, z be the co-ordinates of a point at distances respectively preiimmair 

equal to tbeir mean distances from tbe planes of reference ; that of centre of 
. , , , inertia. 

IS to sav, let 

£r, + aj+etc. . etc. . z.-i- etc. 

^=^-1 ’ 2 / = ^ , - = . 

Thus, if p^, etc., and p, denote the distances of the points in 
question from any plane at a distance a from the origin of co- 
ordinates, perpendicular to the direction (^, m, n), the sum of a 
and p^ will make up the projection of the broken line y^, z^ 
on (I, m, 7i), and therefore 

= Ix^ + my^ + 7iz^ — cij etc. ; 
and similarly, p=:Ix + niy -{-nz- a. 

Substituting in this last the expressions for we find 


p = 




w'hich is the theorem to be proved. Hence, of coux'se, 
dt %\dt dt ) 


230. The Centre of Inertia of a system of equal material 
points (whether connected with one another or not) is the point 
whose distance is equal to their average distance from any plane 
whatever (§ 229). 


A group of material points of unequal masses may always be 
imagined as composed of a greater number of equal material 
points, because we may imagine the given material points 
divided into different numbers of very small parts. In any 
case in which the magnitudes of the given masses are incom- 
mensurable, we may approach as near as we please to a rigorous 
fulfilment of the preceding statement, by making the parts into 
which we divide them sufficiently small. 


On this understanding the preceding definition may be ap- 
plied to define the centre of inertia of a system of material 
points, whether given equal or not. The result is equivalent to 
this: — 



Centre of 
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The centre of inertia of any system of material points wliat- 
ever (whether rigidly connected with one another, or connected 
in any way, or quite detached), is a point whose distance from 
any plane is equal to the sum of the products of each mass into 
its distance from the same plane divided hy the sum of the 
masses. 

We also see, from the proposition stated above, that a point 
whose distance from three rectangular planes fulfils this con- 
dition, must fulfil this condition also for every other plane. 

The co-ordinates of the centre of inertia, of masses 
etc., at points etc., are given by the follow- 

ing formulae : — 

w^x^ + w^x„+etc, _ "^wy . '$wz 

etc. ^ * 

These formulae are perfectly general, and can easily be put 
into the particular shape requfred for any given case. Thus, 
suppose that, instead of a set of detached material points, we 
have a continuous distribution of matter through certain definite 
}>ortions of space ; the density at £C, y, z being p, the elementaiy 
principles of the integral calculus give us at once 

fjj pxdxdi/ch 
fjjpdscd^dz ’ 

where the integi-als extend through all the space occupied by the 
mass in question, in which p has a value difierent from zero. 

The Centre of Inertia or Mass is thus a perfectly definite 
point in every body, or group of bodies. The term Centre of 
Gravity is often very inconveniently used for it. The theory 
of the resultant action of gravity which will be given under 
Abstract Djiiamics shows that, except in a definite class of 
distributions of matter, there is no one fixed point which can 
properly be called the Centre of Gravity of a rigid body. In 
ordinary cases of terrestrial gravitation, however, an approxi- 
mate solution is available, according to which, in common 
parlance, the term Centre of Gravity^^ may be used as equi- 
valent to Centre of Inertia; but it must be carefully re- 
membered that the fundamental ideas involved in the two 
definitions are essentially different. 
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The second proposition in § 229 may now evidently be centre of 
stated thus : — The sum of the momenta of the parts of the 
system in any direction is equal to the momentum in the same 
dire ction of a mass equal to the sum of the masses moving with 
a velocity equal to the velocity of the centre of inertia. 

281. The of any physical agency is the numerical iroment. 

measure of its importance. Thus, the moment of a force round 
a point or round a line, signifies the measure of its importance 
as regards producing or balancing rotation round that point or 
round that line. 

232. The Moment of a force about a point is defined as the 
product of the force into its perpendicular distance from the^^^"^^ 
pomt. it IS numerically double the area of the triangle whose 
vertex is the point, and whose base is a line representing the 
force in magnitude and direction. It is often conrenient to 
represent it by a line numerically equal to it, draivn through 

the vertex of the triangle perpendicular to its plane, through 
the front of a watch held in the plane with its centre at the 
point, and facing so that the force tends to turn round this ^toment of 
point in a direction opposite to the hands. The moment of a 
force round any axis is the moment of its component in any 
plane perpendicular to the axis, round the point in which the 
plane is cut by the axis. Here we imagine the force resolved 
into two components, one parallel to the axis, which is ineffective 
so far as rotation round the axis is concerned ; the other perpen- 
dicular to the axis (that is to say, having its line in any plane 
perpendicular to the axis). This latter component may be called 
the effective component of the force, with reference to rotation 
round the axis. And its moment round the axis may be defined 
as its moment round the nearest point of the axis, which is 
equivalent to the preceding definition. It is clear that the 
moment of a force round any axis, is equal to the area of the 
projection on any plane perpendicular to the axis, of the figure 
representing its moment round any point of the axis. 

233. The projection of an area, plane or curved, on any Digression 

plane, is the area included in the projection of its bounding tion of 
... ® 
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Digression If we iniaginp an area divided into any number of parts, tbe 
projections of these parts on any plane make up the projection 
of the whole. But in this statement it must be understood that 
the areas of partial projections are to be reckoned as positive if 
particular sides, 'which, for brevity^ we may call the outside of 
the projected area and the front of the plane of projection, face 
the same way, and negative if they face oppositely. 

Of course if the projected surface, or any part of it, be a plane 
area at right angles to the plane of projection, the projection 
vanishes. The projections of any two shells having a common 
edge, on any plane, are equal, but with the same, or opposite, 
signs as the case may be. Hence, by taking two such shells 
facing opposite ways, we see that the projection of a closed 
surface (or a shell with evanescent edge), on any plane, is 
nothing. 

Equal areas in one plane, or in parallel planes, have equal 
projections on any plane, whatever may be their figures. 

Hence the projection of any plane figure, or of any shell, 
edged by a plane figure, on another plane, is equal to its area, 
multiplied by the cosine of the angle at which its plane is in- 
clined to the plane of projection. This angle is acute or obtuse, 
according as the outside of the projected area, and the front of 
plane of projection, face on the whole towards the same parts, 
or oppositely. Hence lines representing, as above described, 
moments about a point in different planes, are to be com- 
pounded as forces are. — See an analogous theorem in § 96. 

Couple, 234. A Couple is a pair of equal forces acting in dissimilar 
directions in parallel lines. The Moment of a couple is the 
sum of the moments of its forces about any point in their plane, 
and is therefore equal to the product of either force into the 
shortest distance between their directions. This distance is called 
the Arm of the couple. 

The Aads of a Couple is a line drawn from any chosen point 
of reference perpendicular to the plane of the couple, of such 
magnitude and in such direction as to represent the magnitude 
of the moment, and to indicate the direction in which the couple 
tends to turn. The most convenient rule for fulfilling the 
latter condition is this: — ^Hold a watch with its centre at the 
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point of reference, and with, its plane parallel to the plane of coupie. 
the couple. Then, according as the motion of the hands is 
contrary to or along with the direction in which the couple 
tends to turn, draw the axis of the couple through the face 
or through the back of the watch, from its centre. Thus a 
couple is completely represented by its axis ; and couples are to 
be resolved and compounded by the same geometrical construc- 
tions performed with reference to their axes as forces or velo- 
cities, with reference to the lines directly representing them. 

235. If we substitute, for the force in § 232, a velocity, we Moment of 
have the moment of a velocity about a point ; and by intro- 
ducing the mass of the moving body as a factor, we have an 
important element of dynamical science, the Moment of Momen- Moment of 
turn. The laws of composition and resolution are the same 
as those already explained; but for the sake of some simple 
applications we give an elementary investigation. 

The moment of a rectilineal motion is the product of its Moment of 
length into the distance of its line from the point. dispiace- 

® . meat. 

The moment of the resultant velocity of a particle about any 
point in the plane of the components is equal to the algebraic 
sum of the moments of the components, the proper sign of each 
moment being determined as above, § 233. The same is of 
course true of moments of displacements, of moments of forces 
and of moments of momentum. 

First, consider two component motions, AB and AG, and let For two 
AD be their resultant (S 27). Their half moments round the motions, 
point 0 are respectively the areas OAB, OCA, Now 
together with half the area of the parallelogram CABD, 
equal to OBD, Hence the sum of the two half moments 
together with half the area of the parallelogram, is equal 
AOB together with BOD, that is to say, to the area of the foment of 
whole figure OABD. But ABD, a part 
of this figure, is equal to half the area of 
the parallelogram; and therefore the re- 
mainder, OAD, is equal to the sum of 
the two half moments. But OAD is half 
the moment of the resultant velocity round 
the point 0. Hence the moment of the 
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resultant is equal to the sum of the moments of the two com- 
ponents. 

If there are any number of component rectilineal motions ii3e 
one plane, w’e may compound them in order, any two taken 
together first, then a third, and so on ; and it follows that the 
sum of their moments is equal to the moment of their resultant. 
It follows, of course, that the sum of the moments of any number 
of component velocities, all in one plane, into which the velo- 
city of any point may be resolved, is equal to the moment of 
their resultant, round any point in their plane. It follows also, 
that if velocities, in different directions all in one plane, be 
successively given to a moving point, so that at any time its 
velocity is their resultant, the moment of its velocity at any 
time is the sum of the moments of all the velocities which have 
been successively given to it. 

Cor . — If one of the components always passes through the 
point, its moment vanishes. This is the case of a motion in 
which the acceleration is directed to a fixed point, and we thus 
reproduce the theorem of § 36, that in this case the areas 
described by the radius-vector are proportional to the times ; 
for, as we have seen, the moment of velocity is double the area 
traced out by the radius-vector in unit of time. 

236, The moment of the velocity of a point round any axis 
is the moment of the velocity of its projection on a plane per- 
pendicular to the axis, round the point in which the plane is cut 
by the axis. 

The moment of the whole motion of a point during any 
time, round any axis, is twice the area described in that time 
by the radius-vector of its projection on a plane perpendicular to 
that axis. 

If we consider the conical area traced by the radius- vector 
drawn from any fixed point to a moving point whose motion is 
not confined to one plane, we see that the projection of this area 
on any plane through the fixed point is half of what we have 
just defined as the moment of the whole motion round an axis 
perpendicular to it through the fixed point. Of all these 
planas, there is one on which the projection of the area is greater 
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than on any other ; and the projection of the conical area on Moment of 
any plane perpendicular to this plane, is equal to nothing, the 
proper interpretation of positive and negative projections being axis, 
used. 

If any number of moving points are given, we may similarly 
consider the conical surface described by the radius-vector of 
each drawn from one fixed point. The same statement applies 
to the projection of the many-sheeted conical surface, thus pre- 
sented. The resultant axis of the whole motion in any finite Resultant 
time, round the fixed point of the motions of all the moving 
points, is a line through the fixed point perpendicular to the 
plane on which the area of the whole projection is gneater than 
on any other plane ; and the moment of the whole motion round 
the resultant axis, is twice the area of this projection. 

The resultant axis and moment of velocity, of any number of 
moving points, relatively to any fixed point, are respectively the 
resultant axis of the whole motion during an infinitely shoii) 
time, and its moment, divided by the time. 

The moment of the whole motion round any axis, of the 
motion of any number of points during any time, is equal 
to the moment of the whole motion round the resultant axis 
through any point of the former axis, multiphed into the cosine 
of the angle between the two axes. 

The resultant axis, relatively to any fixed point, of the whole 
motion of any number of moving points, and the moment of 
the whole motion round it, are deduced by the same elemen- 
tary constructions from the resultant axes and moments of the 
individual points, or partial groups of points of the system, as 
the direction and magnitude of a resultant displacement are 
deduced from any given lines and magnitudes of component Moment of 

^ <-> * momenram. 

displacements. 

Corresponding statements apply, of course, to the moments of 
velocity and of momentum. 

237. If the point of application of a force be displaced 
through a small space, the resolved part of the displacement in 
the direction of the force has been called its Virtual Velocity. 
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This is positive or negative according as the virtual velocity is 
in the same;, or in the opposite, direction to that of the force. 

The product of the force, into the virtual velocity of its point 
of application, has been called the Virtual Momeiit of the force. 
These terms Tve have introduced since they stand in the history 
and developments of the science ; hut, as we shall show further 
on, they are inferior substitutes for a far more useful set of ideas 
clearly laid down by Newton. 

238. A force is said to do work if its place of application 
has a positive component motion in its direction ; and the work 
done by it is measured by the product of its amount into this 
component motion. 

Thus, in lifting coals from a pit, the amount of work done is 
proportional to the weight of the coals lifted; that is, to the 
force overcome in raising them ; and also to the height through 
which they are raised. The unit for the measurement of work 
adopted in practice by British engineers, is that required to 
overcome a force equal to the gravity of a pound through the 
space of a foot ; and is called a Foot-Pound, 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§ 225) acting through 
unit of space. Thus, for example, as we shall show further oh, 
this unit is adopted in measuring the work done by an electric 
current, the units for electric and magnetic measurements being 
founded upon the kinetic unit force. 

If the weight be raised obliquely, as, for instance, along a 
smooth inclined plane, the space through which the force has 
to be overcome is increased in the ratio of the length to the 
height of the plane ; but the force to be overcome is not the 
whole gravity of the weight, but only the component of the 
gravity parallel to the plane; and this is less than the gravity 
in the ratio of the height of the plane to its length. By 
multiplying these two expressions together, we find, as we 
might expect, that the amount of work required is unchanged 
by the substitution of the oblique for the vertical path. 

239. Generally, for any force, the work done during an 
infinitely small displacement of the point of application is the 
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virtual moment of the force (§ 237), or is the product of tlie ^orkof a 
resolved part of the force in the direction of the displacement 
into the displacement. 

From this it appears, that if the motion of the point of 
application be always perpendicular to the direction in which 
a force acts, such a force does no work. Thus the mutual 
normal pressure between a fixed and moving bod}^ as the 
tension of the cord to which a pendulum bob is attached, or 
the attraction of the sun on a planet if the planet describe a 
circle with the sun in the centre, is a case in which no 'work is 
done by the force. 

240. The work done by a force, or by a couple, upon a body ^ 

turning about an axis, is the product of the moment of the 

force or couple into the angle (in radians, or fraction of a radian) 
through which the body acted on turns, if the moment remains 
the same in all positions of the body. If the moment be varia- 
ble, the statement is only valid for infinitely small displace- 
ments, but may be made accurate by employing the proper 
average moment of the force or of the couple. The proof is 
obvious. 

If ^ be the moment of the force or couple for a position of 
the body given by the angle Q {6^ — ^o) if is constant, or 
r&i 

I = — where q is the proper average value of Q 

when variable, is the work done by the couple during the rotation 
from 6^ to 0^, 

241. Work done on a body by a force is always shown by a 
corresponding increase of vis 'riva, or kinetic energy, if no other 
forces act on the body which can do work or have work done 
against them. K work be done against any forces, the increase 
of kinetic energy is less than in the former case by the amount 
of work so done. In virtue of this, however, the body possesses 
an equivalent in the form of Potential Energy (§ 273), if its 
physical conditions are such that these forces will act equally, 
and in the same directions, if the motion of the system is 
reversed. Thus there may be no change of kinetic energy pro- 
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duced, and the work done may he wholly stored up as potential 
energy. 

Thus a weight requires work to raise it to a height, a spring 
requires work to bend it, air requires work to compress it, etc.; 
hut a raised weight, a bent spring, compressed air, etc., are 
stores of energy which can he made use of at pleasure. 


242. In what precedes we have given some of Newtons 
Definitiones nearly in his own words ; others have been enun- 
ciated in a form more suitable to modem methods ; and some 
terms have been introduced which were invented subsequent 
to the publication of the Principia. But the Axiomata, sive 
Leges Mutus, to which we now proceed, are given in Newton’s 
own w’-orJs ; the two centuries which have nearly elapsed since 
he first gave them have not shown a necessity for any addition 
or modification. The first two, indeed, were discovered by 
Galileo, and the third, in some of its many forms, was known 
to Hooke, Huyghens, ‘Wallis, Wren, and others; before the 
publication of the Principia, Of late there has been a tendency 
to split the second law into two, called respectively the second 
and third, and to ignore the third entirely, though using it 
directhj in every dynamical problem ; hut all who have done so 
have been forced indirectly to acknowledge the completeness of 
Newuon’s system, by introducing as an axiom what is called 
D’Alembert’s principle, which is really Newton’s rejected third 
law in another form. Newton’s own interpretation of his third 
law directly points out not only D’Alembert’s principle, hut also 
the modem principles of Work and Energy. 

243. An Axiom is a proposition, the truth of which must 
he admitted as soon as the terms in which it is expressed ’are 
clearly understood. But, as we shall show in our chapter on 

Experience,” physical axioms are axiomatic to those only who 
have suiEcient knowledge of the action of physical causes to 
enable them to see their truth. Without further remark we 
shall give Newton’s Three Laws ; it being remembered that, as 
the properties of matter might have been such as to render a 
totally different set of laws axiomatic, these laws must be con- 



243.] DYNAMICAL LAWS AND PRINCIPLES. 24 L 

sidered as resting on convictions drawn from observation and 
experiment, not on intuitive perception. 

244. Lex I. Corpus omne perseverare in statu siio quiescendi^^or\\ 
vel movendi uniformiter in directum, nisi quatenus illud a virihas 
impressis cogitur statum suicm mutare. 

Every hody continues in its state of rest or of uniform motion 
in a straight line, except in so far as it may be compelled by 
force to change that state, 

245. The meaning of the term Rest, in physical science Scst. 
is essentially relative. Absolute rest is imdefinable. If the 
universe of matter were finite, its centre of inertia might fairly 

be considered as absolutely at rest; or it might be imagined to 
be moving with any uniform velocity in any direction whatever 
through infinite space. But it is remarkable that the first law 
of motion enables us (§ 249, below) to explain what may be 
called directional rest. As will soon be shown, § 2G7, the plane 
in which the moment of momentum of the universe (if finite) 
round its centre of inertia is the greatest, which is clearly de- 
terminable from the actual motions at any instant, is fixed in 
direction in space. 

246. We may logically convert the assertion of the first law 
of motion as to velocity into the following statements : — 

The times during which any particular body, not compelled 
by force to alter the speed of its motion, passes through equal 
spaces, are equal. And, again — Every other body in the uni- 
verse, not compelled by force to alter the S2}eed of its motion, 
moves over equal spaces in successive intervals, during whicli 
the j)articular chosen body moves over equal spaces. 

247. The first part merely expresses the convention uni- Time. 
versaUy adopted for the measurement of Time. The earth, in 

its rotation about its axis, presents us with a case of motion in 
which the condition, of not being compelled by force to alter 
its speed, is more nearly fulfilled than in any other which 
we can easily or accurately observe. And the numerical 
measurement of time practically rests on defining equal inter- 
vals of time, as times during nohich the earth turns through equal 
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angles. This is, of course, a mere convention, and not a law of 
nature ; and, as we now see it, is a part of Newton’s first law. 

Examples of 248. The remainder of the law is not a convention, but a 
great truth of nature, which we may illustrate by referring to 
small and trivial cases as -well as to the grandest phenomena we 
can conceive. 

A curling-stone, projected along a horizontal surface of ice, 
travels equal distances, except in so far as it is retarded by 
friction and by the resistance of the air, in successive intervals 
of time during which the earth turns through equal angles. 
The sun moves through equal portions of interstellar space in 
times during w'hich the earth turns through equal angles, except 
in so far as the resistance of interstellar matter, and the attrac- 
tion of other bodies in the universe, alter his speed and that of 
the earth’s rotation. 

Directional 249. If two material points be projected from one position^ 
j 4, at the same instant with any velocities in any directions, 
and each left to move uninfluenced by force, the line joining 
them will be always parallel to a fixed direction. For the law 
asserts, as we have seen, that AP : AP ' :: AQ : AQ\ if P, Q, and 
again P, Q' are simultaneous positions ; and therefore PQ is 
parallel to P Q\ Hence if four material points (9, P, Q, P are 
all projected at one instant from one position, OP, OQ, OP 

^e“inva- are fixed dhections of reference ever after. But, practically. 

Plane” , the determination of fixed directions in space, S 267, is made to 

of the solar . j. o / 

system. depend upon the rotation of groups of particles exerting forces 
on each other, and thus involves the Third Law of Motion. 

250. The whole law is singularly at variance with the tenets 
of the ancient philosophers who maintained that circular motion 
is perfect. 

The last clause, nisi qiiatemis,'" etc., admirably prepares for 
the introduction of the second law, by conveying the idea that 
it is force alone tvhich can produce a change of motion. How, 
naturally inquire, does the change of motion produced 
depend on the magnitude and direction of the force which 
produces it ? And the answer is — 



251.] DYXAiriCAL LAWS AND PRINCIPLES. 243 

251. Lex II. Matationem motAs proportionalem esse vi 
motrici impressce, et fieri seoiindum lineam rectani qua vis ilia 
imprimitur. 

Change of motion is proportional to force applied, and takes 
place in the direction of the straight line in ivhicli the force acts. 

252. If any force generates motion, a double force will 
generate double motion, and so on, whether simultaneously or 
successively, instantaneously, or gradually applied. And this 
motion, if the body was moving beforehand, is either added 
to the previous motion if directly conspiring with it ; or is 
subtracted if directly opposed ; or is geometrically compounded 
with it, according to the kinematical principles already ex- 
plained, if the line of previous motion and the direction of the 
force are inclined to each other at an angle. (This is a para- 
phrase of Newton’s own comments on the second law.) 

253. In Chapter I. we have considered change of velocity, 
or acceleration, as a purely geometrical element, and have seen 
how it may be at once inferred from the given initial and final 
velocities of a body. By the definition of quantity of motion 
(§ 210), we see that, if we multiply the change of velocity, 
thus geometrically determined, by the mass of the body, we 
have the change of motion referred to in Newton’s law as the 
measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the change of motion that 
concerns us. Thus the same force will produce precisely the 
same change of motion in a body, whether the body be at rest, 
or in motion with any velocity whatever. 

25A Again, it is to be noticed that nothing is said as to the 
body being under the action of one force only ; so that we 
may logically put a part of the second law in the following 
(apparently) amplified form : — 

When any forces 'luhatever act on a body, then, luhether the 
body be oHginally at rest or moving with any velocity and in any 
direction, each force produces in the body the exact change of 

16—2 
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motion lohicli it would have produced if it had acted singly on 
the body originally at rest 

Composi- 255. A remarkable consequence follows immediately from 
forces, this Yiew of the second law. Since forces are measured by the 
changes of motion they produce, and their directions assigned 
by the directions in which these changes are produced; and 
since the changes of motion of one and the same body are in 
the directions of, and proportional to, the changes of velocity — 
a single force, measured by the resultant change of velocity, 
and in its direction, will be the equivalent of any number of 
simultaneously acting forces. Hence 

The resultant of any number offerees {applied at one point) is 
to be found by the same geometrical process as the resultant of any 
number of simultaneous velocities. 

256. From this follows at once (§ 27) the construction of 
the Parallelogram of Forces for finding the resultant of two 
forces, and the Polygon of Forces for the resultant of any num- 
ber of forces, in lines all through one point. 

The case of the equilibrium of a number of forces acting -at 
one point, is evidently deducible at once from this ; for if we 
introduce one other force equal and opposite to their resultant, 
this will produce a change of motion equal and opposite to the 
resultant change of motion produced by the given forces ; that 
is to say, will produce a condition in which the point expe- 
riences no change of motion, w^hich, as we have already seen, is 
the only kind of rest of which we can ever be conscious. 

257. Though Newton perceived that the Parallelogi’am of 
Forces, or the fundamental principle of Statics, is essentially 
involved in the second law of motion, and gave a proof which 
is vii'tually the same as the preceding, subsequent writers on 
Statics (especially in this country) have very generally ignored 
the fact ; and the consequence has been the introduction of 
various unnecessary Djmamical Axioms, more or less obvious, 
but in reality included in or dependent upon Newton’s laws 
of motion. We have retained Newton’s method, not only on 
account of its admirable simplicity, but because we believe it 
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contains tlie most pbilosopliical foundation for the static as well 
as for the kinetic branch of the dynamic science. 

258, But the second law gives us the means of measuring Weasure- 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon the 
same body for equal times, we evidently have changes of 
velocity produced which are proportional to the forces. The 
changes of velocity, then, give us in this case the means of 
comparing the magnitudes of different forces. Thus the velo- 
cities acquired in one second by the same mass (falling freely) 
at different parts of the earth's surface, give us the relative 
amounts of the eai’th's attraction at these places. 

Again, if equal forces be exeiiied on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately the 
case, for instance, with trains of various lengths started by the 
same locomotive : it is exactly realized in such cases as 
the action of an electrified body on a number of solid or hollow 
spheres of the same external diameter, and of different metals 
or of different thicknesses. 

Again, if we find a case in which different bodies, each acted 
on by a force, acquire in the same time the same changes of 
velocity, the forces must be proportional to the masses of the 
bodies. This, when the resistance of the air is removed, is the 
case of falling bodies ; and from it we conclude that the weight 
of a body in any given locality, or the force with which the 
earth attracts it, is proportional to its mass ; a most important 
physical truth, w'hich will be treated of more carefully in the 
chapter devoted to “ Properties of Matter/' 

259. It appears, -lastly, from this law, that every" theorem ofTrausia- 
Kinematics connected with acceleration has its counterpart in 

maticsofa 

Kinetics. pcmt. 


For instance, suppose X, Y, Z to be the components, parallel 
to fixed axes of a-, y, z respectively, of the whole force acting on 
a particle of mass J/. We see by § 212 that 


or 


d-X _ „ 

Mx = X, 




Mb = Z. 
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Tlie second members of tliese equations ai‘e respectively the com- 
ponents of the impressed force, along the tangent (§ 9), perpen- 
dicular to the osculating plane (§ 9), and towards the centre of 
curv’ature, of the path desciibed. 


260, "We have, by means of the first two laws, arrived at a 
definition and a measure of force ; and have also found how to 
compound, and therefore also how to resolve, forces ; and also 
how to investigate the motion of a single paiiilcle subjected to 
given forces. But more is required before we can completely 
understand the more complex cases of motion, especially those 
in which we have mutual actions between or amongst two or 
more bodies ; such as, for instance, attractions, or pressures, or 
transference of energy in any form. This is perfectly supplied 
by 


261. Lex III. Actioni contrariam semper et oequalem esse 
reactionein : sive corporum diiorum actiones in se miitub semper 
esse cequales et in partes contrarias dirigL 

To every action there is always an equal and contrary re- 
action: or^ the mutual actions of any two bodies are always equal 
and oppositely directed, 

263. If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite direc- 
tion. If any one presses a stone with his finger, his finger is 
pressed with the same force in the opposite direction by the 
stone. A horse towing a boat on a canal is dragged back- 
wards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in whatever 
direction, one body has its motion changed by impact upon 
another, this other body has its motion changed by the same 
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amount in the opposite direction; for at each instant duidng^^^^ 
the impact the force between them was equal and opposite on 
the two. When neither of the two bodies has any rotation, 
whether before or after impact, the changes of velocity which 
they experience are inversely as their masses. 

When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. This law holds 
not only for the attraction of ginvitation, but also, as Newton 
himself remarked and verified by experiment, for magnetic 
attractions : also for electric forces, as tested by Otto-Guericke. 

263. What precedes is founded upon Newton's own com- 
ments on the third law, and the actions and reactions con- 
templated are simple forces. In the scholium appended, he 
makes the following remarkable statement, introducing another 
description of actions and reactions subject to his third law, 
the full meaning of which seems to have escaped the notice of 
commentators : — 

Si mtimetur agentis actio ex ejus vi et velocitate conjunctim ; 
et similiter resistentis reactio cestimetur conjimctiin exejus partium 
singularum velocitatihus et viribus resistendi ah earum attritione, 
cohcesione, ponde^^e, et accelerationeoriundis; erunt actio et reactio^ 
ill Omni instriiinentorum iisii,, sihi imicem semper (squales. 

In a previous discussion Newton has shown what is to be 
understood by the velocity of a force or resistance ; f.e., that it 
is the velocity of the point of application of the force resolved 
in the direction of the force. Bearing this in mind, we may 
read the above statement as follows : — 

If the Activity^ of an agent he measured by its amount and its 
velocity conjointly; and if similarly, the Counter-activity of the 
resistance he measured hy the velocities of its several pai'ts and 
their several amounts conjointly, whether these arise from fnction, 
cohesion, weight, or acceleration ; — Activity and Counter-activity, 
in all combinations of machines, will he equal and opposite, 

Farther on (§§ 264, 293) we shall give an account of the 

* We translate Newton’s word ‘Mcfie”liere by “ Activity” to avoid confusion 
with the word “Action” so miiversally nsed in modem dynamical treatises, ac- 
cording to the definition of § 326 below, in relation to Manpertuis’ principle of 
“ Least Action.” 
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splendid djTaamical theory founded by D’Alembert and La- 
grange on this most important remark. 

D’Aiem-, 264, XewtoB, in the passage just quoted, points out that 
cipie! forces of resistance against acceleration are to he reckoned as 
reactions equal and opposite to the actions by which the ac- 
celeration is produced. Thus, if we consider any one material 
point of a system, its reaction against acceleration must be 
equal and opposite to the resultant of the forces which that 
point experience^, wbother by the actions of other parts of the 
system upon it, or by the influence of matter not belonging to 
the system. In oilier woids, it must be in equilibrium with 
these forces. Hence Xewton’s \iew amounts to this, that all the 
forces of the system, with the reactions against acceleration of 
the material points composing it, form groups of equilibrating 
sy&tems for these points considered individually. Hence, by 
the principle of superposition of forces in equilibrium, all the 
forces acting on points of the system form, with the reactions 
against acceleration, an equilibrating set of forces on the whole 
system. This is the celebrated principle first explicitly stated, 
and very usefully applied, by D’Alembert in 1742, and still 
known by his name. We have seen, however, that it is very 
distinctly implied in Newdon’s own interpretation of his third 
law of motion. As it is usual to investigate the general equa- 
tions or conditions of equilibrium, in dynamical treatises, before 
entering in detail on the kinetic branch of the subject, this 
principle is found practically most useful in showing how we 
may "write down at once the equations of motion for any 
system for "which the equations of equilibrium have been in- 
vestigated. 

Mtitxmi 265. Every rigid body may be imagined to be divided into 
twwnitarti- indefinitely small parts. Now, in whatever form we may 
rigid bocij. eventually find a 'physical explanation of the origin of the forces 
which act between these parts, it is certain that each such 
small part may be considered to be held in its position 
relatively to the others by mutual forces in lines joining them. 

266. From this we have, as immediate consequences of the 
second and third laws, and of the preceding theorems relating 
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to Ceutre of Inertia and Moment of Momentum, a numlDer of 
important propositions such, as the following : — 

(a) The centre of inertia of a rigid body moTiug in any Motion of 
manner, but free from external forces, moves unifoimly in auilrpaofa 
straight line. 


rigid body. 


(b) "When any forces whatever act on the body, the motion of 
the centre of ineitia is the same as it would have been had 
these forces been applied with their proper magnitudes and 
directions at that point itself. 


(c) Since the moment of a force acting on a particle is the 3 roTnentof 
same as the moment of momentum it produces in unit of time. ofTng^d 
the changes of moment of momentum in anj" two parts of a 

a-igid body due to their mutual action are equal and opposite. 

Hence the moment of momentum of a rigid body, about any axis 
which is fixed in direction, and passes through a point which 
is either fixed in space or moves uniformly in a straight line, is 
unaltered by the mutual actions of the parts of the body. 

(d) The rate of increase of moment of momentum, when the 
body is acted on by external forces, is the sum of the moments 
of these forces about the axis. 


267. We shall for the present take for granted, that the conserva- 
mutual action between two rigid bodies may in every case be momentum, 
imagined as composed of pairs of equal and opposite forces ment of 
in straight lines. From this it follows that the sum of the 
quantities of motion, parallel to any fixed direction, of two 
rigid bodies influencing one another in any possible way, re- 
mains unchanged by their mutual action; also that the sum 
of the moments of momentum of all the particles of the two 
bodies, round any line in a fixed direction in space, and passing 
through any point moving uniformly in a straight line in any 
direction, remains constant. From the first of these propositions 
we infer that the centre of inertia of any number of mutually 
influencing bodies, if in motion, continues moving uniformly 
in a straight line, unless in so far as the direction or velocity 
of its motion is changed by forces acting mutually between 
them and some other matter not belonging to them ; also that 
the centre of inertia of any body or system of bodies moves 
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The “inva- just as all tlieir matter, if concentrated in a point, would move 

Plane” is a Under the influence of forces equal and parallel to the forces 

plane , lx 

through the really actinsr on its different parts. From the second we infer 

centre of ^ . 

inertia, per- that the axis of resultant rotation throiio'h the centre of inertia 

pendicuiar ® 

s^dtot^is system of bodies, or through any point either at rest or 

moving uniformly in a straight line, remains unchanged in 
direction, and the sum of moments of momenta round it 
remains constant if the system experiences no force from with- 
out. This principle used to be called Conservatwji of Areas, 

Terrestrial a Very ilhconsidered desimation. From this principle it follows 

application. , i i i t 

that if by internal action such as geological upheavals or sub- 
sidences, or pressure of the winds on the water, or by evapora- 
tion and rain- or snow-fall, or by any influence not depending 
on the attraction of sun or moon (even though dependent on 
solar heat), the disposition of land and water becomes altered, 
the component round any fixed axis of the moment of momen- 
tum of the earth's rotation remains constant. 

iiateof 268. The foundation of the abstract theory of energy is laid 
* by Newton in an admirably distinct and compact manner in the 
sentence of his scholium already quoted (§ 263), in which he 
points out its application to mechanics*. The actio agentis, 
as he defines it, which is evidently equivalent to the product of 
the effective component of the force, into the velocity of the 
point on Avhich it acts, is simply, in modem English phrase- 
ology, the rate at w'hich the agent works. The subject for 
measurement here is precisely the same as that for which Watt, 

Horse- a hundred years later, introduced the practical unit of a ''Horse- 
2 jowerf or the rate at which an agent works when overcoming 
33,000 times the weight of a pound through the space of a foot 
in a minute ; that is, producing 550 foot-pounds of work per 
second. The unit, however, which is most generally convenient 
is that which Newton's definition implies, namely, the rate of 
doing work in which the unit of energy is produced in the unit 
of time. 

* The reader will remember that we use the word “mechanics” in its true 
classical sense, the science of machines, the sense in which Newton himself 
used it, when he dismissed the further consideration of it by saying (in the 
schoh'um referred to), Cceterum mecJianicam tractate non est hujus instituti. 
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269. Looking at isewton’s ■words fS 2G3) in tliis lisrlit, we ;■! 
see that they may he logically converted into the follov'ing djiiaiuicb. 
form : — 

Work done on any system of bodies (in Newton's state- 
ment, the parts of any machine) has its equivalent in work done 
against friction, molecular forces, or gravity, if there be no 
acceleration ; but if there be acceleration, part of the work is 
expended in overcoming the resistance to acceleration, and the 
additional kinetic energy developed is equivalent to the work 
so spent. This is evident from § 214. 

When part of the work is done against molecular forces, as 
in bending a spring ; or against gravity, as in raising a weight ; 
the recoil of the spring, and the fall of the weight, are capable 
at any future time, of reproducing the work originally expended 
(§ 241). But in Newton’s day, and long afterwards, it w^as 
supposed that work was absolutely lost by friction ; and, indeed, 
this statement is still to be found even in recent authoritative 
treatises. But we must defer the examination of this point till 
we consider in its modem form the principle of Conservation of 
Energy, 

270. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by an 
amount equal to the whole work done in that time by the 
mutual forces, which we may imagine as acting between its 
points. When the lines in which these forces act remain all 
unchanged in length, the forces do no work, and the sum of the 
kinetic energies of the whole system remains constant. If, on 
the other hand, one of these lines varies in length during the 
motion, the mutual forces in it will do work, or will consume 
work, according as the distance varies with or against them. 

271. A limited system of bodies is said to he dynamically Conserva- 

. , 1 f 1 syhtem, 

conservative (or simply conservative, when force is understood to 
be the subject), if the mutual forces between its parts always 
perform, or always consume, the same amount of work during 
any motion whatever, by which it can pass from one particular 
configuration to another. 
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272. The whole theory of energy in physical science is 
founded on the following proposition: — 

If the mutual forces between the parts of a material system 
are independent of their velocities, whether relative to one 
another, or relative to any external matter, the system must be 
dynamically conservative. 

For if more work is done by the mutual forces on the 
different paits of the system in passing from one particular 
configuration to another, by one set of paths than by another 
set of paths, let the system be directed, by frictionless con- 
straint, to pass fi’om tbe first configuration to the second by 
one set of paths and return Ly the other, over and over again 
for ever. It will be a continual source of energy without any 
consumption of mateiials, which is impossible. 

273. The potential energy of a conservative system, in the 
configuration which it has at any instant, is the amount of work 
required to bring it to that configuration against its mutual 
forces during the passage of the system from any one chosen 
configuration to the configuration at the time referred to. It 
is generally, but not always, convenient to fix the particular 
configuration chosen for the zero of reckoning of potential 
energy, so that the potential energy, in every other configuration 
practically considered, shall be positive. 

274. The potential energy of a conservative system, at any 
instant, depends solely on its configuration at that instant, 
being, according to definition, the same at all times when the 
system is brought again and again to the same configuration. 
It is therefore, in mathematical language, said to be a function 
of the co-ordinates by which the positions of the different parts 
of the system are specified. If, for example, we have a conser- 
vative system consisting of two material points ; or two rigid 
bodies, acting upon one another with force dependent only on 
the relative position of a point belonging to one of them, and a 
point belonging to the other; the potential energy of the 
system depends upon the co-ordinates of one of these points 
relatively to lines of reference in fixed directions through the 
other. It will therefore, in general, depend on three indepen- 
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dent co-ordinates, 'whicli we niav conveniently take as the dls- Potential 

“ “ . Gncrcv of 

tance between the two points, and two angles specifying the conferva- 
absolute direction of the line joining them. Thus, for example, 
let the bodies be two uniform metal globes, electrified with any 
given quantities of electricity, and placed in an insulating 
medium such as air, in a region of space under the influence 
of a vast distant electrified body. The mutual action between 
these two spheres will depend solely on the relative position of 
their centres. It will consist partly of gravitation, depending 
solely on the distance between their centres, and of electric 
force, which wall depend on the distance between them, but 
also, in virtue of the inductive action of the distant body, will 
depend on the absolute direction of the line joining their 
centres. In our divisions devoted to gravitation anti electricity 
respectively, we shall investigate the portions o: the iniitiial 
potential energy of the two bodies depending on these two 
agencies separately. The former we shall find to be the pro- 
duct of their masses divided by the distance between their 
centres; the latter a somewhat complicated function of the 
distance between the centres and the angle which this line 
makes with the direction of the resultant electric force of the 
distant electrified body. Or again, if the system consist of two 
balls of soft iron, in any locality of the eaith’s surface, their 
mutual action will be partly gravitation, anil partly due to the 
magnetism induced in them by terrestrial magnetic force. The 
portion of the mutual potential energy depending on the latter 
cause, will be a function of the distance between their centres 
and the inclination of this line to the direction of the terrestrial 
magnetic force. It will agree in mathematical expression with 
the potential energy of electric action in the preceding case, so 
far as the inclination is concerned, but the law of variation with 
the distance will he less easily determined. 

275. In nature the hypothetical condition of § 271 is oppa- inevitable 
rently violated in all circumstances of motion. A material system entrsry of 
can never be brought tlirough any returning cycle of motion tions. 
without spending more work against the mutual forces of its 
parts than is gained from these forces, because no relative 
motion can take place without meeting with frictional or 



Inevitable 
loss of 
energy of 
visible 
motions. 


Effect of 

tidal 

fnction. 


2 54 PRELIMINARY. [27 5. 

Other forms of resistance; among which are included (1) 
mutual friction between solids sliding upon one another; (2) 
resistances due to the viscosity of fluids, or imperfect elasticity 
of solids; (3) resistances due to the induction of electric cur- 
rents; (4) resistances due to varying magnetization under the 
influence of imperfect magnetic retentiveness. No motion in 
nature can take place without meeting resistance due to some, 
if not to all, of these influences. It is matter of every day 
experience that friction and imperfect elasticity of solids impede 
the action of aU artificial mechanisms; and that even when 
bodies are detached, and left to move freely in the air, as falling 
bodies, or as projectiles, they experience resistance owing to the 
viscosity of the air. 

The greater masses, planets and comets, moving in a less 
resisting medium, show less indications of resistance^. Indeed 
it cannot be said that observation upon any one of these bodies, 
with the exception of Encke’s comet, has demonstrated resist- 
ance. But the analogies of nature, and the ascertained facts of 
physical science, forbid us to doubt that every one of them, 
every star, and every body of any kind moving in any part of 
space, has its relative motion impeded by the air, gas, vapour, 
medium, or whatever we choose to call the substance occupying 
the space immediately round it; just as the motion of a rifle 
bullet is impeded by the resistance of the air. 

276. There are also indirect resistances, owing to friction 
impeding the tidal motions, on all bodies (like the earth) par- 
tially or wholly covered by liquid, which, as long as these bodies 
move relatively to neighbouring bodies, must keep drawing off 
energy from their relative motions. Thus, if we consider, in 
the first place, the action of the moon alone, on the earth with 
its oceans, lakes, and rivers, we perceive that it must tend to 
equalize the periods of the earth’s rotation about its axis, and 
of the revolution of the two bodies about their centre of inertia; 
because as long as these periods differ, the tidal action on the 

* Newton, Prindpia, (Remarks on tke first law of motion.) “ Majora antem 
Planetamm et Cometarom corpora motus snos et progressivos et circulares, in 
spatiis minns resistentibns factos, conservant dintins.” 
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earth’s surface must keep subtracting energy from their motions. 

To view the subject more in detail, and, at the same time, to friction, 
avoid unnecessary complications, let us suppose the moon to be 
a uniform spherical body. The mutual action and reaction of 
gravitation between her mass and the earth's, will be equivalent 
to a single force in some line through her centre; and must be 
such as to impede the earth’s rotation as long as this is per- 
formed in a shorter period than the moon’s motion round the 
earth. It must therefore lie in some such direction as the line 
JLTQ in the diagram, which represents, necessarily with enormous 
exaggeration, its deviation, OQ, from the 
earth’s centre. Now the actual force on 
the moon in the line MQ^ may be re- 
garded as consisting of a force in the 
line MO towards the earth’s centre, 
sensibly equal in amount to the whole 
force, and a comparatively very small 
force in the line MT perpendicular to 

MO- This latter is very nearly tangential to the moon’s path, 
and is in the direction with her motion. Such a force, if sud- 
denly commencing to act, would, in the first place, increase the 
moon’s velocity; but after a certain time she would have moved 
so much farther from the earth, in virtue of this acceleration, as 
to have lost, by moving against the earth’s attraction, as much 
velocity as she had gained by the tangential accelerating force. 

The eifect of a continued tangential force, acting with the mo- 
tion, but so small in amount as to make only a small deviation 
at any moment from the circular form of the orbit, is to gra- 
dually increase the distance from the central body, and to cause 
as much again as its own amount of work to be done against 
the attraction of the central mass, by the kinetic energy of 
motion lost. The circumstances will he readily understood, by 
considering this motion round the central body in a very gi*adual 
spiral path tending outwards. Preluded the law of the central 
force is the inverse square of the distance, the tangential 
component of the central force against the motion will be twice 
as great as the disturbing tangential force in the direction with 
the motion; and therefore one-half of the amount of work done 
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against the former, is done by the latter, and the other half by 
kinetic energy taken from the motion. The integral effect on 
the moon’s motion, of the particular disturbing cause now under 
consideration, is most easily found by using the principle of 
moments of momenta. Thus we see that as much moment of 
momentum is gained in any time by the motions of the centres 
of inertia of the moon and earth relatively to their common 
centre of inertia, as is lost by the earth’s rotation about its axis. 
The sum of the moments of momentum of the centres of inertia 
of the moon and earth as moving at present, is about 4*45 times 
the present moment of momentum of the earth’s rotation. The 
average plane of the former is the ecliptic ; and therefore the 
axes of the two momenta are inclined to one another at the 
average angle of 23^ 2^^', which, as we are neglecting the sun’s 
influence on the plane of the moon’s motion, may be taken as 
the actual inclination of the two axes at present. The resultant, 
or whole moment of momentum, is therefore 5*38 times that of 
the earth’s present rotation, and its axis is inclined 19° 13' to 
the axis of the earth. Hence the ultimate tendency of the tides 
is, to reduce the earth and moon to a simple uniform rotation 
with this resultant moment round this resultant axis, as if thej’* 
were two parts of one rigid body: in which condition the moon’s 
distance would be increased (approximately) in the ratio 1 : 1*46, 
being the ratio of the square of the present moment of momen- 
tum of the centres of inertia to the square of the whole moment 
of momentum ; and the period of revolution in the ratio 1 : 1*77, 
being that of the cubes of the same quantities. The distance 
would therefore be increased to 347,100 miles, and the period 
lengthened to 48*36 days. Were there no other body in 
the universe but the earth and the moon, these two bodies 
might go on moving thus for ever, in circular orbits round their 
common centre of inertia, and the earth rotating about its axis in 
the same period, so as always to turn the same face to the moon, 
and therefore to have all the liquids at its surface at rest rela- 
tively to the solid. But the existence of the sun would pre- 
vent any such state of things from being permanent. There 
would be solar tides — twice high water and twice low water — in 
the period of the earth’s revolution relatively" to the sun (that is 
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to say, twice in the solar day, or, which would he the same inevitable 
thing, the month). This could not go on without loss of energy enemv of 
by fluid friction. It is easy to trace the whole course of the motions. 

^ Tidal 

disturbance in the earth’s and moon’s motions which this cause friction, 
would produce^: its first effect must be to bring the moon to 
fall in to the earth, with compensation for loss of moment of 
momentum of the two round their centre of inertia in increase of 
its distance from the sun, and then to reduce the very rapid rota- 
tion of the compound body, Earth-and-Moon, after the collision, 
and farther increase its distance from the Sun till ultimately, 
(corresponding action on liquid matter on the Sun having its 
effect also, and it being for our illustration supposed that there are 
no other planets,) the two bodies shall rotate round their common 
centre of inertia, like parts of one rigid body. It is remarkable 
that the whole frictional effect of the lunar and solar tides 
should be, first to augment the moon’s distance from the earth 
to a maximum, and then to diminish it, till ultimately the 
moon falls in to the earth : and first to diminish, after that to 
increase, and lastly to diminish the earth’s rotational velocity. 

We hope to return to the subject later, and to consider the 
general problem of the motion of any number of rigid bodies 
or material points acting on one another with mutual forces, 
under any actual physical law, and therefore, as we shall see, 
necessarily subject to loss of energy as long as any of their 
mutual distances vary; that is to say, until all subside into 
a state of motion in circles round an axis passing through their 
centre of inertia, like parts of one rigid body. It is probable 


* The friction of these solar tides on the earth would cause the earth to 
rotate still slower; and then the moon’s influence, tending to keep the earth 
rotating with always the same face towards herself, would resist this further 
reduction m the speed of the rotation. Thus (as explained above with reference 
to the moon) there would be from the sun a force opposing the earth’s rotation, 
and from the moon a force promotmg it. Hence according to the preceding 
explanation applied to the altered circumstances, the hne of the earth’s at- 
traction on the moon passes now as before, not through the centre of inertia of 
the earth, but now in a line slightly behind it (instead of before, as formeily). 
It therefore now resists the moon’s motion of revolution. The combined eflect 
of this resistance and of the earth’s attraction on the moon is, like that of a 
resisting medium, to cause the moon to fall in towards the earth in a spiral path 
■with gradually increasing velocity. 
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Inevitable ttat the moon, in ancient times liquid or viscous in its outer 
ener^ of layer if not throughout, was thus brought to turn always the 
motioos. same face to the earth. 

Tidal 

friction. 

277. We have no data in the present state of science for 
estimating the relative importance of tidal friction, and of the 
resistance of the resisting medium through which the earth and 
moon move ; but whatever it may be, there can be but one 
ultimate result for such a system as that of the sun and planets, 
if continuing long enough under existing laws, and not dis- 
uitimate turbed by meeting with other moving masses in space. That 
S°the°Siar result is the falling together of all into one mass, which, although 
rotating for a time, must in the end come to rest relatively to 
the surrounding medium. 

Conserva- 278. The theory of energy cannot be completed until we 
energy. are able to examine the physical influences which accompany 
loss of energy in each of the classes of resistance mentioned 
above, § 275. We shall then see that in every case in which 
energy is lost by resistance, heat is generated; and we shall 
learn from Joule's investigations that the quantity of heat so 
generated is a perfectly definite equivalent for the energy 
lost. Also that in no natural action is there ever a develop- 
ment of energy which cannot be accounted for by the dis- 
appearance of an equal amount elsewhere by means of 
some known physical agency. Thus we shall conclude, that 
if any limited portion of the material universe could be per- 
fectly isolated, so as to be prevented from either giving 
energy to, or taking energy from, matter external to it, the 
sum of its potential and kinetic energies would be the same at 
all times: in other words, that every material system subject 
to no other forces than actions and reactions between its parts, 
is a dynamically conservative system, as defined above, § 271. 
But it is only when the inscrutably minute motions among 
small parts, possibly the ultimate molecules of matter, which 
constitute light, heat, and magnetism ; and the interm olecular 
forces of chemical afl&nity; are taken into account, along with 
the palpable motions and measurable forces of which we 
become cognizant by direct observation, that we can recognise 
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the universally conservative character of all natural dynamic 
action, and perceive fche bearing of the principle of reversibility 
on the whole class of natural actions involving resistance, which 
seem to violate it. In the meantime, in our studies of abstract 
dynamics, it will be sufficient to introduce a special reckoning 
for energy lost in working against, or gained from woik done 
by, forces not belonging palpably to the conservative class. 

279. As of great importance in farther developments, we 
prove a few propositions intimately connected with energy. 


280. The kinetic energy of any system is equal to the sum 
of the kinetic energies of a mass equal to the sum of the masses 
of the system, moving with a velocity equal to that of its centre 
of inertia, and of the motions of the separate parts relatively to 
the centre of inertia. 


For if X, y, 2 ; be the co-ordinates of any particle, m, of the 
system; i, rj, ^ its co-ordinates relative to the centre of inertia; 
and X, y, i, the co-ordinates of the centre of inertia itself; we have 
for the whole kinetic energy 



But by the properties of the centre of inertia, we have 


Am 77 = 7 ; = 0 , etc. etc. 

dt dt dt dt 


Hence the preceding is equal to 



which* proves the proposition: 


281. The kinetic energy of rotation of a rigid system about 
any axis is (§ 95) expressed by where m is the mass 

of any part, r its distance from the axis, and cu the angular 
velocity of rotation. It may evidently be written in the form 
^co^Xmr^ The factor Xmr^ is of very great importance in 
kinetic investigations, and has been called the Moment of 
Inertia of the system about the axis in question. The moment 
of inertia about any axis is therefore found by summing the 
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products of tlie masses of all the particles each into the square 
of its distance from the axis. 

It is important to notice that the moment of momentum 
of any rigid system about an axis, being %mvr = ^mr^co^ is the 
product of the angular velocity into the moment of inertia. 

If we take a quantity h, such that 

h is called the Radius of Gyration about the axis from which 
T is measured. The radius of gyration about any axis is there- 
fore the distance from that axis at which, if the whole mass 
were placed, it would have the same moment of inertia as be- 
fore. In a fly-wheel, where it is desirable to have as great a 
moment of inertia with as small a mass as possible, within 
certain limits of dimensions, the greater part of the mass is 
formed into a ring of the largest admissible diameter, and the 
radius of this ring is then approximately the radius of gyration 
of the whole. 

A rigid body being referred to rectangular axes passing 
through any point, it is required to find the moment of inertia 
about an axis through the origin making given angles with the 
co-ordinate axes. 

Let X, /X, V be its direction-cosines. Then the distance (r) of 
the point cc, y, z from it is, by § 95, 

r® = {jxz - vyY + {i/cc — (\y - /xcc)®, 

and therefore 

Mh^^'Zmr^=l^m[X\y^+z^)+ljJ'{z''-\-0(f)+v\x^+y^)-2iivyz--2v\zx-2XiJi^y^ 
which may be written 

4* 4- — 2otju,v — 2ySvX 2yXjU,, 

where A, B, G are the moments of inertia about the axes, and 
a = p = %mzx, y = '^mxy. From its derivation we see that 

this quantity is essentially positive* Hence when, by a proper 
linear transformation, it is deprived of the terms containing the 
products of X, fx, v, it will be brought to the form 

where A, B, C are essentially positive. They are evidently the 
moments of inertia about the new rectangular axes of co-ordinates, 
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and jLt, V tlie corresponding direction-cosines of tlie axis round 
wliicli the moment of inertia is to be found. 

Let A>B>Cj if they are unequal. Then 

A)\^ -i- = Q + fC + 1/^ 

shows that Q cannot be greater than A, nor less than C. Also, 
i£ A, (7 be equal, Q is equal to each. 

If Or, 6, c be the radh of gyration about the new axes of y, 
A=AIa% B = Mb% C = Mc% 
and the above equation gives 

4- + c“v®. 

But if cu, 2/) ^ ^^7 point in the line whose direction-cosines are 

X, //., V, and r its distance from the origin, we have 

^ = r, and therefore 

A fJL V 

= aW 4 6 + o^z^. 

If, therefore, we consider the ellipsoid whose equation is 
aV 4 4 c V = €^, 

we see that it intercepts on the line whose direction-cosines are 
A, /M, V — and about which the radius of gyration is a length r 
which is given by the equation 

or the rectangle under any radius-vector of this ellipsoid and 
the radius of gyration about it is constant. Its semi-axes are 

evidently “ ? ~ where € may have any value we may assign. 

Thus it is evident that 

282. For every rigid body there may be described about 
any point as centre, an ellipsoid (called FoinsotA Momental 
Ellipsoid^) which is such that the length of any radius-vector is 

* The definition is not Poinsot’s, but ours. The momental ellipsoid as -we 
define it is fairly called Poinsot’s, because of the splendid use he has made 
of it in his well-lmown kinematic representation of the solution of the problem 

^to find the motion of a rigid body with one point held fixed but otherwise 

influenced by no forces — ^which, with Sylvester’s beautiful theorem completing 
it so as to give a purely kinematical mechanism to show the time which the 
body takes to attain any particular position, we reluctantly keep back for our 
Second Volume. 
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inversely proportional to the radius of gyration of the body 
about that radius-vector as axis. 

The axes of this ellipsoid are, and might be defined as, the 
Principal Axes of inertia of the body for the point in question: 
but the best definition of principal axes of inertia is given 
below. First take two preliminary lemmas : — 

(1) If a rigid body rotate round any axis, the centrifugal 
forces are reducible to a single force perpendicular to the axis 
of rotation, and to a couple (§ 234 above) having its axis parallel 
to the line of this force. 

(2) But in particular cases the couple may vanish, or both 
couple and force may vanish and the centrifugal forces be in 
equilibrium. The force vanishes if, and only if, the axis of 
rotation passes through the body’s centre of inertia. 

Def. (1). Any axis is called a principal axis of a body’s 
inertia, or simply a principal axis of the body, if when the body 
rotates round it the centrifugal forces either balance or are re- 
ducible to a single force. 

Def. (2). A principal axis not through the centre of inertia 
is called a principal axis of inertia for the point of itself through 
which the resultant of centrifugal forces passes. 

Def. (3). A principal axis which passes through the centre 
of inertia is a principal axis for every point of itself. 

The proofs of the lemmas may be safely left to the student as 
exercises on § 559 below; and from the proof the identification 
of the principal axes as now defined with the principal axes of 
Poinsot's momental ellipsoid is seen immediately by aid of the 
analysis of § 281. 
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283 . The proposition of § 280 shows that the moment of 
inertia of a rigid body about any axis is equal to that which 
the mass, if collected at the centre of inertia, would have about 
this axis, together with that of the body about a parallel axis 
through its centre of inertia. It leads us naturally to in- 
vestigate the relation between principal axes for any point and 
principal axes for the centre of inertia. The following investi- 
gation proves the remarkable theorem of § 284, which was first 
given in 1811 by Binet in the Journal de Vrcole Polytechmque. 
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Let the origin, 0, be the centre of inertia, and the axes the Principal 

8>X6S. 

principal axes at tliat point. Then, by §§ 280, 281, we have for 
the moment of inertia about a line through the point P (f, tj, 1), 
whose direction-cosines are X, fi, v; 


Q = ^X^ -h P/L® + Cv^ -f II {(y,^ — vyjf -j- (y^ — XJ)” + (Xt) — l^iY} 

~ 2J/ {yA'iql 4- T/X^^+ XjLtf^). 

Substituting for A, C their values, and dividing by J/, 
we have 


¥ = {al -Vrf^ r ) + {h^ + r + f ) At" + (c^ + f + rf) 

- 2 -I- livX + irjXfl), 

Let it be required to find X, />t, v so that the direction specified 
by them may be a principal axis. Let s = X^ + /i7j + e. 
let 5 represent the projection of OP on the axis sought. 

The axes of the ellipsoid 

(a^ + y + -h - 2 + ) = PT (a), 

are found by means of the equations 

(a^ ’hy + V -p)^ 1 

- ^?7X -h {¥ + r + ? -p)/^ I (6) . 

- + 77 ^ ^p)v = 0 J 

If, now, we take / to denote OP, or + 77 ® -f ^*)i, these equations, 
where p is clearly the square of the radius of gyration about 
the axis to be found, may be written 

(c&^ - j3)X - 1 (I^X 4- + fv) = 0, 

etc. = etc., 

or 4-/^ - p)X - ^5 = 0, 

etc. = etc., 

or -Z)X-is=0 | 

\b~ — H) fji — 7}S=^0 I (c) 

= Q j 

where E=^p — /i Hence 


Multiply, in order, by 77 , C, add, and divide by 5 , and we get 


e 


4 - 


h^--K 


r 

c'-P” 


= 1 


(d). 
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By (c) 'we see that (X, fi,, v) is tie direction of tlie normal through, 
the point P, ({, 17, 0 of the surface represented by the equation 


^ 2 /" , _i 

c‘-£ 


(e), 


"wliicli is obviously a surface of tbe second degree confocal v^ith 


tbe ellipsoid 





(A 


and passing tLrougb Pin virtue of (d), wMcb determines /i accord- 
ingly. The three roots of this cubic are clearly all real; one of 
them is less than the least of a~, and positive or negative 

according as P is within or without the ellipsoid (/). And if 
a>h>Cj the two others are between and 6^, and between 5® and 
a^j respectively. The addition of to each gives the square of the 
radius of gyration round the corresponding principal axis. Hence 


284. The principal axes for any point of a rigid body are 
normals to the three surfaces of the second order through that 
point; confocal "with the ellipsoid, -which has its centre at the 
centre of inertia, and its three principal diameters co-incident 
with the three principal axes for that point, and equal respec- 
tively to the doubles of the radii of g 3 n:ation round them. 
This ellipsoid is called the Central Ellipsoid, 

285. A rigid body is said to be kinetically symmetrical 
about its centre of inertia when its moments of inertia about 
three principal axes through that point are equal ; and there- 
fore necessarily the moments of inertia about all axes through 
that point equal, § 281, and all these axes principal axes. About 
it uniform spheres, cubes, and in general any complete crys- 
talline solid of the first system (see chapter on Properties of 
Matter), are kinetically symmetrical. 

A rigid body is kinetically symmetrical about an axis when 
this axis is one of the principal axes through the centre of 
inertia, and the moments of inertia about the other two, and 
therefore about any line in their plane, are equal. A spheroid, 
a square or equilateral triangular prism or plate, a circular ring, 
disc, or cylinder, or any complete crystal of the second or 
fourth system, is kinetically symmetrical about its axis. 
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286. The only actions and reactions between the parts of a Energy in 

11- 111 • 1 abstract 

system, not belonging palpably to the conservative class, which dynamics, 
we shall consider in abstract dynamics, are those of friction 
between solids sliding on solids, except in a few instances in 
which we shall consider the general character and ultimate 
results of effects produced by viscosity of fluids, imperfect 
elasticity of solids, imperfect electric conduction, or imperfect 
magnetic retentiveness. We shall also, in abstract d}mamics, 
consider forces as applied to parts of a limited system arbitrarily 
from without. These we shall call, for brevity, the applied forces. 

287. The law of energy may then, in abstract dynamics, be 
expressed as follows : — 

The whole work done in any time, on any limited material 
system, by applied forces, is equal to the whole effect in the 
forms of potential and kinetic energy produced in the system, 
together with the work lost in friction. 

288. This principle may be regarded as comprehending the 
whole of abstract dynamics, because, as we now proceed to 
show, the conditions of equilibrium and of motion, in every 
possible case, may be immediately derived from it. 

289. A material system, whose relative motions are unre- Eqniii- 

. . . bnum. 

sisted by friction, is in equilibrium in any particular configura- 
tion if, and is not in equilibrium unless, the work done by 
the applied forces is equal to the potential energy gained, in any 
possible infinitely small displacement from that configuration. 

This is the celebrated principle of “virtual velocities’" which 
Lagrange made the basis of his Mdcanique Analytique, The ill- 
chosen name “virtual velocities” is now falling into disuse. 

290. To prove it, we have first to remark that the system Principle 
cannot possibly move away from any particular configuration veiooiUes. 
except by work being done upon it by the forces to which it is 
subject : it is therefore in equilibrium if the stated condition is 
fulfilled. To ascertain that nothing less than this condition can 
secure its equilibrium, let us first consider a system having 

only one degree of freedom to move. Whatever forces act on 
the whole system, we may always hold it in equilibrium by a 
single force applied to any one point of the system in its line 
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Principio of motion, opposite to the direction in which it tends to move, 

velocities, and of such magnitude that, in any infinitely small motion in 
either direction, it shall resist, or shall do, as much work as the 
other forces, whether applied or internal, altogether do or resist. 
Now, by the principle of superposition of forces in equilibrium, 
we might, without altering their ejffect, apply to any one point 
of the system such a force as we have just seen would hold the 
system in equilibrium, and another force equal and opposite 
to it. All the other forces being balanced by one of these two, 
they and it might again, by the principle of superposition of 
forces in equilibrium, be removed; and therefore the whole set 
of given forces would produce the same effect, whether for 
equilibrium or for motion, as the single force which is left 
acting alone. This single force, since it is in a line in which 
the point of its application is free to move, must move the 
system. Hence the given forces, to which this single force has 
been proved equivalent, cannot possibly be in equilibrium 
unless their whole work for an infinitely small motion is 
nothing, in which case the single equivalent force is reduced 
to nothing. But whatever amount of freedom to move the 
whole system may have, we may always, by the application of 
ffictionless constraint, limit it to one degree of freedom only ; 
— and this may be freedom to execute any particular motion 
whatever, possible under the given conditions of the system. 
If, therefore, in any such infinitely small motion, there is 
variation of potential energy uncompensated by work of the 
applied forces, constraint limiting the freedom of the system to 
only this motion will bring us to the case in which we have 
just demonstrated there cannot be equilibrium. But the appli- 
cation of constraints limiting motion cannot possibly disturb 
equilibrium, and therefore the given system under the actual 
conditions cannot be in equilibrium in any particular con- 
figuration if there is more work done than resisted in any 
possible infinitely small motion from that configuration by all 
the forces to which it is subject. 

Neutral 291. If a material system, under the influence of internal 

bnum. and applied forces, varying according to some definite law, is 
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balanced by them in any position in which it may be placed, 
its equilibrium is said to be neutral. This is the case with any 
spherical body of uniform material resting on a horizontal 
plane. A right cylinder or cone, bounded by plane ends per- 
pendicular to the axis, is also in neutral equilibrium on a 
horizontal plane. Practically, any mass of moderate dimensions 
is in neutral equilibrium when its centre of inertia only is 
fixed, since, when its longest dimension is small in comparison 
with the earth’s radius, gravity is, as we shall see, approximately 
equivalent to a single force through this point. 

But if, when displaced infinitely little in any direction from 
a particular position of equilibrium, and left to itself, it com- 
naences and continues vibrating, without ever experiencing 
more than infinitely small deviation in any of its parts, from 
the position of equilibrium, the equilibrium in this position is 
said to be stable. A weight vsuspended by a string, a uniform 
sphere in a hollow bowl, a loaded sphere resting on a horizontal 
plane with the loaded side lowest, an oblate body resting with 
one end of its shortest diameter on a horizontal plane, a plank, 
whose thickness is small compared with its length and breadth, 
floating on water, etc. etc., are all cases of stable equihbrium; if 
we neglect the motions of rotation about a vertical axis in the 
second, third, and fourth cases, and horizontal motion in general, 
in the fifth, for all of which the equilibrium is neutral. 

If, on the other hand, the system can be displaced in any 
way from a position of equilibrium, so that when left to itself 
it will not vibrate within infinitely small limits about the posi- 
tion of equilibrium, but -will move farther and farther away from 
it, the equilibrium in this position is said to be unstable. Thus 
a loaded sphere resting on a horizontal plane with its load as 
high as possible, an egg-sbaped body standing on one end, a 
board floating edgeways in water, etc. etc., would present, if 
they could be realised in practice, cases of unstable equili- 
brium. 

When, as in many cases, the nature of the equilibrium varies 
with the direction of displacement, if unstable for any possible 
displacement it is practically unstable on the whole. Thus a 
coin standing on its edge, though in neutral equilibrium for 
displacements in its plane, yet being in unstable equilibrium 
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tJnstabie for those perpendicular to its plane, is practically unstable. A 

equih- , X* • -ri. * fn 4 . 

bnum. sphere resting in equiiibrium on a saddle presents a case in 
which there is stable, neutral, or unstable equilibrium, accord- 
ing to the direction in which it may be displaced by rolling, 
but, practically, it would be unstable. 

Test of the 292. The theory of energy shows a very clear and simple 
rqum- test for discriminating these characters, or determining whether 
bnum. equilibrium is neutral, stable, or unstable, in any case. If 

there is just as much work resisted as performed by the applied 
and internal forces in any possible displacement the equilibrium 
is neutral, but not unless. If in every possible infinitely small 
displacement from a position of equilibrium they do less work 
among them than they resist, the equilibrium is thoroughly 
stable, and not unless. If in any or in every infinitely small 
displacement from a position of equilibrium they do more work 
than they resist, the equilibrium is unstable. It follows that 
if the system is influenced only by internal forces, or if the 
apphed forces follow the law of doing always the same amount 
of work upon the system passing from one configuration to 
another by all possible paths, the whole potential energy must 
be constant, in aU positions, for neutral equilibrium; must 
be a minimum for positions of thoroughly stable equilibrium ; 
must be either an absolute maximum, or a maximum for some 
displacements and a minimum for others when there is unstable 
equilibrium. 

Deduction 293. We have seen that, according to D’Alembert’s prin- 
e^uations ^ ciple, as explained above (§ 264), forces acting on the different 
any system, points of a material system, and their reactions against the 
accelerations which they actually experience in any case of 
motion, are in equilibrium with one another. Hence in any actual 
case of motion, not only is the actual work done by the forces 
equal to the kinetic energy produced in any infinitely small time, 
in virtue of the actual accelerations; but so also is the work 
which would be done by the forces, in any infinitely small time, 
if the velocities of the points constituting the system, were at 
any instant changed to any possible infinitely small velocities, 
and the accelerations unchanged. This statement, when put in 
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the concise language of mathematical analysis, constitutes Deduction 

Lagrange’s application of the “principle of virtual velocities” equations 
^ ^ T • p TNj A 1 T » -TT • 1 of motion of 

to express the conditions of D Alembert s equilibrium between w system, 
the forces acting, and the resistances of the masses to accelera- 
tion. It comprehends, as we have seen, every possible condi- 
tion of every case of motion. The "'equations of motion” in 
any particular case are, as Lagrange has shown, deduced from 
it with great ease. 


Let m be the mass of any one of the material points of the 
system ] y, z its rectangular co-ordinates at time t, relatively 
to axes fixed in direction (§ 249) through a point reckoned as 
fixed (§ 245) j and X, Y, Z the components, parallel to the same 

axes, of the whole force acting on it. Thus — m , - m , 


— ^ are the components of the reaction against acceleration. 


And these, with X, Y, X, for the whole system, must fulfil the 
conditions of equilibrium. Hence if 8a;, 8y, Sz denote any arbi- 
trary variations of x, y, z consistent with the conditions of the 
system, we have 


motion of 

where S denotes summation to include all the particles of the 
system. This may be called the indeterminate, or the variational, 
equation of motion. Lagrange used it as the foundation of his 
whole kinetic system, deriving from it all the common equations of 
motion, and his own remarkable equations in generalized co-ordi- 
nates (presently to be given). W e may write it otherwise as follows ; 

'^m (xSx -I- ySy + 282;) = S {Xdx + YSy + Zhz) (2), 

where the first member denotes the work done by forces equal to 
those required to produce the real accelerations, acting through 
the spaces of the arbitrary displacements; and the second member 
the work done by the actual forces through these imagined 
spaces. 

If the moving bodies constitute a conservative system, and if 
V denote its potential energy in the configuration specified by 
(x, y, z, etc.), we have of course (g§ 241, 273) 

8 F = - S (X8a; +YBy^Z^z) (3) , 
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and therefore the indeterminate equation of motion becomes 

S//2, (xSx + ySy + zBz) = — 8 F ( 4 ), 

where S F denotes the excess of the potential energy in the con- 
figuration (x + ^x, y + z + Sz, etc.) aboye that in the configura- 
tion (x, y, z, etc.). 

One immediate particular result must of course be the common 
equation of energy, which must be obtained by supposing Sx, hy, 
Sc:, etc., to be the actual variations of the co-ordinates in an 
infinitely small time S^. Thus if we take Sx = x 8 iy etc., and 
divide both members by S^, we have 

2 (Xr + Fy + Zz) = %m {xx -^yy + zz) ( 5 ). 

Here the first member is composed of H ewton’s Actiones AgeMium ; 
with his Eeactiones Resistentium so far as friction, gi'avity, and 
molecular forces are concerned, subtracted : and the second consists 
of the portion of the Eeactiones due to acceleration. As we have 
seen above (§ 214 ), the second member is the rate of increase of 
2^772 {x“ + 2/^ -i- per unit of time. Hence, denoting by v the 
velocity of one of the particles, and by W the integral of the 
first member multiplied by clt, that is to say, the integral work 
done by the working and resisting forces in any time, we have 

( 6 ), 

being the initial kinetic energy. This is the integral equa- 
tion of energy. In the particular case of a conservative system, 
IF is a function of the co-ordinates, irrespectively of the time, or 
of the paths which have been followed. According to the pre- 
■vuous notation, with besides F^ to denote the potential energy of 
the system in its initial configuration, we have 1 F= F^ - F, and 
the integral equation of energy becomes 

217722 ;-”= F,~F+^,, 

or, if E denote the sum of the ’potential and kinetic energies, a 
constant, 31 = E-Y ( 7 ). 

The general indeterminate equation gives immediately, for the 
motion of a system of free particles, 

m^y^ = m^z^ = Z^, = X^, etc. 

Of these equations the three for each particle may of course be 
treated separately if there is no mutual influence between the 
particles: but when they exert force on one another, F^, etc., 
will each in general be a function of all the co-ordinates. 
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From tlie indeterminate equation (1) Lagrange, Ly his method Constraint 
of multipliers, deduces the requisite number of equations for into the in- 
determining the motion of a rigid body, or of any system of con- equation, 
nected particles or rigid bodies, thus : — Let the number of the 
particles be % and let the connexions between them be expressed 
by n equations, 

y.. «,> *3- ••■) = o [ (8) 

etc. etc. J 

being the Icinemaiical equations of the system. By taking the 
variations of these we find that every possible infinitely small dis- 
placement Sajg, ... must satisfy the linear equations 


dF. dF . ^ . 


clF, 

dx^ dy^ 


+ etc. = 0, etc (9). 


Multiplying the first of these by X, the second by etc,, 
adding to the indeterminate equation, and then equating the co- 
efficients of etc., each to zero, we have 


X 

X 


dF dF^ 
dx^ ' dx^ 


+x.-,.,^=o 


dF . dF^ ^ d~}}. 

etc. etc. 


= 0 


( 10 ). 


These are in all equations to determine the n unknown Determi- 
quantities X, X^, and the Zi-n independent valuables to taons^of^ 
which y^, ...are reduced by the kinematical equations (8). deduced. 
The same equations may be found synthetically in the following 
manner, by which also we are helped to understand the precise 
meaning of the terms containing the multipliers X, X^, etc. 

First let the particles be free from constraint, but acted on 
both by the given forces F^, etc., and by forces depending 
on mutual distances between the particles and upon their 
positions relatively to fixed objects subject to the law of con- 
servation, and having for their potential energy 

{hF^ -vk^Ff + 

so that components of the forces actually experienced by the 
different particles shall be 
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X. + iiP J- + 3 _. + to. * i (J? + F, 7 etc.) 


etc., etc. 

Hence tlie equations of motion are 




^dF , „ dF, 




Ah ^.dh, 


dy 

m. ~r = etc. 
'■ dt 


etc., 


etc. 


( 11 ). 


How suppose etc. to be infinitely great: — in order that the 
forces on the particles may not be infinitely great, we must have 
i^=0, = 0, etc., 

that is to say, the equations of condition (8) must be fulfilled ; 
and the last groups of terms in the second members of (11) now 
disappear because they contain the squares of the infinitely small 
quantities F^ F etc. Put now hF-\ etc., and we 

have equations (10). This second mode of proving Lagrange’s 
equations of motion of a constrained system corresponds pre- 
cisely to the imperfect approach to the ideal case which can be 
made by real mechanism. The levers and bars and guide- 
surfaces cannot be infinitely rigid. Suppose then etc. to 
be finite but very great quantities, and to be some functions of 
the co-ordinates depending on the elastic qualities of the materials 
of which the guiding mechanism is composed* — equations (11) 
will express the motion, and by supposing h, etc. to be 
greater and gi’eater we approach more and more nearly to the 
ideal case of absolutely rigid mechanism constraining the precise 
fulfilment of equations (8). 

The problem of finding the motion of a system subject to any 
unvarying kinematical conditions whatever, under the action of 
any given forces, is thus reduced to a question of pure analysis. 
In the still more general problem of determining the motion when 
certain parts of the system are constrained to move in a specified 
manner, the equations of condition (8) involve not only the 
co-ordinates, but also t, the time. It is easily seen however that 
the equations (10) still hold, and with (8) fully determine the 
motion. Por : — consider the equations of equilibrium of the par- 
ticles acted on by any forces X/, 7/, etc., and constrained by 
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proper mecHaiiism to fulfil the equations of condition (8) -with Detemi- 

nate-equa 

the actual yalues of the parameters for any particular value tions of 
of The equations of equilibrium will be uninfluenced deduced, 
by the fact that some of the parameters of the conditions 
(8) have different values at different times. Hence, with 

X^-m^ -^5 instead of X/, F/, etc., according 

to D’Alembert’s principle, the equations of motion will still be 
(8), (9), and (10) quite independently of whether the parameters 
of (8) are all constant, or have values varying in any arbitrary 
manner with the time. 


To find the equation of energy multiply the first of equations Equation of 
(10) by cCj, the second by 3/^, etc., and add. Then remarking 
that in virtue of (8) we have 


dF , dF , 

dF, . d'F^ . 

■^x + + etc. + 

dx^ ‘ * 




= 0 , 


partial differential coefficients of F, F^, etc. with reference to t 
being denoted by (^) » (^^) > denoting by T the 

kinetic energy or J {F + ‘^ + z^), we find 



{Xd +T,J + Z&)-\ (^) - X, (^')- etc. = 0....(12). 


When the kinematic conditions are unvarying^'* that is to 
say, when the equations of condition are equations among the 
co-ordinates with constant parameters, we have 



and the equation of energy becomes 


^=2(X£+ry + 2a) 


( 13 ), 


showing that ^this case the fulfilment of the equations of 
condition involves neither gain nor loss of energy. On the 
other hand, equation (12) shows how to find the work performed 
or consumed in the fulfilment of the kinematical conditions when 
they are not unvaiying. 


VOL. I. 
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As a simple example of varying constraint, wliich will be very 
easily worked out by equations (8) and (10), perfectly illustrating^ 
tbe general principle, the student may take tbe case of a particle 
acted on by any given forces and free to move anywhere in 
a plane wbich is kept moving with any given uniform or varying 
angular velocity round a fixed axis. 

When there are connexions between any parts of a system, tlie 
motion is in general not the same as if all were free. If we con- 
sider any particle during any infinitely small time of the motion, 
and call the product of its mass into the square of the distance 
between its positions at the end of this time, on the two supposi- 
tions, the constraint : tbe sum of the constraints is a minimum. 
This follows easily from (1), 

294. When two bodies, in relative motion, come into con- 
tact, pressure begins to act between them to prevent any parts 
of them from jointly occupying the same space. This force 
commences from nothing at the first point of collision, and 
gradually increases per unit of area on a gradually increasing 
surface of contact. If, as is always the case in nature, each 
body possesses some degree of elasticity, and if they are not kept 
together after the impact by cohesion, or by some artificial 
appliance, the mutual pressure between them will reach a 
maximum, will begin to diminish, and in the end will come to 
nothing, by gradually diminishing in amount per unit of area 
on a gradually diminishing surface of contact. The whole pro- 
cess would occupy not greatly more or less than an hour if 
the bodies were of such dimensions as the earth, and such degrees 
of rigidity as copper, steel, or glass. It is finished, probably, 
within a thousandth of a second if they are globes of any of 
these substances not exceeding a yard in diameter. 

295. The whole amount, and the direction, of the Impact'^ 
experienced by either body in any such case, are reckoned 
according to the '' change of momentum’^ which it experiences. 
The amount of the impact is measured by the amount, and its 
direction by the direction, of the change of momentum which is 
produced. The component of an impact in a direction parallel 
to any fixed line is similarly reckoned according to the com- 
ponent change of momentum in that direction. 
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296. If we imagine tlie wliole time of an impact divided impacfc. 
into a very great number of equal intervals, each, so short that 
the force does not vary sensibly during it;, the component 
change of n^mentum in any direction during any one of these 
intervals will (§ 220) be equal to the force multiphed by 
the measure of the interval. Hence the component of the 
impact is equal to the sum of the forces in all the intervals, 
multiplied by the length of each interval. 

Let F be the component force in any direction at any instant, 

T, of the interval, and let I he the amount of the corresponding 
component of the whole impact. Then 

l^JFdr, 


297. Any force in a constant direction acting in any cir* Time- 
cumstances, for any time great or small, may be reckoned on 
the same principle ; so that wha-t we may call its whole amount 
during any time, or its time-integralj' will measure, or be 
measured by, the whole momentum which it generates in the 
time in question. But this reckoning is not often convenient 
or useful except when the whole operation considered is over 
before the position of the body, or configuration of the system 
of bodies, involved, has altered to such a degree as to bring any 
other forces into play, or alter forces previously acting, to such 
an extent as to produce any sensible effect on the momentum 
measured. Thus if a person presses gently with his hand, 
during a few seconds, upon a mass suspended by a cord or 
chain, he produces an effect which, if we know the degree of 
the force at each instant, may be thoroughly calculated on 
elementary principles, No approximation to a full determina- 
Jion of the motion, or to answering such a partial question as 
‘^how great will be the whole defllection produced 1” can be 
founded on a knowledge of the ^Hime-lntegraV^ alone. If, for 
instance, the force be at first very great and gradually diminish, 
the effect will be very different from what it would be if the 
force were to increase very gradually and to cease suddenly, 
even although the time-integral were the same in the two 
cases. But if the same body is “ struck a blow,” in a horizontal 
direction, either by the hand, or by a mallet or other somewhat 

18—2 
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hard mass, the action of the force is finished before the suspend- 
ing cord has experienced any sensible defiection from the yer- 
tical. Neither gravity nor any other force sensibly alters the- 
effect of the blow. And therefore the whole momentum at the 
end of the blow is sensibly equal to the '' amount of the impact/’ 
which is, in this case, simply the time-integral. 

298. Such is the case of Eobins’ Ballistio Pendulum, a 
massive cylindrical block of wood cased in a cylindrical sheath 
of iron closed at one end and moveable about a horizontal axis 
at a considerable distance above it — employed to measure the 
velocity of a cannon or musket-shot. The shot is fired into the 
block in a horizontal direction along the axis of the block and 
perpendicular to the axis of suspension. The impulsive 
penetration is so nearly instantaneous, and the inertia of the 
block so large compared with ^the momentum of the shot, that 
the ball and pendulum are moving on as one mass before the 
pendulum has been sensibly deflected from the vertical. This is 
essential to the regular use of the apparatus. The iron sheath 
with its flat end must be strong enough to guard against splin- 
ters of wood flying sidewise, and to keep in the bullet. 

299. Other illustrations of the cases in which the time- 
integral gives us the complete solution of the problem may be 
given without limit. They include all cases in which the 
direction of the force is always coincident with the direction 
of motion of the moving body, and those special cases in which 
the time of action of the force is so short that the body’s motion 
does not, during its lapse, sensibly alter its relation to the direc- 
tion of the force, or the action of any other forces to which it 
may be subject. Thus, in the vertical fall of a body, the time- 
integral gives us at once the change of momentum; and the 
same rule applies in most cases of forces of brief duration, as 
in a drive ” in cricket or golf. 

300. The simplest case which we can consider, and the one 
usually treated as an introduction to the subject, is that of the 
collision of two smooth spherical bodies whose centres before 
collision were moving in the same straight line. The force 
between them at each instant must be in this line, because of 
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the symmetry of circumstances round it ; and by the third 
law it must be equal in amount on the two bodies. Hence spiieres. 
(Lex il) they must experience changes of motion at equal rates 
in contrary directions; and at any instant of the impact the 
integral amounts of these changes of motion must be equal. 

Let us suppose^ to fix the ideas^ the two bodies to be moving 
both before and after impact in the same direction in one line : 
one of them gaining on the other before impact, and either 
following it at a less speed, or moving along with it, as the 
case may be, after the impact is completed. Cases in which 
the former is driven backwards by the force of the collision, 
or in which the two moving in opposite directions meet in 
collision, are easily reduced to dependence on the same formula 
by the ordinary algebraic convention with regard to positive 
and negative signs. 

In the standard case, then, the quantity of motion lost, up 
to any instant of the impact, by one of the bodies, is equal to 
that gained by the other. Hence at the instant when their 
velocities are equalized they move as one mass with a momen- 
tum equal to the sum of the momenta of the two before impact. 

That is to say, if v denote the common velocity at this instant, 
we have 

{M-hM)v = MV+MT', 

MV-hirr 

^ = — tTP — j 

M-h If 

if il/, IF denote the masses of the two bodies, and F, V' their 
velocities before impact. 

During this first period of the impact the bodies have been, 
on the whole, coming into closer contact with one another, 
through a compression or deformation experienced by each, 
and resulting, as remarked above, in a fitting together of the 
two surfaces over a finite area. Ho body in nature is per- 
fectly inelastic; and hence, at the instant of closest approxi- 
mation, the mutual force called into action between the two 
bodies continues, and tends to separate them. Unless pre- 
vented by natural surface cohesion or welding (such as is 
always found, as we shall see later in our chapter on Properties 
of Matter, however hard and well polished the surfaces may 
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be), or by artificial appliances (sucb as a coating of wax, applied 
in one of the common illustrative experiments; or the coupling 
applied between two railway carriages when run together so as 
to push in the springs, according to the usual practice at rail- 
way stations), the two bodies are actually separated by this 
force, and move away from one another. Newton found that, 
provided the impact is not so violent as to make any sensible 
permanent indentation in either body, the relative velocity of 
separation after the impact bears a proportion to their previous 
relative velocity of approach, which is constant for the same 
two bodies. This proportion, always less than unity, ap- 
proaches more and more nearly to it the harder the bodies are. 
Thus with balls of compressed wool he found it f , iron nearly 
the same, glass The results of more recent experiments on 
the same subject have confirmed Newton’s law. These will be 
described later. In any case of the collision of two balls, let 
e denote this proportion, to which we give the name Coefficient 
of Restitution;^ and, with previous notation, let in addition 
Z7, 17 denote the velocities of the two bodies after the conclusion 
of the impact; in the standard case each being positive, but 
U > U. Then we have 

Z7'-Cr=e(7-F') 

and, as before, since one has lost as much momentum as the 
other has gained, 

From these equations we find 

(M+M') 17=MV+MT'-eM' (F- F), 
with a similar expression for IT, 

Also we have, as above, 

Hence, by subtraction, 

(M + if') ^ = eif' ( F- F) = e{MT-(M+M')v + MV} 

* In most modem treatises tliis is called a “coefficient of elasticity,” wHcli 
is clearly a mistake; suggested, it may be, by Newton’s words, but inconsistent 
with his facts, and utterly at variance with modem language and modern know- 
ledge regarding elasticity. 
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V— u=e (V^v). spheres. 

Of course we have also 

U* - v—e - F'). 

These results may be put in words thus : — The relative velocity 
of either of the bodies with regard to the centre of inertia of 
the two is, after the completion of the impact, reversed in 
direction, and diminished in the ratio e : 1. 

301 . Hence the loss of kinetic energy, being, according to 

§§267, 280, due only to change of kinetic energy relative to 
the centre of inertia, is to this part of the whole as 1 — : 1. 

Thus 

Initial kinetic energy = ^ (i/+ M’) (F~ -f- {v - jy. 

Final „ J (If + M') - Uf + ( TJ' - v)\ 

Loss = i (1 ^ e") {dr ( F - -y)" + M' {v - VJ}, 

302 . When two elastic bodies, the two balls supposed above Distribu- 
for instance, impinge, some portion of their previous kinetic ener^ after 
energy will always remain in them as vibrations. A 

of the loss of energy (miscalled the effect of imperfect elas- 
ticity) is necessarily due to this cause in every real case. 

Later, in our chapter on Properties of Matter, it will be 
shown as a result of experiment, that forces of elasticity are, 
to a very close degree of accuracy, simply proportional to the 
strains (§ 154), within the limits of elasticity, in elastic solids 
which, like metals, glass, etc., bear but small deformations with- 
out permanent change. Hence when two such bodies come 
into collision, sometimes with greater and sometimes with less 
mutual velocity, but with all other circumstances similar, the 
velocities of aU particles of either body, at corresponding times 
of the impacts, will be always in the same proportion. Hence 
the velocity of separation of the centres of inertia after impact Newton’s 
will bear a constant proportion to the previous velocity of 
approach ; which agrees with the Mewtonian Law. It is there- 
fore probable that a very sensible portion, if not the whole, of 
the loss of energy in the visible motions of two elastic bodies, 
after impact, experimented on by Newton, may have been due 
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Pistribu- to vibrations; but unless some other cause also was largely 
energy after operative, it is difficult to see how the loss was so much greater 

impacfc. . 1 . \ m 1 1 

With iron balls than with glass. 

303. In certain definite extreme cases, imaginable although 
not realizable, no energy will be spent in vibrations, and the 
two bodies will separate, each moving simply as a rigid body, 
and having in this simple motion the whole energy of work 
done on it by elastic force during the collision. For instance, 
let the two bodies be cylinders, or prismatic bars with flat ends, 
of the same kind of substance, and of equal and similar trans- 
verse sections; and let this substance have the property of 
compressibility with perfect elasticity, in the direction of the 
length of the bar, and of absolute resistance to change in every 
transverse dimension. Before impact, let the two bodies be 
placed with their lengths in one line, and their transverse sec- 
tions (if not circular) similarly situated, and let one or both be 
set in motion in this line. The result, as regards the motions 
of the two bodies after the collision, will be sensibly the 
same if they are of any real ordinary elastic solid material, 
provided the greatest transverse diameter of each is very small 
in comparison with its length. Then, if the lengths of the two 
be equal, they wiU separate after impact with the same relative 
velocity as that with which they approached, and neither will 
retain any vibratory motion after the end of the colhsion. 

304. If the two bars are of unequal length, the shorter will, 
after the impact, be exactly in the same state as if it had 
struck another of its own length, and it therefore will move as 
a rigid body after the collision. But the other will, along with 
a motion of its centre of gravity, calculable from the principle 
that its whole momentum must (§ 267) be changed by an 
amount equal exactly to the momentum gained or lost by the 
first, have also a vibratory motion, of which the whole kinetic 
and potential energy will make up the deficiency of energy 
which we shall presently calculate in the motions of the centres 
of inertia. For simplicity, let the longer body be supposed to 
be at rest before the collision. Then the shorter on striking it 
will be left at rest ; this being clearly the result in the case of 
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e = 1 in tlie preceding formnlee (§ 300) applied to tlie impact 
of one body striking another of equal mass previously at rest. 
The longer bar will move away with the same momentum, and 
therefore with less velocity of its centre of inertia, and less 
kinetic energy of this motion, than the other body had before 
impact, in the ratio of the smaller to the greater mass. It will 
also have a very remarkable vibratory motion, which, when its 
length is more than double of that of the other, will consist of 
a wave running backwards and forwards through its length, and 
causing the motion of its ends, and, in fact, of every particle of 
it, to take place by ''fits and starts,” not continuously. The 
full analysis of these circumstances, though very simple, must 
be reserved until we are especially occupied with waves, and 
the kinetics of elastic solids. It is sufficient at present to 
remark, that the motions of the centres of inertia of the two 
bodies after impact, whatever they may have been previously, 
are given by the preceding formulae with for e the value 

ir 

^ , where if and M are the smaller and the larger mass re- 
spectively. 

305. The mathematical theory of the vibrations of solid elastic 
spheres has not yet been worked out; and its application to 
the case of the vibrations produced by impact presents con- 
siderable difficulty. Experiment, however, renders it certain, 
that but a small part of the whole kinetic energy of the pre- 
vious motions can remain in the form of vibrations after the 
impact of two equal spheres of glass or of ivory. This is 
proved, for instance, by the common observation, that one of 
them remains nearly motionless after striking the other pre- 
viously at rest; since, the velocity of the common centre of 
inertia of the two being necessarily unchanged by the impact, 
we infer that the second ball acquires a velocity nearly equal 
to that which the first had before striking it. But it is to be 
expected that unequal balls of the same substance coming into 
collision wiU, by impact, convert a very sensible proportion of 
the kinetic energy of their previous motions into energy of 
vibrations; and generally, that the same will be the case when 
equal or unequal masses of different substances come into colli- 
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sion; although for one particular proportion of their diameters, 
depending on their densities and elastic qualities, this effect will 
be a minimum, and possibly not much more sensible than it is 
when the substances are the same and the diameters equal. 

306. It need scarcely be said that in such cases of impact 
as that of the tongue of a bell, or of a clock-hammer striking 
its bell (or spiral spring as in the American clocks), or of piano- 
forte hammers striking the strings, or of a drum struck with the 
proper implement, a large part of the kinetic energy of the 
blow is spent in generating vibrations. 

307. The Moment of an impact about any axis is derived 
from the line and amount of the impact in the same way as the 
moment of a velocity or force is determined from the line and 
amount of the velocity or force, §§ 235, 236. If a body is 
struck, the change of its moment of momentum about any axis 
is equal to the moment of the impact round that axis. But, 
without considering the measure of the impact, we see (§ 2G7) 
that the moment of momentum round any axis, lost by one 
body in striking another, is, as in every case of mutual action, 
equal to that gained by the other. 

Thus, to recur to the ballistic pendulum — the line of motion 
of the bullet at impact may be in any direction whatever, but the 
only part which is effective is the component in a plane perpen- 
dicular to the axis. We may therefore, for simplicity, consider 
the motion to be in a line perpendicular to the axis, though not 
necessarily horizontal. Let m he the mass of the bullet, v its 
velocity, and p the distance of its line of motion from the axis. 
Let M be the mass of the pendulum with the bullet lodged in it, 
and Jc its radius of gyration. Then if co be the angular velocity 
of the pendulum when the impact is complete, 
mvp = 

from which the solution of the question is easily determined. 

Bor the kinetic energy after impact is changed (§ 241) into 
its equivalent in potential energy when the pendulum reaches its 
position of greatest deflection. Let this be given by the angle 
0 : then the height to which the centre of inertia is raised is 
h (1 - cos 9) if h be its distance from the axis. Thus 
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Mgli (1 — COS ^) = ^3f¥or = | 


TTV^Vy" 


or 


2 





an expression for the chord of the angle of deflection- In 
practice the chord of the angle 6 is measured by means of a 
light tape or cord attached to a point of the pendulum, and 
slipping with small friction through a clij) fixed close to the posi- 
tion occupied by that point when the pendulum hangs at rest. 


308. Work done ly an impact is, in general, the product of 
the impact into half the sum of the initial and final velocities 
of the point at which it is applied, resolved in the direction of 
the impact. In the case of direct impact, such as that treated 
in § 300, the initial kinetic energy of the body is JlfP, the 
final and therefore the gain, by the impact, is 

Y% 

or, which is the same, 

7 ) . HCT'-hF). 


But M{U— V) 295) equal to the amount of the impact. 
Hence the proposition: the extension of which to the most 
general circumstances is easily seen. 

Let I be the amount of the impulse up to time r, and I the 
whole amount, up to the end, T, Thus, — 

i = ^"PcZr, I=j^FdT-, alsoP = ^. 


Whatever may be the conditions to which the body struck is 
subjected, the change of velocity in the point struck is propor- 
tional to the amount of the impulse up to any part of its whole 
time, so that, if be a constant depending on the masses and 
conditions of constraint involved, and if Z7, -y, F denote the com- 
ponent velocities of the point struck, in the direction of the 
impulse, at the beginning, at the time r, and at the end, re- 
spectively, we have 


Hence, for the rate of the doing of work by the force P, at the 
instant we have 


Pv - PU + 
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■Work done Hence for tlie wliole 'work (TF) done by it, 
by impact;. 



=:Cr/+|7(7~ Z7) = 7. J(?7+ F). 

309. It is ■worthy of remark, that if any number of impacts 
he applied to a body, their whole effect will be the same whether 
they be applied together or successively (provided that the 
whole time occupied by them be infinitely short), although 
the work done by each particular impact is in general different 
according to the order in which the several impacts are applied. 
The whole amount of work is the sum of the products obtained 
by multiplying each impact by half the sum of the components 
of the initial and final velocities of the point to which it is' 
applied. 

Equations 310, The effect of any stated impulses, applied to a rigid 
body, or to a system of material points or rigid bodies con- 
nected in any way, is to be found most readily by the aid of 
D’Alembert’s principle ; according to which the given impulses, 
and the impulsive reaction against the generation of motion, 
measured in amount by the momenta generated, are in equi- 
librium ; and are therefore to be dealt with mathematically by 
applying to them the equations of equilibrium of the system. 

Let Pj, be the component impulses on the first particle, 

and let be the components of the velocity in- 

stantaneously acquired by this particle. Component forces equal 
to equilibrate the system, 

and therefore we have (§ 290) 

5 {(P - m^) {Q- mf). ly-viB- mz) 84 = 0 {a) 

where 80 ?^, ... denote the components of any infinitely small 

displacements of the particles possible under the conditions of 
the system. Or, which amoxmts to the same thing, since any 
possible infinitely small displacements are simply proportional to 
any possible velocities in the same directions, 

2 {(P~ ^') n + {Q — my) v + {Q — mz) w] - 0, 


Q>) 
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where denote any possible component velocities of the 

fiist particle, etc. motion. 

One particular case of this eqitation is of course bad by suppos- 
ing ... to be equal to the velocities ... actually 

acquired j and, by halving, etc., we find 

,\x-^ Q .\y-¥E , Ji) = 2m 2 /® + (c). 

This agrees with § 308 above. 

311. Euler discovered that the kinetic ^energy acquired from Theorem of 

. Euler, ex- 

rest by a rigid body in virtue of an impulse fulfils a masimimi- tended by 

ifc ITT* •• Lagrange. 

minimum condition. Lagrange^ extended this proposition to 
a system of bodies connected by any invariable kinematic re- Equatipn of 
lations, and struck with any impulses. Delaunay found that motion, 
it is really always a maximum when the impulses are given, 
and when different motions possible under the conditions of 
the system, and fulfilling ike law of energy [§ 310 (c)], are 
considered. Farther, Bertrand shows that the energy actually 
acquired is not merely a maximum,” but exceeds the energy 
of any other motion fulfilling these conditions ; and that the 
amount of the excess is equal to the energy of the motion which 
must be compounded with either to produce the other. 

Let , 2// ••• be the component velocities of any motion what- 
ever fulfilling the equation (c), which becomes 

J 2 +Qf + Ez'} = 1 2m + (4 

If, then, we take x^' — = 2?i = 


T' — T - {{2x + u) u -h (2y + v)v + {2z + w)w} 

= ^yV’¥zw)-¥\%n + v^ + w^) (e). 

But, by (5), 

2m {xu -^yv^ zw) = 2 {fu +Qv‘^ Ew) (/) ; 

and, by (c) and {d), 

2 {Pu ^Qd + Ew) ^2T' -2T iff). 

Hence (e) becomes 

whence T-T' 2m + i)® + w?®) (^) , 

which is Bertrand’s result. 


* Mecanique Analytique, partie, 3“^® section, § 37. 
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Liquid set 312. The energy of the motion generated suddenly in a 
impvdsiveiy. mass of incompressible liquid given at rest completely filling 
a vessel of any shape, when the vessel is suddenly set in 
motion, or when it is suddenly bent out of shape in any way 
whatever, subject to the condition of not changing its volume, 
is less than the enevgy of any othev motion it can have with the 
same motion of its hounding surface^ The consideration of this 
theorem, which, so far as we know, was first published in 
the Cambridge and Diiblin Mathematical Journal [Feb. 1849], 
has led us to a general minimum property regarding motion 
acquired by any system when any ^vescrihed velocities are 
generated suddenly in any of its parts; announced in the 
Proceedings of the Royal Society of Edinburgh for April, 1863. 
It is, that provided impulsive forces are applied to the system 
only at places where the velocities to be produced are pre- 
scribed, the kinetic energy is less in the actual motion than in 
any other motion which the system can take, and which has 
the same values for the prescribed velocities. The excess of 
the energy of any possible motion above that of the actual 
motion is (as in Bertrand’s theorem) equal to the energy of the 
motion which must be compounded with either to produce the 
other. The proof is easy: — ^here it is : — 

Equations {d), (e), and (/) hold as in § (311). But now each 
velocity component, u^, etc. vanishes for which the 

component impulse etc. does not vanish (because 

x^ + u^, etc. fulfil the prescribed velocity conditions). 

Hence every product F^u^, vanishes. Hence now 


instead of {g) and (Ji) we have 

2 {xu + y-y + zw) = 0 (y '), 

and T -T-\ 2m (A'). 


We return to the subject in §§ 316, 317 as an illustration of 
the use of Lagrange’s generalized co-ordinates ; to the introduc- 
tion of w^hich into Dynamics we now proceed. 

Impulsive 313. The method of generalized co-ordinates explained 
above (§ 204) is extremely useful in its application to the 
generalized ^ System; whether for expressing and working 

out the details of any particular case in which there is any 
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finite number of des^rees of freedom, or for proving g:eneral impulsive 

• -1 Til 1 motion re- 

prmcipies appiicable even to cases, such as that of a hquid, as 
described in the preceding section, in which there may be an 
infinite number of degrees of freedom. It leads us to generalize 
the measure of inertia, and the resolution and composition of 
forces, impulses, and momenta, on dynamical principles corre- 
sponding with the kinematical principles explained in § 204, 
which gave us generalized component velocities: and, as we 
shall see later, the generalized equations of continuous motion 
are not only very convenient for the solution of problems, but 
most instructive as to the nature of relations, however compli- 
cated, between the motions of different parts of a system. In 
the meantime we shall consider the generalized expressions for 
the impulsive generation of motion. We have seen above 
(§ 308) that the kinetic energy acquired by a system given at 
rest and struck with any given impulses, is equal to half the 
sum of the products of the component forces multiplied each 
into the corresponding component of the velocity acquired by 
its point of application, when the ordinary system of rectangular 
co-ordinates is used. Precisely the same statement holds on 
the generalized system, and if stated as the convention agreed 
upon, it suffices to define the generalized components of im- Generalized 
pulse, those of velocity having been fixed on kinematical 
principles (§ 204). Generalized components of momentum mentum. 
of any specified motion are, of course, equal to the generalized 
components of the impulse by which it could be generated from 
rest. 

(a) Let if/, cj), 0, be the generalized co-ordinates of a material 
system at any time; and let xfr, <^, 6, ... be the corresponding 
generalized velocity-components, that is to say, the rates at 
which cj), 0, ... increase per unit of time, at any instant, in 
the actual motion. J£ denote the common rectangular 

co-ordinates of one particle of the system, and its com- 

ponent velocities, we have 



( 1 )- 
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Hence the kinetic energy, -which is in terms 

of rectangular co-ordinates, becomes a quadratic function of 
ij/j < 5 ^, etc,, when expressed in terms of generalized co-ordinates, 
so that if we denote it by T we have 

J + (<f>3 4>) + 2 (if/, <^) (2), 

where (i/r, i/^), (<j>, <j>), ^)j etc., denote various functions of the 

co-ordinates, determinable 'according to the conditions of the 
system. The only condition essentially fulfilled by these co- 
efS-cients is, that they must give a finite positive value fo T for 
all values of the variables. 

(h) Again let (X^, XJ, (X^, 7^, etc., denote component 
forces on the particles (x^, z\ (a-^, etc., respectively; 

and let (Sic,, etc., denote the components >of any in- 

finitely small motions possible without breaking the conditions of 
the system. The work done by those forces, tipon the system 
when so displaced, will he 

S(XSaJ4.78y + XS«) (3). 

To transform this into an expression in terms of generalized co- 
ordinates, we have 




etc. 


etc. 


■( 4 ), 


and it becomes 


where 


^8t/r -}- + etc (5), 


etc. etc. 


.( 6 ). 


These quantities, % % etc., are clearly the generalized com-' 
ponents of the force on the system. 

Let % f, etc. denote component impulses, generalized on the 
same principle ; that is to say, let 




rr 


of impulse. 


^dt $= 


^dt etc., 
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where ... denote generalized components of the continuous 

force acting at any instant of the infinitely short time r, mthin 
which the impulse is completed. 


If this impulse is applied to the system, previously in motion 

in the manner specified above, and if Bdr, Si, . . . denote the re- of motion 
. . PI PI. referred to 

sultmg augmentations oi the components of velocity, the means generalized 

of the component velocities before and after the impulse will be nates. 

i+^Sif/, i + ^Si, 

Hence, according to the general principle explained above for 
calculating the work done by an impulse, the whole work done 
in this case is 

To avoid unnecessary complications, let us suppose 3^, 3^, etc., 
to be each infinitely small. The preceding expression for the 
work done becomes 

+ etc . ; 

and, as the effect jiroduced by this work is augmentation of 
kinetic energy from T to T + ST, we must have 


How let the impulses be such as to augment i to ifr-h Sifr, and to 
leave the other component velocities unqhanged. We shall have 


dT 

etc. = ^ 3^. 


dT . 


Dividing both members by Sifr, and observing that is a linear 

. . ^ ^ 

function of i, etc., we see that , etc., must be equal 

Sif/ Sifr 

dT 

to the coefficients of i, ... respectively in ^ , 


(c) From this we see, further, that the impulse required to pro- 
duce the component velocity ifr from rest, or to generate it in 
the system moving with any other possible velocity, has for its 
components 

(xj/, \j/) i, {i]/, cjy) i, (f, 6) i, etc. 

Hence we conclude that to generate the whole resultant velocity 
(xfr, i, ...) from rest, requires an impulse, of which the com- 
ponents, if denoted hj rj, , are expressed as follows : — 

19 
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^—{^9 i/a) i/a) 4- ( 0 , i/a) " 

v; = (i/., </))i/a+(</>, + ^)l9+... i 

^ = (i/a, 6) + (</), 0 ) + { 0 , 6 ) 6 + * * * * ( 

etc. 

where it must be remembered that, as seen in the original ex- 
pression for Ty from which they are derived, (^, xp) means the 
same thing as (i/a, ^), and so on. The preceding expressions are 
the differential coefficients of T with reference to the velocities ; 
that is to say, 

. dT dT ^ dT 

’-JJ- ’■‘ITS («)■ 


{d) The second members of these equations being linear func- 
tions of i/a, we may, by ordinary elimination, find < 5 ^, etc., 

in terms of 77, etc., and the expressions so obtained are of 
course linear functions of the last-named elements. And, since 
^ is a quadratic function of i[f, <^, etc., we have 

2T == ^ij/ + 4- etc ( 9 ), 

Trom this, on the supposition that T, 0 , ... are expressed in 
terms of 77 , ..., we have by differentiation 

dT . ,d\p d<l> ^dO , 

ISTow the algebraic process by which i^, 0 , etc., are obtained in 
terms of 77, etc., shows that, inasmuch as the coefficient of ^ in 
the expression, (7), for i, is equal to the coefficient of \f/y in the 
expression for 77, and so on ; the coefficient of 77 in the expres- 
sion for xfr must be equal to the coefficient of i in the expression 
for 0 , and so on ; that is to say, 

dxp d<f> 

Hence the preceding expression becomes 


^ dT . - d\j/ dilr . d\L _ . 


and therefore 


. dT 

^ , etc. 

drj 


Similarly 
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These expressions solve the direct problem, — to find the velo- Velocities 

^ ^ ^ X- ; terms of 

city produced by a given impulse (^, rj, ...), when we have the 
kinetic energy, T, expressed as a quadratic function of the com- 
ponents of the impulse. 

(e) If we consider the motion simply, without reference to the 
impulse required to generate it from rest, or to stop it, the quanti- 
ties 7 j, ... are clearly to be regarded as the components of the 
momentum of the motion, according to the system of generalized 
co-ordinates. 

(/) The following algebraic relation will be useful : — Reciprocal 

. . ' , . relation 

ii, + + iP + etc. = If, + ojf, + + etc. (11), between^^^ 

where, 77, i/r, etc., having the same signification as before, 

77^, etc., denote the impulse-components corresponding to motions, 
any other values, \f/^, <j>^, 6 ^^ etc., of the velocity-components. It 
is proved by observing that each member of the equation becomes 
a symmetrical function of \j/, \fr/j etc. ; when for 77^, etc., 

their values in terms of etc., and for f, 77, etc,, their values 

in terms of xj/, <j), etc., are substituted. 

314. A material system of any kind, given at rest, and ^ 
subjected to an impulse in any specified direction, and of any of^Ken^rai- 
given magnitude, moves off so as to take the greatest amount 
of kinetic energy which the specified impulse can give it, of § sii. 
subject to § 808 or § 809 (c). 

Let rj, be the components of the given impulse, and 
tp, <p, ... the components of the actual motion produced by it, 
which are determined by the equations (10) above. How let us 
suppose the system be guided, by means of merely directive 
constraint, to take, from rest, under the influence of the given 
impulse, some motion ...) different from the actual 

motion; and let 77^, ... be the impulse which, with this con- 
straint removed, would produce the motion <f>^, We 

shall have, for this case, as above, 

^,=hi.i'i',+vA + ■■■)• 

But 77^-77 ... are the components of the impulse ex- 

perienced in virtue of the constraint we have supposed introduced. 

They neither perform nor consume work on the system when 
moving as directed by this constraint ; that is to say, 

a - 0 -A. + iv, -n)4>, + (C - 0 + etc, = 0 (12) ; 

19—2 
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and therefore 

2 ^^ = + ^0^ + etc (13). 

Hence we have 

2{T — i + “>7 + etc. 

= (f ~ i) (f - 1) + {v-v)(4>- 
+ iA'i'~ 'AJ + ’?/ (^ “ 4>,) + 

But, hj (11) and (12) above, we have 

{’A *” ^/) + '*7/ (0 “ = (I ~ f,) + (^7 “ v) 

and therefore we have finally 

2 {T^T) = (^- {i - + (77 - ri) (<j> - <}>) + etc. . . .(14), 

that is to say^ T exceeds by the amount o£ the kinetic energy 
that would be generated by an impulse (^—1,, rj - 77 ^, etc.) 

applied simply to the system, which is essentially positive. 
In other words, 

315. If the system is guided to take, under the action of a 
given impulse, any motion -••) different from the natural 

motion (^jr, (j^, it will have less kinetic energy than that of 
the natural motion, by a differenqe .equal to the kinetic energy 
of the motion ('ijr — yfr^j 

Coe. If a set of material points are struck independently 
by impulses each given in amount, more kinetic energy is 
generated if the points are perfectly free to move each in- 
dependently of all the others, than if they are connected in any 
way. And the deficiency of energy in the latter case is equal 
to the amnunt of the kinetic energy of the motion which 
geometrically compounded with the motion of either case would 
give that of the other. 

(a) Hitherto we have either supposed the motion to befully given, 
and the impulses required to produce them, to be to be found ; or 
the impulses to be given and the motions produced by them to be 
to be found. A not less important class of problems is presented 
by supposing as many linear equations of condition between the 
impulses and components of motion to be given as there are de- 
grees of freedom of the system to move (or independent co-ordi- 
nates). These equations, and as many more 'supplied by ( 8 ) 
or their equivalents ( 10 ), suffice for the complete solution of tha 
problem, to determine the impulses and the motion, 
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(b) A very important case of tHs class is presented by prescrib- 

ing, among the velocities alone, a number of linear equations witb involve im- 
constant terms, and supposing tbe impulses to be so directed and velocities. ' 
related as to do no work on any velocities satisfying another pre- 
scribed set of linear equations with no constant terms ; the whole 
number of equations of course being equal to the number of inde- 
pendent co-ordinates of the system. The equations for solving 
this problem need not be written down, as they are obvious ; but 
the following reduction is useful, as affording the easiest proof of 
the minwium property stated below. 

(c) The given equations among the velocities may be reduced 
to a set, each homogeneous, except one equation with a constant 
term. Those homogeneous equations diminish the number of de- 
grees of freedom ; and we may transform the co-ordinates so as 
to have the number of independent co-ordinates diminished ac- 
cordingly. Farther, we may choose the new co-ordinates, so 
that the linear function of the velocities in the single equation 
with a constant term may be one of the new velocity-components; 
and the linear functions of the velocities appearing in the equation 
connected with the prescribed conditions as to the impulses may 
be the remaining velocity-components. Thus the impulse will 
fulfil the condition of doing no work on any other component 
velocity than the one which is given, and the general problem— 

316 . Given any material system at rest : let any parts of 
it be set in motion suddenly with any specified velocities, pos- 
sible according to the conditions of the system; and let its 
other parts be influenced only by its connexions with those; 
required the motion ; 

takes the following very simple form : — ^An impulse of the cha- 
racter specified as a particular component, according to the 
generalized method of co-ordinates, acts on a material system ; 
its amount being such as to produce a given velocity-component 
of the corresponding type. It is required to find the motion. 

The solution of course is to be found from the equations 

17 = 0 , ^ = 0 ......(15) 

(which are the special equations of condition of the problem) and 
the general kinetic equations (7), or (10). Choosing the latter, 
and denoting by ^], [f, tj], etc., the coefficients of 
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in we have 



for the result. 

This result possesses the remarkable property, that the 
kinetic energy of the motion expressed by it is less than that of 
any other motion which fulfils the prescribed condition as to 
velocity. For, if t,, etc., denote the impulses required to 

produce any other motion, 0^, etc., and T, the correspond- 

ing kinetic energy, we have, by (9), 

2T, = 

But by (11), 

+ 7] A + + etc. = 

since, by (15), we have rj — O, ^=0, etc. Hence 

+ i it-id + v, 0,-^) + — 

How let also this second case (i^^, of motion fulfil the pre- 

scribed velocity-condition ifr^ = A, We shall have 

l it -'fd + V, + 

= (i-m-f) + iv-n){i>, -i>)+ (t, - m - - 

since rj-O, = 0, . . .. Hence if ® denote the kinetic 

energy of the differential motion — <j5>, . . .) we have 

2^^ = 2^-1- 2® ,.(17); 

but ® is essentially positive and therefore the kinetic energy 
of any motion fulfilling the prescribed velocity-condition, but 
differing from the actual motion, is greater than T the kinetic 
energy of the actual motion ; and the amount, ®, of the differ- 
ence is given by the equation 

2® = -4) + ^ - 6) + etc (18), 

or in words, 

317 . The solution of the problem is this : — The motion 
actually taken by the system is the motion which has less 
kinetic energy than any other fulfilling the prescribed velocity- 
conditions. And the excess of the energy of any other such 
motion, above that of the actual motion, is equal to the energy 
of the motion which must be compounded with either to pro- 
duce the other. 
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In dealing witb. cases it may often happen that the use of the Kinetic 
co-ordinate system required for the application of the solution niininauni 
(16) is not convenient; but in all cases, even in such as 
examples (2) and (3) below, which involve an infinite number 
of degrees of freedom, the minimum property now proved affords 
an easy solution. 

Eo:ample (1). Let a smooth plane, constrained to keep moving impact of 
with a given normal velocity, g, come in contact with a free rigid^farie 
inelastic rigid body at rest : to find the motion produced. The 
velocity-condition here is, that the motion shall consist of any 
motion whatever giving to the point of the body which is struck 
a stated velocity, q, perpendicular to the impinging plane, com- 
pounded with any motion whatever giving to the same point 
any velocity parallel to this plane. To express this condition, let 
w, V, w be rectangular component linear velocities of the centre 
of gravity, and let m, p, cr be component angular velocities round 
axes through the centre of gi'avity pai'ailel to the line of re- 
ference. Thus, if 03, y, 5? denote the co-ordinates of the point 
struck relatively to these axes thi’ough the centre of gravity, 
and if I, m, n be the direction cosines of the normal to the im- 
pinging plane, the prescribed velocity-condition becomes 
{u + pz- cry) ^ + <T03 — zitz) m {lo 4- tcry — px) n- — q (a), 

the negative sign being placed before q on the understanding 
that the motion of the impinging plane is obliquely, if not directly, 
towards the centre of gravity, when I, m, n are each positive. 

If, now, we suppose the rectangular axes thi*ough the centre of 
gravity to be principal axes of the body, and denote by Mg~y 
Mh^ the moments of inertia round them, we have 

T = I- M (u^ 4- 4- g^p^ 4- A V“) (6). 

This must be made a minimum subject to the equation of con- 
dition {a). Hence, by the ordinary method of indeterminate 
multipliers, 

i/w4-X^ = 0, J/y 4-Xw = 0, Mw-k-Xn-^ . 

Mf^'us 4“ X (ny—7m) = 0, Mg^p+K{lz—nx) — 0, ME cr-¥\{mx—ly) — OJ 

These six equations give each of them explicitly the value of one 
of the six unknown quantities u, y, ts*, p, cr, in terms of X and 
data. Using the values thus found in (a), we have an equation 
to determine X ; and thus the solution is completed. The first 
thi’ee of equations (c) show that X, which has entered as an 
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indeterminate multiplier, is to be interpreted as tbe measure of 
tbe amount of tbe impulse. 

Example (2). A stated velocity in a stated direction is com- 
municated impulsively to eacb end of a flexible inextensible cord 
forming any curvilineal arc : it is required to find tbe initial 
motion of tbe wbole cord. 

Let 2 /, z be tbe co-ordinates of any point P in it, and x, y, z 
tbe components of tbe required initial velocity. Let also s be 
tbe length from one end to tbe point P 

If tbe cord were extensible, tbe rate per unit of time of tbe 
stretcbing per unit of length which it would experience at P, in 
virtue of tbe motion cb, y, would be 

dx dx dy dy dz dz 
ds ds ds ds ds ds * 

Hence, as tbe cord is inextensible, by hypothesis, 

dxdsc dydp / n 

dsds ds ds dsds ^ * 


Subject to this, tbe kinematical condition of tbe system, and 

cb = u''\ x — u') 

2 / = 'y I when s = 0, y^dK when s — l^ 
z—w] z^w'\ 


I denoting tbe length of tbe cord, and (w, w), (u', tbe 

components of tbe given velocities at its two ends : it is required 
to find X, y, z at every point, so as to make 

[ ((P -h y^ + z^) ds (6) 

Jo 

a minimum, p denoting the mass of tbe string per unit of length, 
at tbe point P, which need not be uniform from point to point ; 
and of com'se 

ds = (dx^ + dy^ dz^) ^ (c). 

Multiplying (a) by X, an indeterminate multiplier, and proceeding 
as usual according to tbe method of variations, we have 




in which we may regard x, y, z as known functions of s, and this 
it is convenient we should make independent variable, Inte- 
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grating “by parts” tlie portion of tbe first member contains Generation 

X, and attending to tbe terminal conditions, we find, according to by impulse 

tbe regular process, for tbe equations containing tbe solution StSsibie 

cord or 


cl / dx" 


d /. dy\ . d /. dz\ 

ds) ^ ds\ dsj 


.(4 


chain. 


These three equations with (ct) suffice to determine tbe four 
unknown quantities, x, y, z, and X. Using (d) to eliminate x, y, z 
from (a), we have 


~ ds ds \ ds) * j ft ds^ \ dsJ 


-h 


) 


Taking now s for independent variable, and performing tbe 
differentiation here indicated, with attention to tbe following 
relations : — 

dx^ _ dx d^x ^ 

— +... = 1 , ... = 0 , 

ds^' ds ds“ 


dx d^x /d^xX^ 

ds ds^"^ \dsy 


= 0 , 


and tbe expression (§ 9) for p, tbe radius of curvature, we find 


l^X 

[xds^ 



ds ds 


X 

l^pi- 


0 




a linear differential equation of tbe second order to determine 
X, when p, and p are given functions of s. 


Tbe interpretation of (d) is very obvious. It shows that X is 
tbe impulsive tension at tbe point F of tbe string ; and that tbe 
velocity which this point acquires instantaneously is tbe resultant 


of tangential, and — towards tbe centre of curvature. 
fids pfi 

Tbe differential equation (e) therefore shows tbe law of trans- 
mission of tbe instantaneous tension along tbe string, and proves 
that it depends solely on tbe mass of tbe cord per unit of length 
in each part, and tbe curvature from point to point, but not at 
all on tbe plane of curvature, of tbe initial form. Thus, for 
instance, it will be tbe same along a helix as along a circle of 
tbe same curvature. 
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■With reference to the fulfilling of the six terminal equations, 
a difficulty occurs inasmuch as cb, y, z are expressed by {d) imme- 
diately, -without the introduction of fresh arbitrary constants, 
in terms of X, which, as the solution of a differential equation of 
the second degree, involves only two arbitrary constants. The 
explanation is, that at any point of the cord, at any instant, any 
velocity in any direction perpendicular to the tangent may be 
generated without at all altering the condition of the cord even 
at points infinitely near it. This, which seems clear enough 
without proof, may be demonstrated analytically by transforming 
the kinematical equation [a) thus. Let f be the component tan- 
gential velocity, q the component velocity towards the centre of 
curvature, and p the component velocity perpendicular to the 
osculating plane. Using the elementary formulas for the direc- 
tion cosines of these lines (§ 9), and remembering that s is now 
independent variable, we have 


j,dx _ ^ ^ p (dzd“y - dyd“z) 


Substituting these in (a) and reducing, we find 



ds p 


if), 


a form of the kinematical equation of a flexible line which vdll 
be of much use to us later. 


We see, therefore, that if the tangential components of the im- 
pressed terminal velocities have any prescribed values, we may 
give besides, to the ends, any velocities whatever perpendicular 
to the tangents, without altering the motion acquired by any part 
of the cord. Prom this it is clear also, that the directions of the 
terminal impulses are necessarily tangential ; or, in other words, 
that an impulse inclined to the tangent at either end, would 
generate an infinite transverse velocity. 

To express, then, the terminal conditions, let F and F' be the 
tangential velocities produced at the ends, which we suppose 
known. We have, for any point, P, as seen above from (d), 



DYNAMICAL LAWS AND PRINCIPLES. 


299 


S17.] 


and lienee "when 


and ■wh.en 


a = 0,l^ = ^ 

fjL as 

s=l,-^=F'\ 
fjL as 


(A). 


Generation 
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■which, suffice to determine the constants of integration of (c?). 
Or if the data are the tangential impulses, 7, required at the 
ends to produce the motion, we have 

when s = 0, X~ I,) ... 

and when s = l, X~T j 


Or if either end be free, we have A = 0 at it, and any prescribed 
condition as to impulse applied, or velocity generated, at the 
other end. 


The solution of this problem is very interesting, as showing 
how rapidly the propagation of the impulse falls off with “change 
of direction’^ along the cord. The reader -will have no difficulty 
in illustrating this by working it out in detail for the case of a 


cord either uniform or such that ja ^ is constant, and given in 

the form of a circle or helix. When fx and p are constant, 
for instance, the impulsive tension decreases in the proportion 
of 1 to € per space along the curve equal to p. The results have 
curious, and dynamically most interesting, bearings on the mo- 
tions of a whip lash, and of the rope in harpooning a whale. 


Example (3). Let a mass of incompressible liquid be given at Impulsive 
rest completely filling a closed vessel of any shape ; and let, by iucompres- 
suddenly commencing to change the shape of this vessel, any 
arbitrai'ily prescribed normal velocities be suddenly produced in 
the liquid at all points of its bounding surface, subject to the 
condition of not altering the volume : It is required to find the 
instantaneous velocity of any interior point of the fiuid. 

Let X, y, 2 ; be the co-ordinates of any point F of the space 
occupied by the fiuid, and let v, w be the components of the 
required velocity of the fluid at this point. Then p being the 
density of the fluid, and ffj denoting integration throughout the 
space occupied by the fluid, we have 

T= fff ^p (u^ + w^) dxdydz {a\ 
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wHcIl, subject to tbe Hnematical condition (§ 193), 

du dv dw 
dx'^ dy^ dz 




must be the least possible, with, tbe given surface values of the 
normal component velocity. By the method of variation we have 


JjJ^p(uSu + wSio) + X 


/dSu dSv 
\dx dy 




dxdydz — 0..., (c). 


But integrating by parts we have 

/(f ^ ("^ ^ ^^^dxdydz = JJx (pudydz + hvdzdx + Swdxdy) 

" III i I 


and m, n denote the direction cosines of the normal at any 
point of the surface, dS an element of the surface, and //in- 
tegration over the whole surface, we have 

fJX (Zudydz + hvdzdx + ^wdxdy) ~ JJX (IBu + mSv + ndw) dS=0, 

since the normal component of the velocity is given, which 
requires that Ihu-Vmh'o + nZw — Using this in going back 
with the result to (c), {d), and equating to zero tbe coefficients of 
hu, 8v, 8w, we find 

dX dX dX .V 



These, used to eliminate u, v, w from (h), give 

d fl dX^^ d dX^ d fl d^ _ ^ ^ 

dx \p dx) ^ dy \p dy) dz\p dz ) 

an equation for the determination of A, whence by (e) the 
solution is completed. 

The condition to be fulfilled, besides the kinematical equation 
(5), amounts to this merely, — ^that p (udx + vdy + wdz) must be 
a complete difierential. If the fluid is homogeneous, p is con- 
stant, and udx + vdy + wdz must be a complete difierential ; in 
other words, the motion suddenly generated must be of the 
^^non-rotational” character [§ 190, (^)] throughout the fluid mass. 
The equation to determine X becomes, in this case, 

d^X d^X d^X 
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From tlie hydrodynamical principles explained later it will ] 
appear that X, tlie function of whicli p {^idx + vdy + tvdz) is : 
the differential, is the impulsive pressure at the point (x, y, 
of the fluid. Hence we may infer that the equation (/), with 
the condition that X shall have a given value at every point 
of a certain closed surface, has a possible and a determinate 
solution for every point within that siurface. This is precisely 
the same problem as the determination of the peimanent tempe- 
rature at any point within a heterogeneous s6lid of which the 
surface is kept permanently with any non-uniform distribution 
of temperature over it, {/) being Fourier’s equation for the 
muform conduction of heat through a solid of which the conduct- 
ing power at the point (x^ y, is - . The possibility and the 

P 

determinateness of this problem (with an exception regarding 
multiply continuous spaces, to be fully considered in Yol. II.) 
were both proved above [Chap. i. App. A, (e)] by a demonstra- 
tion, the comparison of which with the present is instructive. 
The other case of superficial condition — that with which we 
have commenced here — shows that the equation {/), with 

, dX dX dX , • j f* 

^ ^ ^ arbitrarily for every point of the sur- 

face, has also (with like qualification respecting multiply con- 
tinuous spaces) a possible and single solution for the whole 
interior space. This, as we shall see in examining the mathe- 
matical theory of magnetic induction, may also be inferred from 
the general theorem (e) of App. A above, by supposing a to be 
zero for all points without the given surface, and to have the 

value - for any internal point (x, y, z). 

P 

318. The equations of continued motion of a set of free ] 
particles acted on by any forces, or of a system connected in i 
any manner and acted on by any forces, are readily obtained * 
in terms of Lagrange’s Generalized Co-ordinates by the regular 
and direct process of analjlical transformation, from the or- 
dinary forms of the equations of motion in terms of Cartesian 
(or rectilineal rectangular) co-ordinates. It is convenient first 
to effect the transformation for a set of free particles acted 
on by any forces. The case of any system with invariable 
connexions, or with connexions varied in a given manner, is 
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then to be dealt with by supposing one or more of the gene- 
ralized co-ordinates to be constant : or to be given functions 
of the time. Thus the generalized equations of motion are 
merely those for the reduced number of the co-ordinates re- 
maining un-given ; and i.heir integration determines these 
co-ordinates. 


deducf‘d 
direct by 
transforma- 
tion from 
the equa- 
tions of 
motion in 
terms of 
Cartesian 
co-ordi- 
nates. 


Let m,, etc. be the masses, etc. be tlie co- 
ordinates of the particles; and etc. the components 

of the forces acting upon them. Let ij/, etc. be other variables 
equal in number to the Cartesian co-ordinates, and let there be 
the same number of relations given between the two sets of 
variables; so that we may either regard \j/, etc. as known 
functions of x^, etc., or x^, etc. as known functions of 
xj/, <j!>, etc. Proceeding on the latter supposition we have the 
equations (ct), (1), of § 313; and we have equations (b), (6), of 
the same section for the generalised components etc. of the 
force on the system. 


Por the Cartesian equations of motion we have 

^ d^y. rr . /in\ 


dx dy 

Multiplying the first by the second by and so on, 
and adding all the products, we find by 313 (6) 




Now 


d^x^ dx^ 
df dij/ 


/. 

d dx^ d / 



dt dxj/ dt \ 

CCi — •. 

dxjfJ 


dij/ 


"dH® dif, 




d{A‘) 

dxj/ 


■( 21 ). 


Using this and similar expressions with reference to the other 
co-ordinates in (20), and remarking that 

+ + 1-^2 ^ (^ 2 ), 

if, as before, we put T for the kinetic energy of the system; we 
find 
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The substitutions of for ^ and of for used 

dijr dij/ dij/ dt dxff 

above, suppose to be a function of the co-ordinates, and of the 

generalized velocity- components, as shown in equations (1) of 

§ 313. It is on this supposition [which makes T a quadratic 

function of the generalized velocity-components with functions 

of the co-ordinates as coefficients as shown in § 313 (2)] that the 


differentiations and 

dif/ d\j/ 


in (23) are performed. Proceeding 


similarly with reference to etc., we find expressions similar to 


Lagrange’s 
equations of 
motion in 
terms of 
generalized 
co-ordinates 
deduced 
direct by 
transforma- 
tion from 
the equa- 
tions of 
motion in 
terms of 
Cartesian 
co-ordi- 
nates. 


(23) for <l>, etc., and thus we have for the equations of motion in 
terms of the generalized co-ordinates 


dt dijr dijf ’ 

dt ^ 

etc. 


(24). 


It is to be remarked that there is nothing in the preceding 
transformation which would be altered by supposing t to appear 
in the relations between the Cartesian and the generalized co- 
ordinates : thus if we suppose these relations to be 

yi, «i> s’s. i) = o] 

2/i> *) = ® [ 

etc. J 


we now, instead of § 313 (1), have 





etc. 


(26), 


where 



denotes what the velocity-component would be 


if xj/, <j>j etc. were constant; being analytically the partial differ- 
ential coefficient with reference to ^ of the formula derived from 
(26) to express as a function of t, 0, etc. 


Using (26) in (22) we now find instead of a homogeneous 
quadratic function of etc., as in (2) of § 313, a mixed 
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function of zero degree and first and second degrees, for the 
kinetic energy, as follows : — 

(f, .(37),, 

■wtere 


E=i%m 




$))) 


(>/') 4 ') = 


/dx\^ / 

\i{r} v: 


m 


, etc. 


, . ^ /dx dx dy dy dz dz\ 


etc. 


..(28); 


Z, (ij/), {cf>), (ff if), (ij/y <p)y etc. being thus in general each, a known 
function of t, ip, (j>, etc. 


Equations (24) aboTe are Lagrange’s celebrated equations of 
motion in terms of generalized co-ordinates. It was first 
pointed out by VieilLe* that they are applicable not only when 
T|r, etc. are related to 2 / 1 , ^ 1 , etc. by invariable relations 
as supposed in Lagrange’s original demonstration, but also 
when the relations involve t in the manner shown in equa- 
tions (25). Lagrange’s original demonstration, to be found 
in the Fourth Section of the Second Part of his Mdcanique 
Analytique, consisted of a transformation from Cartesian to 
generalized co-ordinates of the indeterminate equation of 
motion; and it is the same demonstration with unessential 
variations that has been hitherto given, so far as we know, 
by all subsequent writers including ourselves in our first edition 
(§ 329). It seems however an unnecessary complication to 
introduce the indeterminate variations hx, Sy, etc. ; and we find 
it much simpler to deduce Lagrange’s generalized equations 
by direct transformation from the equations of motion (19) 
of a free particle. 


* Snr les ^(^uations difierentielles de.la dynamique, Liouville's Journal, 
1849, p. 201. 
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When the kinematic relations are inyariable, that is to say Lagrange’s 
when t does not appear in the equations of condition (25), we 
find from (27) and (28), ' ^ 0 ^' 

. , expanded. 

T^\ {{f, f) + 2 (f, <f.)>j,cj>+{4>,4>)4,^^...} (29), 




I 


dcf> 


.(29'), 


+ 


and 





Hence the i/^-eqnation of motion expanded in this, the most 
important class of cases, is as follows : 

•where 

(2ry 

Bemark that (T) is a, quadratic function of the velocity-com- 
ponents derived from that which expresses the kinetic energy 
(T) by the process indicated in the second of these equations, 
in which if/ appears singularly, and the other co-ordinates sym- 
metrically with one another. 


Multiply the j/r-equation by ilr, the ^-equation by and so Eqimtion of 
on ; and add. In what comes from Q^j, (T) we find terms energy. 


+ 2 


d {'I', '!') 


d(j> 

which together yield 


, xj/, and - 


d {'j/, f) 






With this, and the rest simply as shown in (29'"), we find 

[O', ij/) if + if, <i>) ^ + ■■■]<!' 

-<■ [{'/'> <k)f + (4>, 4>)'4>+ 


VOL. I. 


20 
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clT , dT . 


= ^ij/ + ^<j> + . 


(IT _ ; _ . 


.(29-), 

..(29^). 


When the Hnematical relations are invariable, that is to say, 
when t does not appear in the equations of condition (25), the 
equations of motion may be jmt under a slightly different form 
first given by Hamilton, which is often convenient ; thus : — Let 
T, ij/, (j),..., be expressed in terms of 4 'Vv? "the impulses re- 
quired to produce the motion from rest at any instant [§313 (c?)] ; 
so that T ^dll now be a homogeneous quadratic function, and 
(J), ... each a linear function, of these elements, with coeffi- 
cients — functions of <^, etc., depending on the kinematical 
conditions of the system, but not on the particular motion. 
Thus, denoting, as in § 322 (29), by 9, partial differentiation with 
reference to i, yj, ^ considered as independent vari- 

ables, we have [§ 313 (10)] 


f dT . dT 

^ = 4> = - 


(30), 


d$’ d-o’ 

and, allowing d to denote, as in what precedes, the partial dif- 
ferentiations with reference to the system i^, we 

have [§ 313 ( 8 )J 

dT dT . 

C = 77> ^ = 

The two expressions for T being, as above, § 313, 

the second of these is to be obtained from the first by substitu- 
ting for 0 ...., their expressions in terms of tj, ... Hence 

dT __ dT^ dT d\j/ dT d4> 


^dT ^d_T 

dij/ dij; d\f/ d<j> dij/'^ dij/ ^ dij/ di dij/ drj'^ 


d /.dT dT \ dT ^dT 


_dT 

di{/ 

From tliis we conclude 

dT dT , . , dT 

Hence Lagrange’s equations become 

d^ dT , , 

+ 77 -= % etc. . 
dt dll/ ’ 


dT . , dT 


d_T 

dtp 


etc. 


.(33). 


.(. 34 ). 
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la § 327 below a purely analytical proof will be given of Hainiiton's 
Lagrange’s generalized equations of motion, establishing them 
directly as a deduction from the principle of “ Least Action,” 
independently of any expression either of this principle or of 
the equations of motion in terms of Cartesian co-ordinates. In 
their Hamiltonian form they are also deduced in § 330 (33) from 
the principle of Least Action ultimately, but through the beau- 
tiful Characteristic Equation” of Hamilton. 


319 . Hamilton’s form of Lagrange’s equations of motion in 
terms of generalized co-ordinates expresses that what is re- 
quired to prevent any one of the components of momentum 
from varying is a corresponding component force equal in 
amount to the rate of change of the kinetic energy per unit 
increase of the corresponding co-ordinate, with all components 
of momentum constant: and that whatever is the amount of 
the component force, its excess above this value measures the 
rate of increase of the component momentum. 

In the case of a conservative system, the same statement 
takes the following form: — The rate at which any component 
momentum increases per unit of time is equal to the rate, pel- 
unit increase of the corresponding co-ordinate, at which the 
sum of the potential energy, and the kinetic energy for con- 
stant momentums, diminishes. This is the celebrated ''canonical 
form ” of the equations of motion of a system, though why it 
has been so called it would be hard to say. 


Let V denote the potential energy, so that [§ 293 (3)] 


and therefore 


+ ... =-3F, 



^ = - 




** Canonical 
form” of 
Hamilton’s 
general 
equations of 
motion of a 
conserva- 
tive system. 


Let now U denote the algebraic expression for the sum of the 
potential energy, F, in terms of the co-ordinates, i/r, and the 
kinetic energy, T, in terms of the co-ordinates and the components 
of momentum, yj ,.. .. Then 


also 


dt 


dU 

difr 
dif/ __dU 
dt d^ 


= , etc. 


etc. 


(35), 


20—2 
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the latter being equivalent to (30), since the potential energy does 
not contain rj, etc. 

In the follovdng examples we shall adhere to Lagrange’s form 
(24), as the most convenient for such applications. 


Examjple (A). — Motion of a single point (m) referred to polar 
co-ordinates (r, B, ^). From the well-known geometry of this 
case we see that Sr, and r sin B^<^ are the amounts of linear 
displacement corresponding to infinitely small increments, Sr, S^, 
S^, of the co-ordinates : also that these displacements are respec- 
tively in the dii'ection of r, of the arc rW (of a gi’eat circle) 
in the plane of r and the pole, and of the arc rsin^S<^ (of a 
small circle in a plane perpendicular to the axis); and that they 
are therefore at right angles to one another. Hence ^ F, G, H 
denote the components of the force experienced by the point, in 
these three rectangular directions, we have 

F^Bj Gr = and FTr sin ^ ; 

B, ©, ^ being what the generalized components of force (§ 313) 
become for this particular system of co-ordinates. We also see 
that rO, and rmLd<f> are three components of the velocity, 
along the same rectangular directions. Hence 

T = ^m{F + rO^ + F sin^ ^0“). 

From this we have 


clT dT , . dT , . _ . 

dr ’ dO d<^ ^ 

dT . dT dT 

= mr{0^ sin^ 6^^% -y^ = wir^sin B cos B^^, -rr = 0. 
cLt Uju acp 

Hence the equations of motion become 

m - r((f + sin’’ = F, 

m sin ^ cos = Gr, 


m 


d{r^ sin^Bfji) 


= Hr sin 0 ; 


or, according to the ordinary notation of the differential calculus, 


m ■ 


(dW (dBF . ^.d^W ^ 


dfjy 
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ni 


{cl ( „d6\ , . 

dt\ 


{dt 


sin B cos B = Gr, 
df) 


m±(r^shdB^ym-sinB. 


If the motion is confined to one plane, that of r, 6, we have 

^ = 0, and therefore H=0j and the two equations of motion 

which remain are 

fd^T d%\ „ d / ^dQ\ 


Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion 
polar co- 
ordinates. 


(d^T de\ ^ d / ^de\ ^ 

\dt^ dt ) dt\ dt) 


These equations might have been wiitten down at once in terms 
of the second law of motion from the kinematical investigation of 


§ 32, in which it was shown that 


d~r dO^ 


Y, 1 d 
and 

T dt 


f 2d0\ 
V dt) 


are the components of acceleration along and perpendicular to 
the radius- vector, when the motion of a point in a plane is ex- 
pressed according to polar co-ordinates, r, 0, 

The same equations, with instead of 0, are obtained jhom the 
polar equations in three dimensions bj putting 6 = \ 7 r, which 
implies that 6^ = 0, and confines the motion to the plane (?*, (^). 


Exami^le (B). — Two particles are connected by a string ; one Ejnamical 
of them, 772, moves in any way on a smooth horizontal plane, and 
the string, passing through a smooth infinitely small apeiture in 
this plane, bears the other particle m\ hanging vertically down- 
wards, and only moving in this vertical line : (the string re- 
maining always stretched in any practical illusti’ation, but, in 
the problem, being of course supposed capable of transmitting 
negative tension with its two paids straight.) Let I be the whole 
length of the string, r that of the pai*t of it from m to the aperture 
in the plane, and let B be the angle between the direction of r 
and a fixed line in the plane. "We have 
T {771 (r" + 




dr 


= mr6\ 


dT 34 
— : - mi' 6. 

de 


dT 

do 


-0. 


Also, there being no other external force than gm\ the weight 
of the second particle, 

if = - gm\ @ = 0. 
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Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion ; 
dynamical 
problem. 


Case of 
stable equi- 
librium due 
to motion. 


Examples 
continued; 
C (a), fold- 
ing door. 


[31!). 


Hence the equations of motion are 
{ni + m'y — mrO^ — — m^g, 


m 


( 2 ( 7 - 0 ) 

dt 


- 0 . 


The motion of m' is of coarse that of a j^article influenced only 
hy a force towards a fixed centre; but the law of this force, P 
(the tension of the string), is remarkable. To find it we hat e 
(§ 32), P = r + rd"). But, by the equations of the motion, 


r ~ = — > (g + t6^), and 0 = — o 

on + m ^ 7717 - 


where h (according to the usual notation) denotes the moment 
of momentum of the motion, being an arbitrary constant of in- 
tegi*ation. Hence 

^ onm' ( Id \ 

771 ’k- 771 \ m" J 

The particular case of projection which gives toi a circular motion 
and leaves m' at rest is interesting, inasmuch as (§ 350, below) 
the motion of wi is stable, and therefore m' is in stable equi- 
librium. 


Exa7nple (0). — A. rigid body m is supported on a fixed axis, 
and another rigid body oi is supported on the first, by another 
axis ; the motion round each axis being perfectly free. 

Case (a), — The second axis parallel to the first. At any time, 
t, let ^ and be the inclinations of a fixed plane tlnbmgh the 
first axis to the plane of it and the second axis, and to a 
plane through the second axis and the centre of inertia of the 
second body. These two co-ordinates, (/>, ij/, it is clear, completely 
specify the configuration of the system. How let a be the dis- 
tance of the second axis from the first, and b that of the centre 
of inertia of the second body from the second axis. The velocity 
of the second axis will be a<ji ; and the velocity of the centre 
of inertia of the second body will be the resultant of two velocities 

and 

in lines inclined to one another at an angle equal to and 

its square will therefore be equal to 

a" <jd -1- 2ah(f>\fr cos (i^ — ^) -f 

Hence, if m and 7i denote the masses, j the radius of gyration 
of the first body about the fixed axis, and h that of the second 
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body about a parallel axis tbrougb its centre of inei'tia ; we have, 

according to §§ 280, 281, c%)?foid- 

ing door. 

T = {mf + n + 2ah^\(/ cos {\}/~cf}) + + ¥ ij/]] . 

Hence we have, 

clT . • . clT 

— =: + 7ic(r^ + mib cos (i/' — <^) ?^ 3 — r = nab cos 

d<l> 


dT dT 


nah sin {\lf — cj>) cpij/. 


d<l> d^ 

The most general supposition we can make as to the applied forces, 
is equivalent to assuming a couple, to act on the first body, and 
a couple, % on the second, each in a plane perpendicular to the 
axes ; and these are obviously what the generalized components of 
stress become in this particular co-ordinate system, <^, ijr. Hence 
the equations of motion are 

{inf 4- na“) ^ + Qiab ^ — ~ ~ 

nah ~ ^ 4 - quih sia {xJ/ —<f>)(p\j/ = 

cit 


If there is no other applied force than gravity, and if, as we may 
suppose without losing generality, the two axes are homontal, the 
potential energy of the system will be 

gmh (1 - cos <^) + gn {a [1 — cos {4> + A)\ + 6 [1 — cos {\l/ + ul)]}, 

the distance of the centre of inertia of the first body from the 
fixed axis being denoted by h, the inclination of the plane 
through the fixed axis and the centre of inertia of the fimt body, 
to the plane of the two axes, being denoted by -d, and the fixed 
plane being so taken that = 0 when the former plane is vertical. 
By differentiating this, with reference to ^ and \j/, we therefore 
have 


— ^ = gmh sin -f gna sin (<j> + -d), = gnh sin {\j/ + J). 

We shall examine this case in some detail later, in connexion 
with the interference of vibrations, a subject of much impoi-tance 
in physical science. 

When there are no applied or intrinsic working forces, we 
have = 0 and = 0 : or, if there are mutual forces between the 
two bodies, but no forces applied from without, <^4-^ = 0. In 
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Examples of 
the use of 
Lagrange’s 
generalized 
equations of 
motion. 


C (&'. 

Motion of 

governing 

masses m 

Watt’s 

centrifugal 

governor; 

also of 

gimballed 

comps ss- 

bowl 


either of these cases we have the following first integral : — 
(mf + 7ia^) <j} + m'ah cos {x}/ — <^) (<^ + i//) + (5“ +k^) il/ = C ; 


obtained by adding the two equations of motion and integrating. 
This, which clearly expresses the constancy of the whole moment of 
momentum, gives <}> and if/ in terms of (if/ - <f>) and (ij/ - ^). Using 
these in the integi'al equation of energy, provided the mutual forces 
are functions of we have a single equation between 


dt 


, (i^ — <j{)), and constants, and thus the full solution of 


the problem is reduced to quadratures. [It is worked out fully 
below, as Sub-example G^.] 


Case (h). — The seco7id axis i^erpe^idimlar to the first For 
simplicity suppose the pivoted axis of the second body, to be 
a principal axis relatively [§ 282 Def. (2)] to the point, N, in 
which it is cut by a plane perpendicular to it through the fixed 
axis of the first body, m. Let ITE and NF be ?^’s two other 
principal axes. Denote now by 

h the distance from N to m’s fixed axis ; 

e, / the radii of gyration of 7i - round its three principal 
axes through JT 

j the radius of gyration of m round its fixed axis ; 

6 the inclination of NF to m’s fixed axis ; 

ip the inclination of the plane parallel to n^s pivoted axis 
thixiugh m’s fixed axis, to a fixed plane through the 
latter. 

Eemarkmg that the component angular velocities of n round 
NF and JTF are if; cos 0 and if; siu 0, we find immediately 

T=^ {[mf + 71 {Iir + 6“ cos” 6 sin" ^)] xf/^ -f 7iF 
or, if we put 

mf + 71 {h^+f^^) = G, n(e^--f^)=F) 

T - 1 {{G -K D cos-” $) if/^ + n¥ 0% 

The farther working out of this case we leave as a simple but 
most interesting exercise for the student. "We may return 
to it later, as its application to the theory of centrifugal chrono- 
metric regulators is very important. 
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Example (O'). Take the case C (Z)) and mount a third body J/ Motion of 
upon an axis 00 fixed relatively to n in any position parallel to pi^vote{fon^ 
N E. Suppose for simplicity 0 to be the centre of inertia of M principal 
and 00 one of its princij^al axes ; and let OA^ OB be its two 
other pi'incipal axes relative to 0. The notation being in other 
respects the same as in Example 0 (6), denote now farther by 
A, B, 0 the moments of inertia of II round OA, OB, 00 ; ^ the 
angle between the plane AOO and the plane through the fixied 
axis of m perpendicular to the pivoted axis n i 'tn, p, <j the 
component angular velocities of if round OA, OB, 00, 

In the annexed diagram^ taken from § 101 above, ZGZ' is a 


Letter 0 at cen- 
tre of sphere 
concealed by 
Y, 

XA' = \l/ + <f), 
NB'=4y. 



circle of unit radius having its centre at 0 and its plane parallel 
to the fixed axis of m and perpendicular to the pivoted axis 
of n. 

The component velocities of C in the direction of the arc ZO 
and perpendicular to it are 6 and sin ^ ; and the component 
angular velocity of the plane ZCZ' round 00 iB }j/ cos 9, Hence 

•nr = 6 ^m<j> — ijf sin 6 cos <^, 
p = $ cos 4* sin 6 sin (j>, 
and cr = 'if/ cos $ + (}>, 

[Compare § 101.] 
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Motion of 
a rigid body 
pivoted on 
one of its 
principal 
axes mount- 
ed on a 
gimballed 
toowl. 


Eigid body 
rotating 
freely; re- 
ferred to 
the <f>, B 
co-ordinates 
(§ 101 ). 


Gyroscopes 

and 

gyrostats. 


Gyroscopic 

pendulum. 


The kinetic energy of the motion of M relatively to 0, its 
centre of inertia, is (§ 281) 

+ Bp“ 4- 6V") j 

and (§ 280) its -whole kinetic energy is obtained by adding the 
kinetic energy of a material point equal to its mass moving with 
the velocity of its centre of inertia. This latter part of the 
kinetic energy of M is most simply taken into account by sup- 
posing n to include a material point equal to M placed at 0 ; 
and using the previous notation Z;, e, f for radii of gyration of n 
on the underatanding that n now includes this addition. Hence 
for the present example, with the preceding notation G, i>, we 
have 

T=^{{G D cos“ B) \jr + nJc^0~} 

^A{6sm(ji-}psm6 cos (j^Y + B (6 cos ^ + i/^sin 6 sin cl>Y 

+ C (J/co^ 6 4>Y}. 

From this the three equations of motion are easily written down. 

By putting G = 0, J) = 0, and Z; = 0, we have the case of the 
motion of a free rigid body relatively to its centre of inertia. 

By putting B = A vre fall on a case which includes gyroscopes 
and gyrostats of every variety j and have the following much 
simplihed formula : 

I q ^ 4- (I? - cos- 19] 4- {nh^ 4- A) 4* (7 (i^ cos 0 4- <py}, 

or 

T = + 0) 4- {nJc^ 4- A) i9- C {ifr cob 0 + 0)^}, 

if we put JS~G + A, and F= ID — A, 

Example (D). — Gyroscopic pendalum. — A rigid body, P, is 
attached to one axis of a universal flexure joint (§ 109), of which 
the other is held fixed, and a second body, Q, is supported on B by 
a fixed axis, in line with, or parallel to, the fii*sf-mentioned arm of 
the joint. For simplicity, we shall suppose Q to be kinetically 
symmetrical about its bearing axis, and OB to be a principal 
axis of an ideal rigid body, BQ, composed of B and a mass so 
distributed along the bearing axis of the actual body Q as to 
have the same centre of inertia and the same moments of inei-tia 
round axes peipendicular to it. Let AO he the fixed arm, 0 the 
joint, OB the movable arm beai'ing the body P, and coinciding 
with, or parallel to, the axis of Q. Let BOA' = 0 ; let ^ be the 
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angle wliich tiie plane A OB makes -witli a fixed plane of reference, Gyroscopic 
tlu'ongli OA, ckosen so as to contain a second pendalum. 

principal axis of the imagined ligid body, FQ^ 

■when OB is placed in line with A 0 ; and let 
ilr be the angle between a plane of reference in 
Q through its axis of symmetry and the plane 
of the two prhicipal axes oi FQ already men- 
tioned. These thi'ee co-ordmates (9, xj/) 
clearly specify the configuration of the system at 
any time, t Let the moments of inertia of the 
imagined rigid body FQ, round its principal 
axis OB, the other pi*incipai axis referred to above, and the 
remaining one, be denoted by 2$, @ respectively; and let 
SI' be the moment of inertia of Q round its bearing axis. 



We have seen (§ 109) that, ■with the kind of joint we have sup- 
posed at (9, every possible motion of a body rigidly connected with 
OB, is resolvable into a rotation round OF, the line bisecting the 
angle AOB, and a rotation round the line through 0 perpen- 
dicular to the plane AOB, The angular velocity of the latter 
is 6, according to our present notation. The former would give 
to any point in OB the same absolute velocity by rotation round 
01, that it has by rotation "with angular velocity ^ round AA ' ; 
and is therefore equal to 


wiA'OB 

m^lOB 


sin 0 
cos ^0 


^ = 2^ sin ^9, 


This may be resolved into 2<^sin"i0= (1 — cos round OB, 

and 2<j> sin ^6 cos ^9= (f> sin 0 round the perpendicrdar to OB, in 
plane AOB. Again, in vii-tue of the symmetrical character of 
the joint with reference to the line OF, the angle as defined 
above, ■will be equal* to the angle between the plane of the two 
first-mentioned principal axes of body F, and the plane AOB. 
Hence the axis of the angular velocity <j) sin 9, is inclined to the 
principal axis of moment 23 at an angle equal to <j>. Resolving 
therefore this angular velocity, and 0, into components round the 
axes of 23 and we find, for the whole component angular 
velocities of the imagined rigid body FQ, round these axes, 
<j> sin 9 cos (f> + 9 sin <j), and — ^ sin 9 sin <f> + 9 cos <ji, I'espectively. 
The whole kinetic energy, T, is composed of that of the imagined 
rigid body FQ, and that of Q about axes through its centre of 
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Gyroscopic 

pendulum. 


Example of 

varying 

relation 

without 

constraint 

(rotating 

axes). 


inertia : we therefore have 

2 I'= 2 C(l-cos^f <^°+33(^sm^cos(^+^siii<^)^-i-@(^siii0siii<^-^cosi^)'^ 

+ i(' {t^-.^{l-cos 0 )}'. 

jrp dT r. 

Hence — = 91 ' ^ (1 - cos 6)\, 

(1 _ cos sin ^ cos <^ + e sin 4>) sin d cos <{, 

d<j> 

+<S:[,psm0s,m4>-6cos4>)sin6sm4>-'xl'{tj/-(p{l-oos6)]{l-cos$), 

— = - 93 (<^ sin ^ cos sin (^) (<ji sin 0 sin - 6 cos 4>) 

d<j> 

+ ® ((^ sin 0 sin ^ ^ cos ^) (<^ sin 5 cos ^ + 6sin 

-?= 93 (i sin ^ cos<^ + ^' sin sin sin 5 sin ^ -0 cos 4>) cos 4> ' 

dO 

and -- = 9 (1 - cos 6) sin 93 cos $ cos 4>i> sind cos ^ sin 4>) 

4- cos 0 sin (<^ sin <9 sm<5!) - (9 cos <3^) - sin - (1 ~ cos ^) (^ }. 

'Now let a couple, G, act on the body in a plane perpendi- 
cular to its axiKS, and let Z, II, N' act on P, in the plane perpen- 
dicular to OB, in the plane A' OB, and in the plane thiough OB 
perpendicular to the diagram. If xj/ is kept constant, and (j> 
varied, the couple G will do or resist work in simple addition 
-with Z. Hence, resolving Z G and into components round 
01, and perpendicular to it, rejecting the latter, and remembering 
that 2 sin.^^<;6 is the angular velocity round OJ, we have 

<>= 2 sin ^0{-(L + G) sin ^O-hWcos JP j = [- (Z + 6^) (1 - cos (9) +i\'‘sin 6}. 

Also, obviously 

Using these several expressions in Lagrange’s general e(3[uatioiis 
(24), we have the equations of motion of the system. They will 
be of great use to us later, when we shall consider several parti- 
cular cases of remarkable interest and of very great impoUaiice. 

Example (E ). — Motion of a free partide referred to rotating axes. 
Let X, y, z be the co-ordinates of a moving pai-ticle referred to 
axes rotating with a constant or varying angular velocity round 
the axis OZ, Ltt x^,y^, z, be its co-ordinates referred to the 
same axis, OZ, and two axes OY^, fixed in the plane per- 
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pendicular to it. "We have 

x^=^x cos a — 2/ sin a, y^ = x sin a-h y cos a ; 

= X cos a — y sin a — (x sin a-hy cos a) d, 7/1 = 

where a, the angle must he considered as a given func- 
tion of Hence 

T= (x^ + y^ 2 {xy — yx) d + («“ -!- of) d~}, 

dT dT dT 

- 2 /“)> ^ 


Also, 

_ _ = _ 3,. ._ 2,„), _ _ = ,» (3, + ara + a=a), 

and hence the equations of motion are 

m {x - 2yk — x(T - 2 /a) = X, m ( 2 / + 2xa - 2/d^ -f* aid) = F, = F, 

X, F, Z denoting simplj the components of the force on the 
particle, parallel to the moving axes at any instant. In this 
example t enters iuto the relation between fixed rectangular axes 
and the co-ordinate system to which the motion is referred ; but 
there is no constraint. The next is given aa an example of vary- 
ing, or kinetic, constraint. 

Excmxyle (F). — A ‘particle^ injlue'nced hy any forces, and at- 
tached to one end of a strmg of which the other is moved with any 
constant or varying velocity hi a straight line. Let 0 be the 
inclination of the string at time t, to the given straight line, and 
^ the angle between two planes through this line, one containing 
the string at any instant, and the other fixed. These two co- 
ordinates specify the position, P, of the particle at any 

instant, the length of the string being a given constant, a, and 
the distance OE, of its other end E, from a fixed point, 0, of the 
line in which it is moved, being a given function of t, which we 
shall denote by u. Let x, y, z be the co-ordinates of the particle 
referred to three fixed rectangular axes. Choosing OX as the given 
straight line, and 70X the fixed plane from which (f> is measured, 
we have 

x = u + aco5 0, y - a sin. 0 cos <f}, z = aBin.$ sin <j» 
x = u-asin00; 


dT CtT 

^=m(2/a + a:a-), 


dT 

{-xa.+ ya^), ^=0- 


Example of 

varying 

relation. 

■without 

constraint 

(rotating 

axes). 


Example of 

varying 

relation 

due to 

kinetic 

constraint. 
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Example of 

varying? 

relation 

due to 

Innetic 

constraint. 


and for ?/, s we have the same expressions as in Example (A), 
Hence 

\m {u^ — 2u6a sin 9) 

where ® denotes the same as the T of Example (A), with 
r = 0, and t = a. Hence, denoting as there, by G and II the two 
components of the force on the particle, perpendicular to UP, 
respectively in the plane of 9 and perpendicular to it, we hnd, for 
the two reqxiired equations of motion, 


m [a {9 -s>m 9 cos 9(})^) - sin ^ u] = G, and ma 




These show that the motion is the same as if E were fixed, and 
a force equal to - mii were applied to the paiHcle in a direction 
parallel to EX ; a result that might have been arrived at at once 
by superimposing on the whole system an acceleration equal and 
opposite to that of E, to effect which on P the force - mu is 
requked. 


Example (F'). Any case of varying relations such that in 
318 (27) the coefficients (^, i/^), are independent of t. 

Let ® denote the quadratic part, L the linear part, and K [as 
in § 318 (27)] the constant part of :Z^ in respect to the velocity 
components, so that 

® = i (('/"> + 2 ('/', + + 

L = {f)i{r+{4>)4+ ■■■ I (a), 

K={i{;, e, ...) I 

where denote functions of the co-ordi- 
nates without t, and (if/), (cf>), (ij/, cf>, 0, functions of the 

co-ordinates and, may be also, of t ; and 

(5), 

We have = 0. 

d\j/ 


Hence the contribution from K to the first member of the \ff- 
equation of motion is simply — Again we have 


clt d\j/ 


dxf/ d<j> 


+ 



hence 
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Farther we have 

dtj/ 

Hence the "whole contribution from L to the i/^-equation of 
motion is 






M- 


dO dij/ 

Lastly, the contiibution from ® is the same as the whole from 
:7^ in § 318 (29'") j so that we hare 

dt dij/ dij/ 


d (jf, <j>) 
dcj> 


i4>> 4) 

df J 


-n-dr^ 

and the completed i/r-eqiiation of motion is 
dt dxf; dxj/ \ d<p dxj/ / V dO d\l/ / 


4^+:.] (d), 


dij/ 

(d {4/)\ _ dK^ 

\ dt ) dxj/ 




.(e). 


It is important to remark that the coefficient of in this i/r- 
eqiiation is equal but of opposite sign to the coefficient of in 
the (^S-equation, [Compare Example G (19) below.] 

Proceeding as in § 318 (29'^) (29^), we hare in respect to ® 
precisely the same formulas as there in respect to T. The terms 
involving first powers of the velocities simply, balance in the 
sum : and we find finally 
c?® 


dt 


W’ 


where denotes difierentiation on the supposition of 

i/r, variable ; and t constant, where it appears explicitly. 
How with this notation we have 


dt 


=(§) 


_ dK fdK\ 

Kdt) 

Hence from (/) we have 


dK\ 

dt 


dT d{% + L^K)_ 


dt 


dt 




di 




dt 


-^+(i^)i)>+(</>)^4-... 


Jt ^ V 


dt )' 


■id)- 


Example of 

varying 

relation 

dne to 

kinetic 

constraint. 


Equation of 
energy. 



Exercise for 
student. 


I^oration 
or co- 
ordinates. 
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Take, for illustration, Examples (E) and (F) from above ; in 
wbicli we have 

[Example (E)] ® J wi {x^ + r), 

L = md {xy - yx), 

Z=^md"(a;^+/), 

and [Example (F)] maJ' (simi9<^® + 

X = - mua sin 60, 

K = J mu^. 

Write out explicitly in eacli case equations (/) and (y), and 
verify them by direct work from tbe equations of motion forming 
the conclusions of the examples as treated above (remembering 
that d and u ai'e to be regarded as given explicit functions of t). 


Example {G ). — Freliminary to Gyrostatic connexions and to 
Fluid Motion, Let there be one or more co-ordiaates x? X > 
which do not appear in the coefficients of velocities in the 

dT dT 

expression for T ; that is to say let ^ = 0, — , = 0, etc. The 
equations corresponding to these co-ordinates become 


dt dx ’ dt dx 


X', etc. 


(!)• 


Farther let us suppose that the force-components X, X', etc. 
corresponding to the co-ordinates x> X^ zero: we 

shall have 


dT dT^, 

-jT =C, -Tr = C, etc. 

dx dp 


•( 2 ); 


or, expanded according to previous notation [318 (29)], 

('/')X)‘A+(^)X) ^ + --- + (XjX)x-^ (x>xOx + ••• 1 

(>AjX)'A+(^>x')'^+--- + (x'.x)x+(x'jX')x'+-”=<^' i •• (3). 


Hence, if we put 

('!'> x}4'+(^> x) 4 + ■■■ (^)> 
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"we Lave 

(x.x)x + (x>x')x' + =C-P 1 
(x'j x) X + (x'. X') X + •.. = C" --P' f- 


If?n oration 
of co- 
ordinates. 


(5). 


J 



and symmetrical expressions for x'j -“j 
them short, 

X=^{0,C)(C-P) + (0,C'){G'-F) + ...| 

x' = (C", O') ((7 - P) + ((7', C") (C" - P') + . . . [ (7), 


•where (0,0), {0, C'), {C',G% ... denote functions of the retained 

co-ordinates xf/^ cj>, 0, It is to be remembered that, because 

(x. xO = (x> x)> (x> x") = (x") x)> see from (6) that 
(G, G') = ((?', G), (G, C")= (<?", C), ((7', (7") = (0", C'), aad so on... (8). 


The following formulas for XjX^ •••j condensed in respect to 
<7, by aid of the notation (14) below, and expanded in 

respect to ifr, ., by (4), will also be useful. 


where 


■ ■■ 

J 

if = ((7,(7).(.^,x)+(C',C">.(^,x') +•••■ 

=((7,(7).(^,x) + ((7,C").(<^,x') + - 


(9), 


M' = {G', G) .{f,yd + {G', G') . {f,x') + ■ • • 


( 10 ). 


The elimination of X) Xj ••• ^ tJi®se expression.s for 
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them is facilitated by remarking that, as it is a quadratic func- 
tion of Ip, Ip, ... X, ..., ■we have 

_ .(IT .dT ,dT ) 

Hence by (3), 

SO that we have now only first powers of ;j(, ;j(', ... to eliminate. 
Gleaning out % ... from the first group of terms, and denoting 

by Tq the part of T not containing x, ..., we find 

^o + i-{[('A)X)_'A+('^>x) f + ••• +t’]x 
+ [(’A) x) 'P + ii>,x)4>+ — + G’] X 

+ }> 

or, according to the notation of (4), 

T=T, + i{{G + P)x + iC'+F)^+...}. 

Eliminating now X) ici ••• ^7 (^) 

T=T, + l {{G, G) (O'- P‘) + 2 {G, G') (GG' - TF) + {G’, G') {G'‘ - F‘) 

+ ...} (11). 

It is remarkable that only second powers, and products, not 

first powers, of the velocity-components ij/, <^, ... appear in this 

expression. We may write it thus : — 

T=Z + K (12), 

where ® denotes a quadratic function oi \j/, <j>, . . . , as follows : — 

® 0)1^ + 2 {0, O') FF + {O', O') ..(13), 

and K a quantity independent oiip, <f>, ..., as follows: — 

X= I {{0, 0)0^ + 2 (0, O') 00' + {O', O') (7'^ + ...} (14). 

Hext, to eliminate x, *•• ^om the Lagrange’s equations, we 

have, in virtue of (12) and of the constitutions of T, ®, and K, 

dT dT dx dT dj/ ^ d% 

— + 4+ “ + etc. = ^ (15), 

dij/ dx difr dx difr d\fr ^ ^ 

j . r 

where , etc. are to be found by (7) or (9), and therefore 

dij/- d^ 

are simply the coefficients of in (9) ; so that we have 

c')' 

where M,M' are functions of \p,<p, ... explicitly expressed by 
(10). Using (16) in (15) we find 



319.] 


DYi^AMICAL LAWS Al^-D PEItTCIPLES. 


S23 


— = — 4- GM + G'M* +• etc. , 


d\j^ dij/ 

Again remarking tkat “ST + A' contains xj/, botk as it appeared 
originally in T, and as farther introduced in the expressions (7) 
for Xj •“> 

dij/ ^ ' dxj/ dx dip dx dip 

= ^+C'^ + C'§^+... 

dip dip dip 

And by (9) we have 

^ . dif \ d__clK 

dip~~ dip dip'^ dipdQ^^ 

whichj used in the preceding, gives 
dT , dM 


Ignoration 
^ ordinates. 


dip 


dN 


\ „,/.dM' ,dN' 




Hence 

dT d'E dK ^^/,dM .dN \ 



where S denotes summation with regard to the constants G, 
C\ etc. 

Using this and (1 7) in the Lagrange’s i/f-equation, we find finally 
for the i/r-equation of motion in terms of the non-ignored co- 
ordinates alone, and conclude the symmetrical equations for <^, 
etc., as follows, 


etc. + 2 


dX 
dip ' 


d 

/d%\ 

d'^ 


(dM 

dX\ 


rd.M 

dO'^ 

A 

) dK 

■ 

dt 


dip 

\di>' 

dfyl 

<p + 

\d6 

dip/ 

)e+... 



d 



scj 

fdN 



(dN 

dO\ 


) dK 


dt 

\dcp) 

d<f>'^ 


' d^<fj 

lp-h\ 

^dQ ■ 

d<j>/ 

)e+... 


d 

/d®\ 

d'E 

2(7 1 

[dO 

dM\ 


>d0 

dF\ 


1 dK 

= 0 

dt 

\do) 

dd^ 


de) 

^4( 

\d(jy 

dd) 

4+... 

4 

^1 

II 


(19). 


[Compare Example E' (e) above. It is important to remark 
that in each equation of motion the first power of the related 
velocity-component disappears ; and the coefficient of each of the 
other velocity-components in this equation is equal but of opposite 
sign to the coefficient of the velocity-component corresponding to 
this equation, in the equation corresponding to that other velocity- 
component.] 
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Hie equation of energy, found as above [§ 318 (29") and 
(29’')]. is 

■ ^ ~ — + etc (20). 

Tbe interpretation, considering (12), is obvious. Tbe contrast 
with Example E' {g) is most instructive. 


Sub-Example (G-J. — ^Take, from above, Example C, case (a) : 
and put <ji = \j/-\- d; also, for brevity, mf+na^=Ej nijf+h^) = A, 
and nah = c. We bave* 

T = \ {Af + 24 (if; + 6) cose-hB (iff + ey} ; 
and from tbis find 


— =0, ^=Ai, + c( 24 , + e)cose + £{f+e); 
dif/ d\j/ 

dT 


7 . jyr 

• = - (i^ + ^) sin — ; = ci^ cos ^ (i^ + 6). 

dB dd 

Here tbe co-ordinate 6 alone, and not tbe co-ordinate \j/, appears 
in tbe coefficients. Suppose now ^ = 0 [wbicb is tbe case con- 

dT 

sidered at tbe end of 0 {a) above]. We have — ^-0, and 

dij/ 

deduce 

* _ G - (c cos ^ ^ 

^ ^ -i- 2c cos 0 ’ 

F=i(^^'^^+e'^'j=^{rpo+e[{ccose+B)^+£0]} 

{^[0 + (g cos 6 + B) 0] + B6} 

( 0^^{ccosB + By& O^+{AB~-c^cos^e)0^ 

^ -f ^ + 2c cos ^ ^ A+B-\-2cqq^0 


Sence 


_ 1 AB-c^co^^B /2 




A + £+2c cosd 

a* 


4- 7 ? 4. ( 


* 


♦ Eemark that, according to tbe alteration from 1 ^, (p, to \p, 6, e, 

as independent variables, 

d\p \dp J ^ \d<^/ 

\d'py \dpJ dd \d^J 

where ( ) indicates tbe original notation of G (a). 
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and tlie one equation of tiie motion becomes 

d / AB — cos® B A T /2 ^ cos* ^ ^ ^ . 

^^U + ^ + ^ccos^ ^V1T5T2 cco^; 


wMcb is to be fully integrated first by multiplying by dB and 
integrating once j and tben solving for dt and integrating again 
with respect to B, Tbe first integral, being simply the equation 
of energy integrated, is [Example G- (20)] 


and the final integral is 




’-/v 


AB - cos® B 


2(A + B + 2g cos B) (f®dB — K) * 


In the particular case in which the motion commences from 
rest, or is such that it can be brought to rest by proper applica- ordinates, 
tions of force-components, etc. without any of the force- 

components X, X', etc., we have (7=0, (7'=0, etc.; and the 
elimination of x, X > ^7 (^) T a homogeneous quad- 

ratic function of \fr, 0, etc. without C, O', etc. ; and the equations 
of motion become 

dt dif^ dij; 

dt c?0 d^ 

d 

dt dB dB 

etc. etc. 

We conclude that on the suppositions made, the elimination of 
the velocity-components corresponding to the non-appearing co- 
ordinates gives an expression for the kinetic energy in terms 
of the remaining velocity-components and corresponding co- 
ordinates which may be used in the generalised equations just 
as if these were the sole co-ordinates. The reduced number of 
equations of motion thus found suffices for the determination 
of the co-ordinates which they involve without the necessity 
for knowing or finding the other co-ordinates. If the farther 
question be put, — ^to determine the ignored co-ordinates, it is to 
be answered by a simple integration of equations (7) with 
(7 = 0, (7'= 0, etc. 

One obvious case of application for this example is a system in 
which any number of fly wheels, that is to say, bodies which are 


( 21 ). 
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kiiietically symmetrical round an axis (§ 285), are pivoted fric- 
tionlessly on any moveable part of the system. In this case 
with the particular supposition <7 = 0, <7' = 0, etc., the result is 
simply that the motion is the same as if each fly wheel were 
deprived of moment of inertia round its bearing axis, that is to 
say reduced to a line of matter fixed in the position of this axis 
and having unchanged moment of inertia round any axis per- 
pendicular to it. But if (7, C') etc. be not each zero we have a 
case embracing a very interesting class of dynamical problems 
in which the motion of a system having what we may call 
gyrostatic links or connexions is the subject. Example (D) 
above is an example, in which there is just one flywheel and one 
moveable body on which it is pivoted. The ignored co-ordinate 
is if/ j and supposing now ^ to be zero, we have 

^ ^ (1 — cos 6) = 0 (a). 

If we suppose <7 = 0 aU the terms having W for a factor vanish 
and the motion is the same as if the fly wheel were deprived of 
inertia roimd its bearing axis, and we had simply the motion of 
the ^4deal rigid body to consider. But when 0 does not 
vanish we eliminate xj; from the equations by means of (a). It 
is important to remark that in every case of Example (G) in 
which <7 = 0, (7' = 0, etc. the motion at each instant possesses the 
property (§ 312 above) of having less kinetic energy than any 
other motion for which the velocity-components of the non-ignored 
co-ordinates have the same values. 

Take for another example the final form of Example O' above, 
puttiug J3 for <7, and A for n¥ + A. We have 

T=l{{E + Pcos" e)xp^ + B (ij; cos + AB^] . . .(22). 

Here neither if/ nor ^ appears in the coefficients. Let us suppose 
^> = 0, and eliminate to let us ignore We have 
dT 

— 7 = jB(xJ/ cos 6 + (p) — C^ 
d<p 

(j 

Hence ^ ^ cos 0 (23), 

^ = I {(P + P cos" B) 4- AB^} (24), 

aad (2®)- 

The place of x (9) above is now taken by <f>, and comparing 
with (23) we find 

M= cos 6, i\7= 0, (7 = 0. 
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Hence, and as K is constant, tlie equations 
become 


and 


dt dxj/ 
d d'^ 
dt dO 


- — -G Aa.ee 
d\(/ 

— + C sin $}}/=© 

dO J 


of motion (19) 

ordiaates. 


(26); 


and, using (24) and expanding, 
dt 

AB-\-F sin B cos Oij/^ + C sin = 0 

A most important case for tiie ignoration of co-ordinates” is 
presented bj a large class of problems regarding tbe motion of 
frictionless incompressible fluid in wLicb we can ignore the 
inflnite number of co-ordinates of indiyidual portions of tbe fluid 
and take into account only the co-ordinates which sufl&ce to 
specify the whole boundary of the fluid, including the bounding 
surfaces of any rigid or flexible solids immersed in the fluid. 
The analytical working out of Example (G) shows in fact that when 
the motion is such as could be produced flom rest by merely 
moTing the boundary of the fluid without applying force to its 
indiyidual particles otherwise than by the transmitted fluid 
pressure we have exactly the case of 0 = 0, G' = 0, etc. : and 
Lagrange’s generalized equations with the kinetic energy expressed 
in terms of yelocity-components completely specifying the motion 
of the boundary are available. Thus, 



320. Problems in fluid motion of remarkable interest and Kmettcs of 

a perfect 

importance, not hitherto attacked, are very readily solved by liquid, 
the aid of Lagrange’s generalized equations of motion. For 
brevity we shall designate a mass which is absolutely incom- 
pressible, and absolutely devoid of resistance to change of shape, 
by the simple appellation of a liquid. We need scarcely say 
that matter perfectly satisfying this definition does not exist 
in nature : but we shall see (under properties of matter) how 
nearly it is approached by water and other common real 
liquids. And we shall find that much practical and interesting 
information regarding their true motions is obtained by deduc- 
tions from the principles of abstract dynamics applied to the 
ideal perfect liquid of our definition. It follows from Example 
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(G) above (and several other proofs, some of them more 
synthetical in character, will be given in our Second Volume,) 
that the motion of a homogeneous liquid, whether of infinite 
extent, or contained in a finite closed vessel of any form, with 
any rigid or flexible bodies moving through it, if it has ever 
been at rest, is the same at each instant as that determinate 
motion (fulfilling, § 312 , the condition of having the least 
possible kinetic energy) which would be impulsively produced 
from rest by giving instantaneously to every part of the 
bounding surface, and of the surface of each of the solids 
within it, its actual velocity at that instant. So that, for 
example, however long it may have been moving, if all these 
surfaces were suddenly or gradually brought to rest, the whole 
fluid mass would come to rest at the same time. Hence, if 
none of the surfaces is flexible, but we have one or more rigid 
bodies moving in any way through the liquid, under the in- 
fluence of any forces, the kinetic energy of the whole motion 
at any instant will depend solely on the finite number of co- 
ordinates and component velocities, specifying the position and 
motion of those bodies, whatever may be the positions reached 
by particles of the fluid (expressible only by an infinite number 
of co-ordinates). And an expression for the whole kinetic 
energy in terms of such elements, finite in number, is precisely 
what is wanted, as we have seen, as the foundation of Lagrange’s 
equations in any particular case. 

It will clearly, in the hydrodynamical, as in all other cases, 
be a homogeneous quadratic function of the components of velo- 
city, if referred to an invariable co-ordinate system; and the 
coefficients of the several terms will in general be functions of 
the co-ordinates, the determination of which follows immediately 
from the solution of the minimum problem of Example (3) § 317, 
in each particular case. 

Hxample (1 ). — A hall set in motion through a mass of incom- 
pressihle fluid extending infinitely in all directions on one side of 
an infinite plane^ and originally at rest. Let x, 3 /, z be the co- 
ordinates of the -centre of the ball at time t, with reference to 
rectangular axes through a fixed point 0 of the bounding plane, 
with OX perpendicular to this plane. If at any instant either 
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component or z of tlie velocity be reversed, the kinetic energy Kinetics of 

T T ‘V , , ’ aperfect 

Will clearly be unchanged, and hence no terms yz, zx, or xy can hqmd. 

appear in the expression for the kinetic energy : which, on this 

account, and because of the symmetry of circumstances with 

reference to y and z, is 

!r=l[Px^+Q{f+z% 

Also, we see that F and Q are functions of x simply, since the 
circumstances are similar for all values of y and z. Hence, by 
differentiation, 

dT dT dT 


dT dT dT 
dy~^^’ dz 


d(^\ 

(it \dx ) 

^-1 


= Pa: + -r or. 
dx 


P d fdT\ _ dQ,, 
dQ,., ,,1 IT 


and the equations of motion ai'e 




dF .2 dQ / .2 •2\\ _ T" 


Principles sufficient; for a practical solution of the problem of 
determhimg F and Q will be given later. In the meantime, it 
is obvious that each decreases as x increases. Hence the equa- 
tions of motion show that 


321. A ball projected through a liquid perpendicularly Effect of a 
from an infinite plane boundary, and influenced by no other on the mo- 

^ ^ . . , , tionofaball 

forces than those of fluid pressure, experiences a gradual ac- through a 
celeration, quickly approximating to a limiting velocity which 
it sensibly reaches when its distance from the plane is many 
times its diameter. But if projected parallel to the plane, it 
experiences, as the resultant of fluid pressure, a resultant attrac- 
tion towards the plane. The former of these results is easily 
proved by first considering projection towards the plane (in 
which case the motion of the ball wiU obviously be retarded), 
and by taking into account the general principle of reversibility 
(§ 272 ) which has perfect application in the ideal case of a per- 
fect liquid. The second result is less easily foreseen without 



Seeming 
attraction 
b'^tween. 
two ships 
moving side 
by side in 
the same 
direction. 


Hydro- 

dynamical 

examples 

continued. 


** Centre of 

reaction” 

defined. 


330 PEELIMINAET. [ 321 . 

the aid of Lagrange’s analysis ; but it is an obvious consequence 
of the Hamiltonian form of his equations, as stated in words 
in § 319 above. In the precisely equivalent case, of a' 
liquid extending infinitely in all directions, and given at rest ; 
and two equal balls projected through it with equal velocities 
perpendicular to the line joining their centres — the result that 
the two balls will seem to attract one another is most re- 
markable, and very suggestive. 


Exani'plQ ( 2 ). — A solid symmetrical round an axis, moving 
through a liquid so as to keep its axis always in one plane. 
Let CO be the angular velocity of the body at any instant about 
any axis perpendicular to the fixed plane, and let u and q be the 
component velocities along and perpendicular to the axis of 
figure, of any chosen point, C, of the body in this line. By the 
general principle stated in § 320 (since changing the sign of 
n, cannot alter the kinetic energy), we have 

T-\ {Au^ + -b ft'co^ + 2Ewq) (a), 

where A, B, p, and E are constants depending on the figure of 

the body, its mass, and the density of the liquid, Now let v 

denote the velocity, perpendicular to the axis, of a point which 

we shall call the centre of reaction, being a point in the axis and 

E E 

at a distance from G, so that (§ 87) q = v—'^(x). Then, 

denoting f — — by p, we have {Au^ + Bv^ + ju-co”) {a'). 

Let X and y be the co-ordinates of the centre of reaction relatively 
to any fixed rectangular axes in the plane of motion of the axis 
of figure, and let 9 be the angle between this line and OX, at 
any instant, so that 

<0 = ^, u = x cos ^ + y sin -y = - ct sin ^ + 2 / cos ^ (5). 


Substituting in T, difierentiatmg, and retaining the notation 
u, V where convenient for brevity, we have 


dB • dB dB 

— — = jfwcos 0-^ysia^, Au^inO ■¥ 
de dy 

dB dB . dB . 

^= 0 , ^ = 0 , 


<19 


{<=)■ 
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Hence tlie equations of motion are ] 

fjiO — (A - B)uv - Z, 1 ( 

d {A 2 o cos ^ sin ^ d (Au sin^-hZ'V cos (<^)} 

It ” ’ dt " J 

wLere X, Y are the component forces in lines through C parallel 
to OX and OY, and L the couple, appLed to the body. 

Denoting by A, tj the impulsive couple, and the components 
of impulsive force through C, requii'ed to produce the motion at 
any instant, we have of course [§313 (c)], 

, dT . ^ dT dT 

'“>• 
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and therefore by (c), and 

u = \{icosd + rjsm6), ^=i("-fsm0 + 77cos(9), 0 = - (/), 

n 


, /cos® 6 

sin®^' 

“'“1 A ^ 

B , 

f\ w 


il 

'Cr 

1 

sin 0 ' 


^ (3 ” 5 ) ^ ^ 


- /I * Zi /sin ^6 cos^<9\ 

2^ = (2 - 2 j ^ ^ ^ “5~ j J 

and the equations of motion become 

The simple case of X= 0 , F= 0 , X — 0, is particularly interesting. 
In it ^ and 77 are each constant, and we may therefore choose the 
axes OX, OY, so that rj shall vanish. Thus we have, in (g), two 
first integrals of the equations of motion; and they become 


/cos® 0 sin® O' 

rir 




and the first of equations {h) becomes 
d 0 A B tg . A 


In tbis let, for a moment, 20 = tfi, and V. It becomes 


M^+^2tFsin<^ = 0, 

-vs^bicb is tbe equation of motion of a common pendulum, of 
mass IF, moment of inertia ja round its fixed axis, and length 
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h from axis to centre of gravity; if ^ be tbe angle from 
the position of equilibrium to tbe position at time t As we 
shall see, under kinetics, tbe final integral of tHs equation 
expresses ^ in terms of t by means of an elliptic function. 
By using tbe Yalue thus found for ^ or in (h\ we have 
equations giving x and y in terms of t by common integration ; 
and thus tbe full solution of our present problem is reduced to 
quadratures. Tbe detailed vrorking out to exhibit both tbe actual 
curve described by tbe centre of reaction, and tbe position of 
the axis of tbe body at any instant, is highly interesting. It is 
veiy easily done approximately for tbe case of very small angular 
vibrations; that is to say, when either A — A is positive, aud 
^ always very small, or A -> A negative, and very nearly 
equal to But without attending at present to the final 

integrals, rigorous or approximate, we see from (Jc) and {1) that 

322. If a solid of revolution in an infinite liquid, be set in 
motion round any axis perpendicular to its axis of figure, or 
simply projected in any direction without rotation, it will move 
with its axis always in one plane, and every point of it moving 
only parallel to this plane ; and the strange evolutions which 
it will, in genera], perform, are perfectly defined by comparison 
with the common pendulum thus. First, for brevity, we shall 
Quadrantai call by the name of quadrantal pendulum (which will he further 
defined. exemplified in various cases described later, under electricity 
and magnetism; for instance, an elongated mass of soft iron 
pivoted on a vertical axis, in a ‘^uniform field of magnetic 
force'’), a body moving about an axis, according to the same 
law with reference to a quadrant on each side of its position of 
equilibrium, as the common pendulum with reference to a half 
circle on each side. 

Let now the body in question be set in motion by an im- 
pulse, in any line through tbe centre of reaction, and an 
impulsive couple \ in tbe plane of that line and the axis. This 
will (as will be proved later in the theory of statical couples) 
have the same effect as a simple impulse ^ (applied to a point, 
if not of the real body, connected with it by an imaginary in- 
finitely light framework) in a certain fixed line, which we shall 
call the line of resultant impulse, or of resultant momentum, 
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being parallel to tbe fonner line, and at a distance from it equal to Motion of 

^ ^ ^ a solid of 

X , . revolution 

j . The whole momentum of the motion generated is of course ^ 

(§ 295) equal to The body will move ever afterwards 
according to the following conditions : — (1.) The angular velo- 
city follows the law of the quadrantal pendulum. (2.) The 
distance of the centre of reaction from the line of resultant 
impulse varies simply as the angular velocity. (3.) The 
velocity of the centre of reaction parallel to the line of 
impulse is found by dividing the excess of the whole con- 
stant energy of the motion above the part of it due to the 
angular velocity round the centre of reaction, by half the 
momentum. (4.) If J., B, and fL denote constants, depending 
on the mass of the solid and its distribution, the density of the 
liquid, and the form and dimensions of the solid, such that 

t t X 

2 ? are the linear velocities, and the angular velocity, 

respectively produced by an impulse f along the axis, an im- 
pulse ^ in a line through the centre of reaction perpendicular 
to the axis, and an impulsive couple X in a plane through the 
axis; the length of the simple gravitation pendulum, whose 
motion would keep time with the periodic motion in question, 

is when the angular motion is vibratory, the 

vibrations will, according as A > B, or A < B, be of the 
axis, or of a line perpendicular to the axis, vibrating on 
each side of the line of impulse. The angular motion will 
in fact be vibratory if the distance of the line of resultant 
impulse from the centre of reaction is anything less than 

— where a denotes the inclination of the im- 
pulse to the initial position of the axis. In this case the path 
of the centre of reaction will be a sinuous curve symmetrical on 
the two sides of the line of impulse; every time it cuts this line, 
the angular motion will reverse, and the maximum inclination 
will be attained ; and every time the centre of reaction is at its 
greatest distance on either side, the angular velocity will be at 
its greatest, positive or negative, value, and the linear velocity of 
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the centre of reaction will be at its least. If, on the other hand, 
the line of the resultant impulse be at a greater distance than 

/ from the centre of reaction, the angular motion 

V ® 

will be always in one direction, but will increase and diminish 
periodically, and the centre of reaction will describe a sinuous 
curve on one side of that line ; being at its greatest and least 
deviations when the angular velocity is greatest and least. At 
the same points the curvature of the path will be greatest and 
least respectively, and the linear velocity of the describing 
point will be least and greatest. 


323. At any instant the component linear velocities along 

. . P cos 0 

and perpendicular to the axis of the solid will be — ^ — and 

P sin 0 . .... • 

— — respectively, if 0 be its inclination to the line of re- 


sultant impulse ; and the angular velocity will be — if 2 / be the 

distance of the centre of reaction from that line. The whole 
kinetic energy of the motion will be 


^coie fsm"0 f/ 
2A 2B 


and the last term is what we have referred to above as the 
part due to rotation round the centre of reaction (defined in 
§ 321). To stop the whole motion at any instant, a simple 
impulse equal and opposite to ^ in the fixed ^'line of resultant 
impulse^' will suflSce (or an equal and parallel impulse in any 
line through the body, with the proper impulsive couple, accord- 
ing to the principle already referred to). 

324:. From Lagrange’s equations applied as above to the case 
of a solid of revolution moving through a liquid, the couple 
which must be kept applied to it to prevent it from turning is 
immediately found to be 


uu (A - 5), 



DTKAMICAL LAWS AND PEINCIPLES. 


885 


824] 

if u and v be the component velocities along and perpendicular 
to the axis, or [S 321 f/)] revolution 

^ Lo V /j through a 

, . ^ - - liquid. 

^2 (4 —B) sm 2d 

^ 2Xe ’ 

if, as before, ^ be the generating impulse, and 6 the angle be- < 
tween its line and the axis. The direction of this couple must 
be such as to prevent 6 from diminishing or from increasing, 
according as Jl. or 5 is the greater. The former will clearly 
be the case of a flat disc, or oblate spheroid ; the latter that of 
an elongated, or oval-shaped body. The actual values of A 
and B we shall learn how to calculate (hydrodynamics) for 
several cases, including a body bounded by two spherical sur- 
faces cutting one another at any angle a submultiple of two 
right angles ; two complete spheres rigidly connected ; and an 
oblate or a prolate spheroid. 

825. The tendency of a body to turn its flat side, or its observed 

. . phenomena. 

length (as the case may be), across the direction of its motion 
through a liquid, to which the accelerations and retardations of 
rotatory motion described in § 322 are due, and of which we 
have now obtained the statical measure, is a remarkable illus- 
tration of the statement of § 319 ; and is closely connected 
with the dynamical explanation of many curious observations 
well known in practical mechanics, among which may be men- 
tioned : — 

(1) That the course of a symmetrical square-rigged ship 
sailing in the direction of the wind with rudder amidships is 
unstable, and can only be hept by manipulating the rudder to 
check infinitesimal deviations; — and that a child’s toy-boat, 
whether “square-rigged” or “fore-and-aft rigged^,” cannot be 

* ‘‘Fore-and-aft” rig is any rig in wMcb (as in “ cutters ” and “ schooners ”) 
the chief sails come into the plane of mast or masts and keel, hy the action of 
the wind npon the sails when the vessel’s head is to wind. This position 
of the sails is unstahle when the wind is right astern. Accordingly, in 
“wearing” a fore-and-aft rigged vessel (that is to say turning her round 
stern to wind, from sailing with the wind on one side to sailing with the 
wind on the other side) the mainsail must he hauled in as closely as may be 
towards the middle position before the wind is allowed to get on the other side 
of the sail from that on which it had been pressing, so that when the wind 
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Applications got to Sail permanently before tbe wind by any permanent ad- 
justment of rudder and sails, and that (without a wind vane, or 
a weighted tiller, acting on the rudder to do the part of 
steersman) it always, after running a few yards before the wind, 
turns round till nearly in a direction perpendicular to the 
wind (either gibing” first, or ^^uffing” without gibing if it 
is a cutter or schooner) : — 

(2) That the towing rope of a canal boat, when the rudder 
is left straight, takes a position in a vertical plane cutting the 
axis before its middle point : — 

(3) That a boat sculled rapidly across the direction of the 
wind, always (unless it is extraordinarily unsymmetrical in 
its draught of water, and in the amounts of surface exposed 
to the wind, towards its two ends) requires the weather oar 
to be worked hardest to prevent it from running up on the 
wind, and that for the same reason a sailing vessel generally 
“carries a weather helm^” or “gripes;” and that still more does 
so a steamer with sail even if only in the forward half of her 
length — griping so badly with any after canvass f that it is often 
impossible to steer : — 

(4) That in a heavy gale it is exceedingly difi&cult, and 
often found impossible, to get a ship out of 'Hhe trough of the 
sea,” and that it cannot be done at all without rapid motion 
ahead, whether by steam or sails : — 

(5) That in a smooth sea with moderate wind blowing 
parallel to the shore, a sailing vessel heading towards the shore 
with not enough of sail set can only be saved from creeping 
ashore by setting more saD, and sailing rapidly towards the 
shore, or the danger that is to be avoided, so as to allow her to 
be steered away from it. The risk of going ashore in fulfilment 

does get on the other side, and when therefore the sail dashes across through 
the mid-ship position to the other side, carrying massive boom and ga:ff with it, 
the range of this sudden motion, which is called “gibing,” shall he as small 
as may he. 

* The weather side of any object is the side of it towards the wind. A ship 
is said to “carry a weather helm” when it is necessary to hold the “helm” or 
* Hiller” permanently on the weather side of its middle position (by which the 
rudder is held towards the lee side) tp keep the ship on her course. 

t Hence mizen masts are altogether condemned in modem waor-ships by 
many competent nautical authorities. 
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of Lagrange’s equations is a frequent incident of '"getting 
under way” wHle lifting anchor, or eyen after slipping from 
moorings : — 

(6) That an elongated rifle-bullet requires rapid rotation 
about its axis to keep its point foremost. 

(7) The curious motions of a flat disc, oyster-shell, or the 
like, when dropped obliquely into water, resemble, no doubt, to 
some extent those described in § 822. But it must be re- 
membered that the real circumstances differ greatly, because 
of fluid friction, from those of the abstract problem, of which 
we take leave for the present. 

326. Maupertuis’ celebrated principle of Least Action has Least 

1 *111 action. 

been, even up to the present time, regarded rather as a curious 
and somewhat perplexing property of motion, than as a useful 
guide in kinetic investigations. We are strongly impressed 
with the conviction that a much more profoitnd importance 
will be attached to it, not only in abstract dynamics, but in the 
theory of the several branches of physical science now beginning 
to receive dynamic explanations. As an extension of it, Sir 
W. R. Hamilton^ has evolved his method of Varying Action, 
which undoubtedly must become a most valuable aid in future 
generalizations. 

What is meant by Action ” in these expressions is, unfor- Action, 
tunately, something very different from the Actio Agentis de- 
fined by Newton “f, and, it must be admitted, is a much less 
judiciously chosen word. Taking it, however, as we find it, 
now universally used by writers on dynamics, we define the enerjry. 
Action of a Moving System as proportional to the average 
kinetic energy, which the system has possessed during the time 
from any convenient epoch of reckoning, multiplied by the time. 
According to the unit generally adopted, the action of a system 
which has not varied in its kinetic energy, is twice the amount 
of the energy multiplied by the time from the epoch. Or if 
the energy has been sometimes greater and sometimes less, 

* JPML Trans, 1834—1835. 

t Whicli, LoweTer {§ 263), we have translated “ actmty” to avoid confusion. 

22 
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the action at time t is the double of what we may call the 
time’integral of the energy, that is to say, it is what is de- 
noted in the integral calculus by 

2 [Vc^r, 

•^0 

where T denotes the kinetic energy at any time r, between 
the epoch and t 

Let m be the mass, and v the velocity at time r, of any one of 
the material points of which the system is composed. We have 

T=%lmv^ (1), 

and therefore, if A denote the action at time t, 

A = f (2). 

Jo 

This may be put otherwise by taking ds to denote the space de- 
scribed by a particle in time dr, so that vdr - ds, and therefore 

A = f'^mvds (3), 

or, if a?, y, z be the rectangular co-ordinates of m at any time, 

A = f (xdx -1- ydy + zdz) (4). 

Hence we might, as many writers in fact have virtually done, 
define action thus : — 

The action of a system is equal to the sum of the average 
momentiims for the spaces described by the particles from any 
era each multiplied by the length of its path. 

327. The princiiDle of Least Action is this: — Of all the 
different sets of paths along which a conservative system may 
be guided to move from one configuration to another, with the 
sum of its potential and kinetic energies equal to a given con- 
stant, that one for which the action is the least is such that 
the system will require only to be started with the proper 

velocities, to move along it unguided. Consider the Problem ; 

Given the whole initial kinetic energy; find the initial velocities 
through one given configuration, which shall send the system 
unguided to another specified configuration. This problem is 
essentially determinate, but generally hn,s multiple solutions 
(§ 363 below); (or only imaginary solutions.) 
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If there are any real solutions, there is one of them for whicli Least 
the action is less than for any other real solution, and less than 
for any constrainedly guided motion with proper sum of po- 
tential and kinetic energies. Compare §§ 846 — 366 below. 

Let X, y, z he the co-ordinates of a paiticle, m, of the system, 
at tune r, and V the potential energy of the system in its parti- 
cular configuration at this instant ; and let it be requhed to find 
the way to pass from one given configuration to another with 
velocities at each instant satisfying the condition 

'X I w (df + zr)+ V=U, a constant (5), 

so that A, or 

(xdx ydij Mz) 
may be the least possible. 

By the method of variations we must have SA — 0, where 

SA = fS/Ji (xdSx -h yd'^y + zdZz + oxdx -h ^ydy + hzdz) (6). 

Taking in this dx — xdr, dy = ydr, dz = zdT^ and remarking that 
(xM + ydy + = BT ( 7 ), 

we have 

f (Sxdx + Sydy + Szdz) = f STdr (8). 

Jo 

Also by integration by parts, 

f (xdSx + . . ) = [ (xdx 4- . . . )} — \%m {xdx + ...)] (xSx + . . . ) c?t, 

where [...] and denote the values of the quantities enclosed, 
at the beginning and end of the motion considered, and where, 
farther, it must be remembered that dx~xdT^ etc. Hence, 
from above, 

SA = (xBx 4- yBy -i- — [Sm {xBx 4 yBy 4 «S; 2 r)] 

-{-[ dr [S^T— ^??i (xBx 4 ySy -j- ^?S; 2 ;)] (9). 

Jo 

This, it may be observed, is a perfectly general kinematical expres- 
sion, unrestricted by any terminal or kinetic conditions. How 
in the present problem we suppose the initial and final positions 
to he invariable. Hence the terminal variations, Bx, etc,, must 
all vanish, and therefore the integrated expi'essions {•••}»[•••] dis- 
appear. Also, in the present ]problem S!r = — 8 F, by the equation 
of energy (5). Hence, to make BA = 0, since the intermediate 
variations, Sic, etc., are quite arbitrary, subject only to the con- 
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ditions of tlie system, we must have 

2m (asSa; + y^y + zhz) + SF= 0 (10), 

wMcli [(4), § 293 above] is tbe general variational equation of 
motion of a conservative system. TMs proves tbe proposition. 

It is interesting and instructive as an illustration of tbe prin- 
ciple of least action, to derive directly from it, without any use 
of Cartesian co-ordinates, Lagrange’s equations in generalized 
co-ordinates, of tbe motion of a conservative system [§ 318 (24)]. 
We have 

A ^J2Tdt, 

where T denotes tbe formula of § 313 (2). If now we put 


we have 
Hence 


ds“ = (i/^, ij/) + 2 (\j/) <f) dij/dcji + etc., 

A=f^ds. 


7 dsSds\ f.ds^ds 

. fdtSTt 

, [(4r,4,)d>jd + (4,,4,)d4> + eto. J 

+ J s# 


^d{ds‘) 

dt 


8d(p + etc. + 


where denotes variation dependent on tbe explicit ap- 

pearance of if/, (p, etc. in tbe coefficients of tbe quadratic func- 
tion T. Tbe second chief term in tbe formula for SA is clearly 
fdT 

equal to I — r dSi[/, and this, integrated by parts, becomes 
J dij/ 

dT dT \dT.l r.ddT. 

where [ ] denotes tbe difference of tbe values of tbe bracketed 
expression, at tbe beginning and end of tbe time jdt. Thus we 
have finally 

~S<1> + etc.1 

[,d\f/ dcf) J 
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So far we Lave a purely kiuematical formula. Now introduce Principle of 
tLe dynamical condition [§ 293 (7)1 appiied“*^‘°^ 

to find 

T—Q—Y,,, (10)" Lagrange’s 

‘ generalized 

equations 
of motion. 


From it we find 





Again, we Lave 


Hence (10)' becomes 


dT dT 
<f>> etc.) ^ 


8A = r^8./i + ^S,i+etc. 

^dij/ defy 


Silf+ (etc,) B<ji+ etc. 


j IV dtd^ ^ ■ 

To make tLis a minimum we Lave 

d dT dT dT . , 

dt dip^ dijf 

wLicL are tLe required equations [§318 (24)]. 

From tLe proposition tLat SA = 0 implies tLe equations of 
motion, it follows tLat 

328. In any unguided motion whatever, of a conservative why called 
system, tLe Action from any one stated position to any other, action°^b7 
though not necessarily a minimum, fulfils the stationary condi- 
tion, that is to say, the condition that the variation vanishes, 
which secures either a minimum or maximum, or maximum- 
minimum. 

This can scarcely be made intelligible without mathematical Stationary 

^ , action, 

language. Let (x^, etc., be the co-ordinates 

of particles, etc,, composing the system; at any time r of 

the actual motion. Let T be the potential energy of the system, 

in this configuration ; and let E denote the given value of the 

sum of the potential and kinetic enei-gies. The equation of 

energy is — 

i {^1 Vi K) + ^2 + Vi + V) + etc.} + F= . ( 5 ) bis. 

Choosing any part of the motion, for instance that from time 0 
to time tf we have, for the action during it, 

A= V) dr = M- jWdr (11). 
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Let now the system he guided to move in any other way possible 
for it, with any other velocities, from the same initial to the same 
final configuration as in the given motion, subject only to the 
condition, that the sum of the kinetic and potential energies shall 
still be E, Let 2//? co-ordinates, and 7' 

the corresponding potential energy; and let (a;/, v//? 
be the component velocities, at time r in this arbitrary motion ; 
equation (2) still holding, for the accented letters, with only E 
unchanged. For the action we shall have 

A' = Et'- /VWr (12), 

Jo 

where f is the time occupied by this supposed motion. Let now 
0 denote a small numerical quantity, and let etc., be finite 

lines such that 


X, — X, 




_ ?/i -Vi 
Vi 




i = etc. = 0, 


The “principle of stationary action’^ is, that 


r-v 

e 


vanishes 


when 6 is made infinitely small, for every possible deviation 
y]^6, etc.) from the natural way and velocities, subject only 
to the equation of energy and to the condition of passing through 
the stated initial and final configmations : and conversely, that if 


V 

e 


vanishes with 0 for every possible such deviation from a 


certain way and velocities, specified by etc., as the 

co-ordinates at t, this way and these velocities are such that the 
system unguided will move accordingly if only started with 
proj)er velocities from the initial configTiration. 


329. From this principle of stationary action, founded, as 
we have seen, on a comparison between a natural motion, and 
any other motion, arbitrarily guided and subject only to the 
law of energy, the initial and final configurations of the 
system being the same in each case, Hamilton passes to the 
consideration of the variation of the action in a natural or 
unguided motion of the system produced by varying the initial 
and final configurations, and the sum of the potential and 
kinetic energies. The result is, that 
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330. The rate of decrease of the action per unit of increase ^ 
of any one of the free (generalized) co-ordinates (§ 204) speci- 
fying the initial configuration, is equal to the correspond- 
ing (generalized) component momentum [§ 313, (c)] of the 
actual motion from that configuration: the rate of increase of 
the action per unit increase of any one of the free co-ordi- 
nates specifying the final configuration, is equal to the corre- 
sponding component 'momentum of the actual motion towards 
this second configuration : and the rate of increase of the action 
per unit increase of the constant sum of the potential and kinetic 
energies, is equal to the time occupied hy the motion of which 
the action is reckoned. 

To prove this we must, in our previous expression (9) for SA, 
now suppose the terminal co-ordinates to vaiy ; ST to become 
8U-‘8F, in which SU is a constant during the motion ; and each AcUori 
set of paths and velocities to belong to an unguided motion of af a funo- 
the system, which requires (10) to hold. Hence imtitjiand 

final CO- 

S4 = {Smi + ijly + iSs)} - [S;« {oilx + + 58®)] + i^E . . .(13). 

energy; 

If, now, in the first place, we suppose the particles constituting 
the system to be all free from constraint, and therefore (.r, y, z) 
for each to be three independent variables, and if, for distinctness, 
we denote by (a:/, y/, ^/) and the co-ordinates of 

in its initial and final positions, and by (a?/, y/, zj 

the components of the velocity it has at those points, we have, 
from the preceding, according to the ordinary notation of partial 
differential coefficients, 

its (liffe* 
rential co- 
dficH'Tits 
eq^ual re- 
spectively 
to initial 
and final 
rroraen- 
tunis, and 
to the time 
from be- 
gitiiiing to 

In these equations we must suppose A to be expressed as a func- 
tion of the initial and final co-ordinates, in all six times as many 
independent variables as there are of particles ; and one more 
variable, the sum of the potential and kinetic energies. 

If the system consist not of free jiarticles, hut of particles con- 
nected in any way forming either one rigid body or any number 


dA 

dA 


dA ^ , dA . / , 

etc. 


and 


’ dy/ 
dA 

dA 

dE ' 


dz' 
dA . ^ 

-=«VP,etc. 


...(14) 
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Same pro- 
l^ositions 
lor gene- 
1 all zed co- 
ordinates. 


of rigid bodies connected with one another or not, we might, it is 
true, be contented to regard it still as a system of free particles, 
by taking into account among the impressed forces, the forces 
necessary to compel the satisfaction of the conditions of con- 
nexion. But although this method of dealing with a system of 
connected particles is very simple, so far as the law of energy 
merely is concerned, Lagrange’s methods, whether that of “equa- 
tions of condition,” or, what for our present purposes is much 
more convenient, his “generalized co-ordinates,” relieve us from 
very troublesome interpretations when we have to consider the 
displacements of particles due to arbitrary variations in the con- 
figuration of a system. 

Let us suppose then, for any particular configuration (cc^, 

(cc„, y,, ^ 2 ) the expression 

+ y^y^ + become fSi/r + -1-^80 -1- etc. (15), 

when transformed into terms of xj/, <^, generalized co-ordi- 
nates, as many in number as there are of degi‘ees of freedom for 
the system to move [§ 313, (c)]. 

The same transformation applied to the kinetic energy of the 
system would obviously give 

J (cc;® + + z‘) + etc. = + 19 + etc.) (16), 

and hence rj^ etc., are those linear functions of the generalized 
velocities which, in § 313 (e), we have designated as “gene- 
ralized components of momentum ; ” and which, when T, the 
kinetic energy, is expressed as a quadratic function of the velo- 
cities (of course with, in general, functions of the co-ordinates 
xj/, etc., for the coefiScients) are derivable from it thus : 




clT 

dp’ 



~ dd’ 


etc, 


(17). 


Hence, taking as before non-accented letters for the second, and 
accented letters for the initial, configurations of the system re- 
spectively, we have 



and, as before, 


dA 

dA 


dcj) 




du' 


dA 

dO' 

dd 


= - etc. 
= etc. 


(18). 
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These equations (IS), including of course (14) as a particular case, 
express in mathematical terms the proposition stated in words 
above, as the Principle of Varying Action. 

The values of the momentums, thus, (14) and (18), expressed 
in terms of differential coefdcients of A, must of course satisfy 
the equation of energy. Hence, for the case of free particles, 

_ 1 /cLi“ dA? dA\ I -n Tr\ /T n\ Hamilton’s 

2 - = 2 (^- F) (19), “ diameter- 

m\dx'‘ dy'^ J ^ ^ isticyqna- 




tion” of 
motion in 
(20') Cartesian 

* ' co-ordi- 

nates 


Or, in general, for a system of particles or rigid bodies connected 
in any way, we have, (16) and (18), 


. dA . dA idA , ^ 

/7 , 7/^^ , n/ \ _ Q T 


Hamilton’s 
(21) character- 

istic equa- 
tion of 
motion in 

/oo\ generalized 


+ B' ~ + etc. = 2 (i^ - F') (22), 

^ dij/' ^ dcj>' dB J ^ nates. 


where etc., are expressible as linear functions of 
etc., by the solution of the equations 

dA "I 

(l/r, il,)x},+ {f,4>)<p + {f, e)0 + etc. = |=^ 1 


M M 
dij/ ’ dip ’ 


+ {4>> 4>)4> + ^ ~ 


. . jy dA dA , 

and ij/', p', etc., as similar functions of — , etc., by 

dA ' 

(’/''> ’/'O + if > ^') ’P' + ('P'> ^ 

+ {<!>', f) <p' + i4'', O') O' + etc. =v=-^ 


where it must be remembered that (p, p), {p, p)j etc., are func- 
tions of the specifying elements, p^ p, 6^ etc., depending on the 
kinematical nature of the co-ordinate system alone, and quite 
independent of the dynamical problem with which we are now 
concerned ; being the coefficients of the half squares and the 
products of the generalized velocities in the expression for the 
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kinetic energy of any motion of tke system ; and that (\j/\ xj/^), 
(i/a', </)'), etc., are the same functions with i/a', etc , written for 
i/a, </), 0, etc. ; but, on the other hand, that is a function of all the 
elements i/a, </>, etc., i/a', etc. Thus the first member of (21) 

cIA dA 

is a quadi'atic function ^ "^ith coefficients, 

known functions of i/a, </>, etc., depending merely on the kine- 
matical relations of the system, and the masses of its parts, but 
not at all on the actual forces or motions; while the second 
member is a function of the cO'Ordinates i/a, </>, etc., depending 
on the forces in the dynamical problem, and a constant expressing 
the particular value given to the sum of the potential and kinetic 
energies in the actual motion; and so for (22), and i/a', <^', etc. 

It is remarkable that the single linear partial differential equa- 
tion (19) of the first order and second degree, for the case of 
free particles, or its equivalent (21), is sufficient to determine a 
function A, such that the equations (14) or (18) express the mo- 
mentums in an actual motion of the system, subject to the given 
forces. Tor, taking the case of free particles first, and differen- 
tiating (19) still on the Hamiltonian understanding that A is 
expressed merely as a function of initial and final co-ordinates. 


and of the 

sum of the potential and kinetic 

energies, 

22 — 

•dl d‘A 

1 

dA d‘A dA d’‘A\ 

dV 

m \ 

^dx dx^dx 

dy dx^dy dz dx^dz) 

^dx^' 

But, by (14), 





1 dA_ 

. 1 dA 



m^dx^ 

= — = V,} etc., 

dy^ ’ 


and therefore 




6? A 

d^A 

dy, dx, <EA 

dz. 


dx^dy^ dx^ dy^ ’ dx^dz^ ~ 



d?A 

dx^ dx. 



dx^dx^ 




dx. 


Using these properly in the preceding and taking half; and 
writing out for two particles to avoid confusion as to the mean- 
ing of 2, we have 


f,dx^ . dx. . dx. , dx. . dx, , dx, \ 

^ dz^^ dx^ dy^ dz^ + e c. j - ■ 


dx. 


(25). 


How if we multiply the first member by d% we have clearly the 
change of the value of due to varying, still on the Hamil- 
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tonian supposition, tlie co-ordinates of all tlie points, that is to say, Varying 

the configiu-ation of the system, from what it is at any moment to 

what it becomes at a time dt later • and it is therefore the actual charac- 

teribtic 

change in the value of ma;,, in the natural motion, from the time, equation 
® ’ ’ dehnpsthe 

t, when the configuration is (x^, JS), to the time motion, for 

t dt. It is therefore equal to m^x^dt, and hence (25) becomes particles, 
simply m^x^ = — . Similarly we find 


But these are [§ 293, (4)] the elementary differential equations 
of the motions of a conservative system composed of free mutually 
influencing particles. 

If next we regard x^, etc., as constant, and go 

through precisely the same process with reference to a;/, y/, z/, x/, 
etc., we have exactly the same equations among the accented 
letters, with only the difference that - A appears in place of A ; 
dF' 

and end with m^x/ = , from which we infer that, if (20) 

is satisfied, the motion represented by (14) is a natural motion 

through the configuration (x^', y^^ x'^ etc.). 

Hence if both (19) and (20) are satisfied, and if when = aj^', 

/ / /X ^ dA dA , ^ 

y^ = yi’ !»2 = a's. etc-. ■«^e have etc., the 

motion represented by (14) is a natural motion through the 
two configui’ations (d?/, y/, 2 :/, etc.), and (cc^, y^, 
etc.). Although the signs in the preceding expressions have been 
fixed on the supposition that the motion is / 7 ’om the former, to the 
latter configuration, it may clearly be from either towards the 
other, since whichever way it is, the reverse is also a natural 
motion (§ 271), according to the general property of a conserva- 
tive system. 

To prove the same thing for a conservative system of particles game pro- 
or rigid bodies connected in any way, we have, in the first place, 
from (18) ,«"na 

dv_^ 

d<l>’ df~d6’ “‘es- 

where, on the Hamiltonian principle, we suppose \}/, etc., and 
I, 7j, etc., to be expressed as functions of \j/, cj>, etc., xj/', etc., 
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and the sum of the potential and kinetic energies, 
supposition, differentiating (21), we have 


[330. 
On the same 


, .drj :dl , .dll/ d(j> ^dO , ^dV 

But, by (26), and by the considerations above, we have 
. dl .dri • c?^ ,d^ •d^ /d^ ; 

^ ^ ^ ^ ^ ^ ^ 561 ^ ■ ■ • • ^ ’ 

where ^ denotes the rate of variation of i per unit of time in the 
actual motion. 

Again, we have 

dif/ d^ dij/ dy] dij/' 

dij/ d^ dij/ dy] dij/'^ dif/ 

d<f)_d4i^ ^dy] ^ ' (29), 

dij/ d^ dij/ dr] dij/ dij/ 

etc. etc. 

if, as in Hamilton’s system of canonical equations of motion, we 
suppose i/', etc., to be expressed as linear functions of ^ ly, etc., 
with coefficients involving T^, <^, etc., and if we take 0to denote 
the partial differentiation of these functions with reference to the 
system regarded as independent variables. Let 

the coefficients be denoted by [ij/, xj/], etc., according to the plan 
followed above; so that, if the formula for the kinetic energy be 

2^= i {[</', <A] ^^ + [<^>> <^>1 ’?^ +••• + 2 [^, <f\ir, + eto.} (30), 

we have 

dT 

, — = U,l,lA-i.r.k A.1 ^JlTA t 


^ = =[’Aj + 4>]v + [<P> &]^ + eto. 

etc. etc. 

where of coui'se [ij/, <){)], and [<5^, i/r], mean the same. 

Hence ^ = [i'> ; 

dijr d [ij/, ij/] . d [ij/j ^1 0<^ d\6, if/l , 

and therefore, by (29), 


dij/ 


Uij/ 
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whence, by (28), we see that 

.difr ^d$ ■ JdT 


S49 


.(32). 


TMs, and (28), reduce the first member o£ (27) to 21+2 
and therefore, halving, we conclude 


'bT 

dx(;^ 


dx];’ 


and similarly, 77+^= 

d<p 


|r.etc...(33). 


These, in all as many differential equations as there are of vari- 
ables, etc., suffice for determining them in terms of t and 
twice as many arbitrary constants. But every solution of the 
dynamical problem, as has been demonstrated above, satisfies 
(21) and (23); and therefore it must satisfy these (33), which we 
have derived from them. These (33) are therefore the equations 
of motion, of the system referred to generalized co-ordinates, as 
many in number as it has of degrees of freedom. They are the 
Hamiltonian explicit equations of motion, of which a direct de- 
monstration was given in § 318 above. Just as above, it appears 
therefore, that if (21) and (22) are satisfied, (18) expresses a 
natural motion of the system from one to another of the two con- 
figurations (i/^, <^, d, ...) (^', Hence 


331 . The determination of the motion of any conservative 
system from one to another of any two configurations, when the 
sum of its potential and kinetic energies is given, depends on 
the determination of a single function of the co-ordinates of 
those configurations by solution of two quadratic partial differ- 
ential equations of the first order, with reference to those two 
sets of co-ordinates respectively, with the condition that the 
corresponding terms of the two differential equations become 
separately equal when the values of the two sets of co-ordinates 
agree. The function thus determined and employed to express 
the solution of the kinetic problem was called the Characteristic 
Function by Sir W. E. Hamilton, to wdiom the method is due. 
It is, as we have seen, the ''action’’ from one of the configura- 
tions to the other; but its peculiarity in Hamilton’s system is, 
that it is to be expressed as a function of the co-ordinates and 
a constant, the whole energy, as explained above. It is evi- 


Hamilton- 

lan form of 

Lagrance^s 

generalized 

equations 

deduced 

from 

character- 

istic 

equation. 


Hence 
proof con- 
cluded. 


Character- 
istic func- 
tion. 
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dently symmetrical 'with respect to the two configurations, 
changing only in sign if their co-ordinates are interchanged. 


Character- 
ibtic equa- 
tion ot 
motion. 


Complete 
integral of 
chai acteris- 
tic equa- 
tion. 


Since not only the complete solution of the problem of 
motion gives a solution. A, of the partial differential equation 
(19) or (21), but, as we have just seen [§ 330 (33), etc.], 
every solution of this equation corresponds to an actual pro- 
blem relative to the motion, it becomes an object of mathe- 
matical analysis, which could not be satisfactorily avoided, to 
find what character of completeness a solution or integral of 
the differential equation must have in order that a complete in- 
tegral of the dynamical equations may be derivable from it — a 
question which seems to have been first noticed by J acobi. What 
is called a complete integraP^ of the differential equation ; that 
is to say, an expression, 

A=A,+ F{^,<t>,e,...a, (34), 

for A satisfying it and involving the same number let ns sup- 
pose, of independent arbitrary constants, A^, a, )S,...as there are 
of the independent variables, i/r, cj>j etc. ; leads, as he found, to a 
complete final integral of the equations of motion, expressed as 
follows : — 


da 



(35), 


and, as above, 



e 


(36), 


where € is the constant depending on the epoch, or era of reckon- 
ing, chosen, and ^,33,... are i—\ other arbitrary constants, con- 
stituting in all, with a, the proper number, 2^, of arbi- 

trary constants. This is proved by remarking that (35) are the 
equations of the course ” (or paths in the case of a system of 
free particles), which is obvious. For they give 


. cl dF . clclF^^ cl dF 

° # da. ^ d<j> da dd da 

^ d dF d dF d dF „ 

® dll/ ^ d<f> dfi dd djS 


etc. 


etc. 


.(37). 


in alH-l equations to determine the ratios dij/ :cl^ :d0 From 
these, and (21), we find 

dij/ _d6 _ dO 
ijf <t> 


( 38 ) 
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[since (37) are tlie same as tlie equations wldcli we obtain by Complete 
differentiating (21) and (23) with reference to a, siicces- charactens- 
sively, only that tbey bave dcji, dO,.., in place oi if/, tion.^^' 

A perfectly general solution of tbe partial differential equation, General 
that is to say, an expression for A including every function of derived 
\j/, (p, 6,.., wMcb can satisfy (21), may of course be found, by tbe piete^°^' 
regular process, from tbe complete integral (31), by eliminating 
jIq, a, 13,,.. from it by means of an arbitrary equation 

/(^o> “) A---) = 0, 
and tbe (^ - 1) equations 

^ dF 

1 doL dp 

dA^ da dp 


where /denotes an arbitrary function of tbe i elements A^, a, p,... 
now made to be variables depending on if/, p,... But tbe full 
meaning of tbe general solution of (21) will be better understood 
in connexion with tbe physical problem if we first go back to tbe 
Hamiltonian solution, and then from it to tbe general. Thus, 
first, let tbe equations (35) of tbe course be assumed to be 
satisfied for each of two sets \j/, p, 0, and xj/\ p\ 0',..., of 
tbe co-ordinates. Tbey will give 2(^ — 1) equations for determin- 
ing tbe 2(i;~l) constants a, p,..^,%, 3^, ..., in terms of \j/, p, ..., 
p', p',..., to fulfil these conditions. Using tbe values of a, p,..., 
so found, and assigning A^ so that A shall vanish when p = p\ 
p = p', etc., we bave tbe Hamiltonian expression for A in terms 
of p, p, P', P\ •••? ^licl F, which is therefore equivalent to a 
complete integral’^ of tbe partial differential equation (21). 
How let p', p', be connected by any single arbitrary equation 

= 0 (39), 

and by means of this equation and tbe following (^— 1) equations^ 
let their values be determined in terms of p, p, ..., and F : — 


dA dA dA 
dp' dp' W ^ 

YWIF 

dp' dp' dO' 


(40). 


Substituting tbe values thus foimd for p', p', 6', etc., in tbe 
Hamiltonian we bave an expression for A, which is tbe general 
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solution of (21). For we see immediately that (40) expresses 
that the values of A are equal for all configurations satisfying 
(39), that is to say, we have 


dA dA , 


when xj/, eta, satisfy (39) and (40). Hence when, by means 
of these equations, xj/', are eliminated from the Hamiltonian 
expression for A, the complete Hamiltonian differential 

= (^) ^ ^ ^ 

becomes merely 

<*“>’ 


where 4he differential coefficients in the Hamil- 

tonian expression. Hence, A being now a function of xf/, etc , 
both as these appear in the Hamiltonian expression and as they 
are introduced by the elimination of ij/', etc., we have 


cU 

dxf/ 



etc 


(43); 


and therefore the new expression satisfies the partial differential 
equation (21). That it is a completely general solution we see, 
because it satisfies the condition that the action is equal for all 
configurations fulfilling an absolutely arbitrary equation (39). 


For the case of a single free particle, the interpretation of (39) 
is that the point (a;', y’ , z) is on an arbitrary surface, and of (40) 
that each line of motion cuts this surface at right angles. Hence 


332. The most general possible solution of the quadratic, 
partial, differential equation of the first order, which Hamilton 
showed to be satisfied by his Characteristic Function (either 
terminal configuration alone varying), when interpreted for the 
case of a single free particle, expresses the action up to any point 
(dj, 2 /, z), from some point of a certain arbitrarily given surface, 
from which the particle has been projected, in the direction of 
the normal, and with the proper velocity to make the sum of 
the potential and actual energies have a given value. In other 
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words, the physical problem solved by the most general solu- 
tion of that partial differential equation, is this i — 

Let free particles, not mutually influencing one another, be 
projected normally from all points of a certain arbitrarily given 
surface, each with the proper velocity to make the sum of its 
potential and kinetic energies have a given value. To find, for 
the particle which passes through a given point {x, y, z), the 
'' action in its course from the surface of projection to this 
point. The Hamiltonian principles stated above, show that 
the surfaces of equal action cut the paths of the particles at 
right angles ; and give also the following remarkable properties 
of the motion : — 


If, from all points of an arbitrary surface, particles not 
mutually influencing one another be projected with the proper 
velocities in the directions of the normals ; points which they 
reach with equal actions lie on a surface cutting the paths at 
right angles. The infinitely small thickness of the space be- 
tween any two such surfaces corresponding to amounts of 
action differing by any infinitely small quantity, is inversely 
proportional to the velocity of the particle traversing it ; being 
equal to the infinitely small difference of action divided by the 
whole momentum of the particle. 


Let X, /X, V be the direction cosines of the normal to the sur- 
face of equal action through (a?, y, z). We have 

(U 

dx 


X = 


/(W cW 
\dx^ dz^) 


, etc. 


.( 1 ). 


I>ut ^ = mx, etc., and, if q denote the resultant velocity, 
dx 


fdA^ dA^ dA\h 
' dz^) 


(-2). 


Hence 




z 


which proves the first proposition. 
VOL I. 


Again, if Sd denote the in- 

23 


Propcrtips 
of burfaces 
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action 
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finitely small difference of action from {x, z) to any otlier 
point {x + Sir, y-\- ^y, z + hz\ we have 


. , dA ^ dA ^ dA ^ 
8^ = ^ Ssc + — Sv -f — 8;$;. 

dx dy ^ dz 


Let tlie second point be at an infinitely small distance, e, from 
tbe first, in tbe direction of tbe normal to the surface of equal 
action ; that is to say, let 

8a3 = eX, 8y = e/x, 8z = ev. 

Hence, bj(l), 84 = e (3); 

SA 

\riience, by (2), e = — (4), 

which is the second proposition. 


Examples 333. Irrespectively of methods for finding the character- 
Ltiou!^^^ istic function ” in kinetic problems, the fact that any case of 
motion whatever can be represented by means of a single 
function in the manner explained in § 331, is most remarkable, 
and, when geometrically interpreted, leads to highly important 
and interesting properties of motion, which have valuable 
applications in various branches of Natural Philosophy. One 
of the many applications of the general principle made by 
Hamilton* led to a general theory of optical instruments, com- 
prehending the whole in one expression. 

Some of its most direct applications; to the motions of 
planets, comets, etc., considered as free points, and to the cele- 
brated problem of perturbations, known as the Problem of Three 
Bodies, are worked out in considerable detail by Hamilton 
(FMl. Trans.j 1834-35), and in various memoirs by Jacobi, 
Liouville, Bour, Donkin, Cayley, Boole, etc. The now aban- 
doned, but still interesting, corpuscular theory of light furnishes 
a good and exceedingly simple illustration. In this theory light 
is supposed to consist of material particles not mutually influenc- 
ing one another, but subject to molecular forces from the par- 
ticles of bodies — not sensible at sensible distances, and therefore 
not causing any deviation from uniform rectilinear motion in a 
homogeneous medium, except within an indefinitely small dis-. 

* On the Theory of Systems of Rays, Trans. E.I. A., 1824, 1830, 1832. 
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tance from its boundary. The laws of reflection and of single 
refraction follow correctly from tbis hypothesis, which therefore action. 
suflSces for what is called geometrical optics. 

We hope to return to this subject, with sufficient detail, Application 
in treating of Optics. At present we limit ourselves to state 
a theorem comprehending the known rule for measuring the 
magnifying power of a telescope or microscope (by comparing 
the diameter of the object-glass with the diameter of pencil 
of parallel rays emerging from the eye-piece, when a point of 
light is placed at a great distance in front of the object-glass), 
as a particular case. 

334. Let any number of attracting or repelling masses, or or kmetics 
perfectly smooth elastic objects, be fixed in space. Let two 
stations, 0 and 0\ be chosen. Let a shot be fired with a stated 
velocity, F, from 0, in such a direction as to pass through O', 

There may clearly be more than one natural path by which this 
may be done ; but, generally speaking, when one such path is 
chosen, no other, not considerably diverging from it, can be 
found ; and any infinitely small deviation in the line of fire from 
0, will cause the bullet to pass iufinitely near to, but not 
through. O'. Now let a circle, with infinitely small radius r, be 
described round 0 as centre, in a plane perpendicular to the 
line of fire from this point, and let — all with infinitely nearly the 
same velocity, but fulfilling the condition that the sum of the 
potential and kinetic energies is the same as that of the shot 
from 0 — ^bullets be fired from all points of this circle, all directed 
infinitely nearly parallel to the line of fire from <9, but each pre- 
cisely so as to pass through O', Let a target be held at an 
infinitely small distance, a , beyond O', in a plane perpendicular 
to the line of the shot reaching it from 0. The bullets fired 
from the circumference of the circle round 0, will, after passing 
through O', strike this target in the circumference of an exceed- 
ingly small ellipse, each with a velocity (corresponding of course 
to its position, under the law of energy) differing infinitely 
little from V', the common velocity with which they pass 
through O'. Let now a circle, equal to the former, be described 
round O', in the plane perpendicular to the central path through 
O', and let bullets be fired from points in its circumference, each 

23-2 
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Application -v^ith the proper velocity, and in such a direction infinitely 

optics, nearly parallel to the central path as to make it pass through 

or kinetics ^ .« . , • i i i j • xt 

of a single Q, These bullets, if a target is held to receive them perpen- 

particle. ^ y. 

dicularly at a distance a = a beyond 0, will strike it along 

the circumference of an ellipse equal to the former and placed 
in a corresponding” position ; and the points struck by the in- 
dividual bullets will correspond; according to the following law of 
correspondence”: — Let P and F' be points of the first and second 
circles, and Q and Q' the points on the first and second targets 
which bullets from them strike ; then if P' be in a plane con- 
taining the central path through O' and the position which Q 
w^ould take if its ellipse were made circular by a pure strain 
(§ 183) ; Q and Q' are similarly situated on the two ellipses. 

For, let XOY be a plane perpendicular to the central path 
through 0 ; and X'O'T the coiTesponding plane through O'. Let 
A be the action” from 0 to O', and <f> the action from a point 
F (x, y, %), in the neighbourhood of 0, specified with reference 
to the former axes of co-ordinates, to a point P' (x', y', z'), in 
the neighbourhood of O', specified with reference to the latter. 


The function cj> — A vanishes, of course, when x = 0, y-0, 
z=0, x' = 0, y' = 0, ^ = 0. Also, for the same values of the 

dx’ dy’ dx' ’ 


co-ordinates, its differential coefficients 


, must vanish, and ^ must be respectively equal to 

V and F', since, for any values whatever of the co-ordinates, 

^ and ^ are the component velocities parallel to the two lines 
dx dy 

OX, OY, of the particle passing through P, when it comes from 

P', and — ^ and — ^ are the components parallel to OX, OY, 
(Ly 

of tlie velocity through F' directed so as to reach P. Hence by 
Taylor’s (or Maclaurin’s) theorem we have 
<j> — A = - FV + Fa 

+ J{(X, X)x^ + {Y, 7),/+...+ (X, X) x'°-+. . 

+ 2(r,^yc+... + 2(F,X)2/V+... 

+ 2 (X, X) xx' + 2 (7, 7') yy' + 2 {Z, Z') zz' 

+ 2 (X, 7) xy'+ 2 (X, X) xz'+ .. + 2 (Z, 7) cy'} + i? ( 1 ), 
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■wliere (X, X), (X, Y), etc., denote constants, viz., the values of Application 

the differential coefficients etc., when each of the or kinetics 

ax^ dxdy of a smj?]e 

six co-prclinates cc, x\ y\ z' vanishes ; and E denotes the 
remainder after the terms of the second degree. According to 
Cauchy’s principles regarding the convergence of Taylor’s theorem, 
we have a rigorous expression for <j^> — A in the same form, with- 
out if the coefficients (X, X), etc., denote the values of the 
differential coefficients with some variable values intermediate 
between 0 and the actual values of y, etc., substituted for these 
elements. Hence, provided the values of the differential co- 
efficients are infinitely nearly the same for any infinitely small 
values of the co-ordinates as for the vanishing values, E becomes 
infinitely smaller than the terms preceding it, when x, y^ etc., 
are each infinitely small. Hence when each of the variables 
X, y, Zj x\ y', z! is infinitely small, we may omit E in the ex- 
pression (1) for - A. How, as in the proposition to be proved, 

let us suppose z and z each to be rigorously zero : and we have 

g = (X, X) ai + (X, 7) y + (X, X) X + (X, F) y'; 

g = (F, F) y + (X, F) * + (7, X) «i' + (F, F) y'. 

These expressions, if in them we make a; = 0 , and 3 / = 0, be- 
come the component velocities parallel to OX, OH, of a particle 
passing through 0 having been projected from F, Hence, if 

f, 77 , ^ denote its co-ordinates, an infinitely small time, ~ , after 

it passes through 0 , we have a, and 

^ = {(X,X)af + (X, F)y'}|., , = {(F, X>'+ (F, F)y'}|....(2). 

Here ^ and rj are the rectangular co-ordinates of the point Q' in 
which, in the second case, the supposed target is struck. And 
by hypothesis 

(3). 

If we eliminate x\ y' between these thi-ee equations, we have 
clearly an ellipse ; and the former two express the relation of the 
“ corresponding ” points. Corresponding equations with x and 
y for x' and y ' ; with rj for 77 ; and with - (X, X'), 

-^{7, X), -(X, F), -(7, F), in place of (X, X), (X, F), 
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(F, X'), (F, F'), express tKe first case. Hence tlie proposition, 
as is most easily seen by choosing OX and U X so that (X^ F ) 
and (F; X') may each be zero. 

335. The most obvious optical application of this remarkable 
result is, that in the use of any optical apparatus whatever, if 
the eye and the object be interchanged without altering the 
position of the instrument, the magnifying power is unaltered. 
This is easily understood when, as in an ordinary telescope, 
microscope, or opera-glass (Galilean telescope), the instrument 
is symmetrical about an axis, and is curiously contradictory of 
the common idea that a telescope “ diminishes ” when looked 
through the wrong way, which no doubt is true if the telescope 
is simply reversed about the middle of its leng’th, eye and 
object remaining fixed. But if the telescope be removed from 
the eye till its eye-piece is close to the object, the part of the 
object seen will be seen enlarged to the same extent as when 
viewed with the telescope held in the usual manner. This is 
easily verified by looking from a distance of a few yards, 
in tL’ough the object-glass of an opera-glass, at the eye of 
another person holding it to his eye in the usual way. 

The more general application may be illustrated thus : — Let 
the points, 0, O (the centres of the two circles described in 
the preceding enunciation), he the optic centres of the eyes of 
two persons looking at one another through any set of lenses, 
prisms, or transparent media arranged in any way between 
them. If their pupils are of equal sizes in reality, they will 
be seen as similar ellipses of equal apparent dimensions by the 
two observers. Here the imagined particles of light, projected 
from the circumference of the pupil of either eye, are substituted 
for the projectiles from the circumference of either circle, and 
the retina of the other eye takes the place of the target receiv- 
ing them, in the general kinetic statement. 

336, If instead of one free particle we have a conservative 
system of any number of mutually influencing free particles, the 
same statement may be applied with reference to the initial 
position of one of the particles and the final position of another, 
or with reference to the initial positions or to the final positions 
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of two of the particles. It serves to show how the influence of Application 

. • n 1 •• IT to system of 

an innmteiy small change in one of those positions, on the 
rection of the other particle passing through the other position, 
is related to the influence on the direction of the former particle 
passing through the former position produced by an infinitely 
small change in the latter position. A corresponding statement, and to ge- 
in terms of generalized co-ordinates, may of course be adapted system 
to a system of rigid bodies or particles connected in any way. 

All such statements are included in the following very general 
proposition : — 

The rate of increase of any one component momentum, corre- 
sponding to any one of the co-ordinates, per unit of increase of 
any other co-ordinate, is equal to the rate of increase of the com- 
ponent momentum corresponding to the latter per unit increase 
or diminution of the former co-ordinate, according as the two co- 
ordinates chosen belong to one configuration of the system, or 
one of them belongs to the initial configuration and the other to 
the final. 


Let ij/ and x he two out of the whole number of co-ordinates 
constituting the argument of the Hamiltonian characteristic 
function A ; and i, rj the corresponding momentums. We have 
[§ 330 ( 18 )] 

dA . dA 

the upper or lower sign being used according as it is a final or 
an initial co-ordinate that is concerned. Hence 


and therefore 


d^A 

dij/dx dx d\p ^ 

d^ _ drj 
dx dif/ ’ 


if both co-ordinates belong to one configuration, or 

d^ __ drj 

dx dxf/ ’ 

if one belongs to the initial configuration, and the other to the 
final, which is the second proposition. The geometrical inter- 
pretation of this statement for the case of a free particle, and two 
co-ordinates both belonging to one position, its final position, for 
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instance, gives merely the proposition of § 332 above, for the 
case of particles projected from one point, with equal velocities 
in all directions ; or, in other words, the case of the arbitrary 
surface of that enunciation, being reduced to a point. To com- 
plete bhe set of variational equations derived from § 330 we have 

^ = which expresses another remarkable property of con- 
servative motion. 

337. By the help of Lagrange's form of the equations of 
• motion, § 318, we may now, as a preliminary to the considera- 
tion of stability of motion, investigate the motion of a system 
infinitely little disturbed from a position of equilibrium, and 
left free to move, the velocities of its parts being initially in- 
finitely small. The resulting equations give the values of the 
independent co-ordinates at any future time, provided the dis- 
placements continue infinitely small; and the mathematical 
expressions for their values must of course show the nature of 
the equilibrium, giving at the same time an interesting example 
of the coexistence of small motions, § 89. The method con- 
sists simply in finding what the equations of motion, and their 
integrals, become for co-ordinates which differ infinitely little 
from values corresponding to a configuration of equilibrium — 
and for an infinitely small initial kinetic energy. The solution 
of these differential equations is always easy, as they are linear 
and have constant coefficients. If the solution indicates that 
these differences remain infinitely small, the position is one of 
stable equilibrium ; if it shows that one or more of them may 
mcrease indefinitely, the result of an infinitely small displace- 
ment from or infinitely small velocity through the position of 
equilibrium may he a finite departure from it— and thus the 
equilibrium is unstable. 

Since there is a position of equilibrium, the kinematic relations 
must be invariable. As before, 

{^3 <5J))(^®+ 2 {if/, ^)i^0 + etc.. 

which cannot be negative for any values of the co-ordinates. 
Now, though the values of the coefficients in this expression are 
not generally constant, they are to be taken as constant in the 
approximate investigation, since their variations, depending on 
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the infinitely small variations of ij/, <^, etc., can only give rise to 
terms of the third or higher orders of small quantities. Hence 
Lagrange’s equations become simply 


i(di\ 

dt\dfj ’ dt\d^) 


= $, 


etc 


( 2 ), 


and the first member of each of these equations is a linear func- 
tion of ij/j cjy, etc., with constant coefficients. 

How, since we may take what origin we please for the gene- 
I'alized co-ordinates, it will be convenient to assume that \j/, 6, 

etc., are measured from the position of equilibrium considered ; 
and that their values are therefore always infinitely small. 

Hence, infinitely small quantities of higher orders being 
neglected, and the forces being supposed to be independent of the 
velocities, we shall have linear expressions for etc., in 

terms of etc., which we may write as follows : — 


^ = aip + h<f> + c6 4 - ... 1 

= a'lp' 4* b^cji + c'0 + . . > (3). 

etc. etc. J 


Equations (2) consequently become linear differential equations 
of the second order, with constant coefficients; as many in 
number as there are variables \j/, <f), etc., to be determined. 

The regular processes explained in elementary treatises on dif- 
ferential equations, lead of course, independently of any particu- 
lar relation between the coefficients, to a general form of solution 
. (§ 343 below). But this form has very remarkable characteristics 
in the case of a conservative system; which we therefore 
examine particularly in the first place. In this case we have 




cW 

dij;’ 




where V is, in our approximation, a homogeneous quadratic 
function of ij/, . if we take the origin, or configuration of 
equilibrium, as the configuration from which (§ 273) the poten- 
tial energy is reckoned. How, it is obvious from the theory 


* For in the first place any such assumption as 

4 - . 

etc , etc. 

gives equations for \p, cp, etc., in terms of 0,, etc., vitk tlie same coefficients, 
A, B, etc., if these are independent of t. Hence (the co-ordinates bemg i in 


Slightly 

disturbed 

equilibrium 


Simultane- 
ous traiiS- 
formation 
of two 
quadratic 
^unctlon^^. 
to sums of 
squares. 



3G2 


PRELIMINAET. 


Slightly 

disturbed 

equilibntan. 


Simultane- 
ous trans- 
formation 
of two 
ciuadratic 
functions 
to sums of 
squares. 


Generalized 
orthogonal 
transforma- 
tion of co- 
ordinates. 


[337. 

of the transformation of quadratic fanctionSj that we may, by a 
determinate linear transformation of the co-ordinates, reduce the 


number) we have quantities A, A', A", . B, B', . . etc., to be determined 

by equations expressing that in 2T the coefficients of etc. are each 

equal to unity, and of etc. each vanish, and that in V the coefficients of 
etc. each vanish. But, particularly in respect to our dynamical problem, 
the following process in two steps is instructive : — 

(1) Let the quadiatie expression for T in terms of i/'S, 0®^ etc., be 
reduced to the form + by proper assignment of values to A, B, etc. 

This may be done arbitrarily, in an infinite number of ways, without the 
solution of any algebraic equation of degree higher than the first ; as we may 
easily see by working out a synthetical process algebraically according to the 
analogy of finding first the conjugate diametral plane to any chosen diameter of 
an ellipsoid, and then the diameter of its elliptic section, conjugate to any 

. iiiri) 

2 


chosen diameter of this ellipse. Thus, of the ' 


equations expressing that 


the coefficients of the products etc. vanish in T, take first the 

one expressing that the coefficient of 0^0^ vanishes, and by it find the value of 
one of the B’s, supposing all the A’s and all the B’s but one to be known. 
Then take the two equations expressing that the coefficients of and 
vanish, and by them find two of the C’s supposing all the O's but two to be 
known, as are now all the A’s and all the B’s: and so on. Thus, in terms of 
all the A’s, all the B’s hut one, all the O’s but two, all the B’s but three, and so 
on, supposed known, we find by the solution of linear equations the remaining 
J3’s, G’s, D’s, etc. Lastly, using the values thus found for the unassumed 
quantities, B, (7, B, etc., and equating to unity the coefficients of 0^^ 0,^, 
etc. in the transformed expression for 2^, we have i equations among the squares 

and products of the assumed quantities, (i) .d’s, (i — 1) B’s, (^-2) (7’s, 


etc., by which any one of the A’s, any one of the B’s, any one of the C’s, and so 
on, are given immediately in terms of the ratios of the others to them. 

a 

i 1) 

Thus the thing is done, and ' disposable ratios are left undetermined. 


(2) These quantities may be determined by the equations express- 

ing that also in the transformed quadratic V the coefficients of 0,0^, 
etc. vanish. 

Or, having made the first transformation as in (1) above, with assumed values 
for } disposable ratios, make a second transformation determinately thus : 
— Let 

0,=Z0,, + m0,,+ ... 

^/=^V/y + m'0,,+ ... 

etc., etc., 


where the quantities Z, w, l\ ... satisfy the (z + 1) equations 

lVAmm' + , .=0, Vl"i-mV+ .. =0, etc., 
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expression for 27^, whicli is essentially positive, to a sum of 

squares of generalized component velocities, and at the same 

time F to a sum of the squares of the corresponding co-ordi- potential 

. energies. 

nates, each multiplied by a constant, which may be either positive 
or negative, hut is essentially real. [In the case of an equality 
or of any number of equalities among the values of these con- 
stants (a, j3, etc. in the notation below), roots as they are of a 
determinantal equation, the linear transformation ceases to be 
wholly determinate ; but the degree or degrees of indeterminacy 
which supervene is the reverse of embarrassing in respect to 
either the process of obtaining the solution, or the interpretation 
and use of it when obtained.] Hence ijr, </>, ... may be so chosen 
that 

+ (4), 

and F= J {axj/^ + + etc.) (5), 

a, /?, etc., being real positive or negative constants. Hence 
Lagi'ange’s equations become 

i/r = — aij/, etc (6). 

The solutions of these equations are 

/ /n /\ /n\ Infcegmted 

if; = Acos{tsJa-e), <j)^A cos{tJ/3-e), etc (7), 

A, e, A', e', etc., being tlie arbitrary constants of integration. 

Hence we conclude the motion consists of a simple harmonic SodS^of 
variation of each co-ordinate, provided that a, etc., are all 
positive. This condition is satisfied when F is a true minimum 
at the configuration of equilibrium; which, as we have seen 
(§ 292), is necessarily the case when the equilibrium is stable. 

If any one or more of a, vanishes, the equilibrium might 


and P-hm^+ ..= 1 , ...^ 1 , etc., 

leaving i i (i - 1 ) disposables. ^ 

We shall stiLl have, obviously, the same form for 2 Y, that is 

2T= t/'/ -f + . • • to sums of 

And, according to the known theory of the transformation of quadratic functions, squares, 
we may determine the (i- 1 ) disposables of I, m, ..., .. so as to make 

the products of the co-ordinates etc. disappear from the ex- 
pression for F, and give . 

^ 2 F=a)A 24 . 5 ^ 2 ^..., 


where a, / 3 , 7 , etc., are the roots, necessarily real, of an equation of the zth 
degree of which the coefficients depend on the coefficients of the squares and 
products in the expression for V in terms of etc. Later [{79, ( 8 ) and (9) 

of § 343 /]j <1 single process for carrying out this investigation will be worked out. 
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be either stable or unstable, or neutral ; but terms of higher 
orders in the expansion of V in ascending powers and products 
of the co-ordinates would have to be examined to test it ; and if 
it were stable, the period of an infinitely small oscillation in the 
value of the corresponding co-ordinate or co-ordinates would be 
infinitely gi'eat. If any or all of a, /?, y, . . . are negative, V is 
not a minimum, and the equilibrium is (§ 292) essentially un- 
stable. The form (7) for the solution, for each co-ordinate for 
which this is the case, becomes imaginary, and is to be changed 
into the exponential form, thus; for instance, let — a= j;, a positive 
quantity. Thus 

l/;=:0€ + ^^P-hX€-^^P ( 8 ), 

which (unless the disturbance is so adjusted as to make tbe 
arbitrary constant 0 vanish) indicates an unlimited increase 
in the deviation. This form of solution expresses the approxi- 
mate law of falling away from a configuration of unstable equili- 
brium, In general, of course, the approximation becomes less 
and less accurate as the deviation increases. 


We have, by (5), (4), (7) and (8), 

F = [1 + cos 2 (t^a - e)] + etc. 1 

or F= — \2GK + -i- — etc.] 

and T— ^olA^ [1 — cos 2 (tja - e)] + etc. | 


( 9 ) , 

( 10 ) ; 


and, verifying the constancy of the sum of potential and kinetic 
energies, 

or T+r=-2 {pCK+ qG'ir + ^tQ.)] ^ 

One example for the present will suffice. Let a solid, im- 
mersed in an infinite liquid (§ 320), be prevented from any 
motion of rotation, and left only freedom to move parallel to a 
certain fixed plane, and let it he influenced by forces subject to 
the conservative law, which vanish in a particular position of 
equilibrium. Taking any point of reference in the body, choosing 
its position when the body is in equilibrium, as origin of rect- 
angular co-ordinates OX, 0 F, and reckoning the potential energy 
from it, we shall have, as in general, 

'2T = Acb^ + -f 2Gxy ; 2 F = aoi^ + hi/ -l- 2cxy, 
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the principles stated in § 320 above, allowing ns to regard the Example of 
co-ordinates x and y as fully specifying the system, provided taf model* 
always, that if the body is given at rest, or is bi’ought to rest, 
the whole liquid is at rest (§ 320) at the same time. By solving 
the obviously determinate problem of finding that paii- of conju- 
gate diameters which are in the same directions for the ellipse 

Ax^ By^ + 2Gxy = const., 
and the ellipse or hyperbola, 

ax“ + hy^ + ^cxy = const., 

and choosing these as oblique axes of co-ordinates (aj^, we 
shall have 

2T= + B^y^% and 2 F = -h h^y^^. 

And, as B^ are essentially positive, we may, to shorten our 
expressions, take x^jA^-x^/j y^^Bj^ = cj>‘j so that we shall have 

+ 2F=:a^“4-/3(^", 

the normal expressions, according to the general forms shown 
above in (4) and (5). 

The interpretation of the general solution is as follows : — 

338. If a conservative system is infinitely little displaced General 
from a configuration of stable equilibrium, it will ever after 
vibrate about this configuration, remaining infinitely near it ; infinitely 
each particle of the system performing a motion which is com- motion 
posed of simple harmonic vibrations. If there are i degrees of figuration 
freedom to move, and we consider any system (§ 202) of gene- Stom. 
ralized co-ordinates specifying its position at any time, the 
deviation of any one of these co-ordinates from its value for the 
configuration of equilibrium will vary according to a complex 
harmonic function (§ 68), composed of i simple harmonics gene- 
rally of incommensurable periods, and therefore (§ 67) the whole 
motion of the system will not in general recur periodically 
through the same series of configurations. There are, however, 
i distinct displacements, generally quite determinate, which we 
shall call the normal displacements, fulfilling the condition, that Normni dis- 
if any one of them be produced alone, and the system then left fromTqm-^ 
to itself for an instant at rest, this displacement will diminish 
and increase periodically according to a simple harmonic fane- 
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Sfracdtfsof time^ and consequently every particle of the system 

nbration. t^iH execute a simple harmonic movement in the same period. 

This result, we shall see later (Vol. ii.), includes cases in which 
there are an infinite number of degrees of freedom ; as for in- 
stance a stretched cord ; a mass of air in a closed vessel ; waves 
in water, or oscillations of water in a vessel of limited extent, or 
of an elastic solid ; and in these applications it gives the theory 
of the -so-called “ fundamental vibration,” and successive har- 
monics ” of a cord or organ-pipe, and of all the different possible 
simple modes of vibration in the other cases. In all these cases 
it is convenient to give the name fundamental mode ” to any 
one of the possible simple harmonic vibrations, and not to 
restrict it to the gravest simple harmonic mode, as has been 
hitherto usual in respect to vibrating cords and organ-pipes. 
Theorem of The whole kinetic energy of any complex motion of the sys- 
energy; tem is [§ 837 (4)] equal to the sum of the kinetic energies of 
ofp^ntiai the fundamental constituents; and [§ 837 (5)] the potential 
energy of any displacement is equal to the sum of the potential 
energies of its normal components. 

Mnitesi- Corresponding theorems of normal constituents and funda- 
lu neigh- mental modes of motion, and the summation of their kinetic 

boTirhoodof . . ^ ^ . 

non of un potential energies m complex motions and displacements, 

stable equi- hold for motion in the neighbourhood of a configuration of an- 

hbrium. . . ^ . 

stable equilibrium. In this case, some or all of the constituent 
motions are fallings away from the position of equilibrium 
(according as the potential energies of the constituent normal 
vibrations are negative). 

Silty particular cases, the periods of the 

ainqng vibrations for two or more of the normal displacements are equal, 

periods. 

any displacement compounded of them will also fulfil the condi- 
tion of being a normal displacement. And if the system be dis- 
placed according to any one such normal displacement, and 
projected with velocity corresponding to another, it will execute 
a movement, the resultant of two simple harmonic movements 
Graphic in equal periods. The graphic representation of the variation 

tioa. of the corresponding co-ordinates of the system, laid down as 

two rectangular co-ordinates in a plane diagram, will conse- 
quently (§ 65) be a circle or an ellipse ; which will therefore, 
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of coursej be the form of the orbit of any particle of the system Graphic 
which has a distinct direction of motion, for two of the displace- 
ments in question. But it must be remembered that some of 
the principal parts [as for instance the body supported on the 
fixed axis, in the illustration of § 319, Example (C)] may haye 
only one degree of freedom; or even that each part of the 
system may have only one degree of freedom, as for instance if 
the system is composed of a set of particles each constrained to 
remain on a given line, or of rigid bodies on fixed axes, mutually 
influencing one another by elastic cords or otherwise. In such 
a case as the last, no particle of the system can move otherwise 
than in one line; and the ellipse, circle, or other graphical re- 
presentation of the composition of the harmonic motions of the 
system, is merely an aid to comprehension^ and is not the orbit 
of a motion actually taking place in any part of the system. 

340. In nature, as has been said above (§ 278), every system 
uninfluenced by matter external to it is conservative, when 
the ultimate molecular motions constituting heat, light, and 
magnetism, and the potential energy of chemical affinities, 
are taken into account along with the palpable motions and 
measurable forces. But (§ 275) practically we are obliged to Bissipatiye 
admit forces of friction, and resistances of the other classes 
there enumerated, as causing losses of energy, to be reckoned, 
in abstract dynamics, without regard to the equivalents of heat 
or other molecular actions which they generate. Hence when 
such resistances are to be taken into account, forces opposed 
to the motions of various parts of a system must be introduced 
into the equations. According to the approximate knowledge 
which we have from experiment, these forces are independent 
of the velocities when due to the friction of solids: but are 
simply proportional to the velocities when due to fluid viscosity 
directly, or to electric or magnetic influences ; with corrections 
depending on varying temperature, and on the varying con- 
figuration of the system. In consequence of the last-mentioned 
cause, the resistance of a real liquid (which is always more or 
less viscous) against a body moving rapidly enough through it, 
to leave a great deal of irregular motion, in the shape of 
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Views of eddies/’ in its wake, seems, when the motion of the solid has 
?e/istance been kept long enough uniform, to be nearly in proportion to 
movin/ the square of the velocity ; although, as Stokes has shown, at 
^ the lowest speeds the resistance is probably in simple proportion 
to the velocity, and for all speeds, after long enough time of 
one speed, may, it is probable, be approximately expressed as 
Stokes’ pro- the sum of two terms, one simply as the velocity, and the 
^ other as the square of the velocity. If a solid is started from 
rest in an incompressible fluid, the initial law of resistance is 
no doubt simple proportionality to velocity, (however great, if 
suddenly enough given;) until by the gradual growth of eddies 
the resistance is increased gradually till it comes to fulfil 
Stokes’ law. 

Prictionof 341. The effect of friction of solids rubbing against one 
another is simply to render impossible the infinitely small 
vibrations with which we are now particularly concerned ; and 
to allow any system in which it is present, to rest balanced 
when displaced, within certain finite limits, from a configuration 
of frictionless equilibrium. In mechanics it is easy to estimate 
its effects with sufficient accuracy when any practical case of 
finite oscillations is in question. But the other classes of dis- 
sipative agencies give rise to resistances simply as the velocities, 
RpbistanRes without the Corrections referred to, when the motions are in- 
vSTties.^ finitely small; and can never balance the system in a con- 
figuration deviating to any extent, however small, from a 
configuration of equilibrium. In the theory of infinitely small 
vibrations, they are to be taken into account by adding to the 
expressions for the generalized components of force, proper 
(§ 343 a, below) linear functions of the generalized velocities, 
which gives us equations still remarkably amenable to rigorous 
mathematical treatment. 

The result of the integration for the case of a single degree 
of freedom is very simple; and it is of extreme importance, 
both for the explanation of many natural phenomena, and for 
use in a large variety of experimental investigations in Natui*al 
Philosophy. Partial conclusions from it are as follows : — 

If the resistance per unit velocity is less than a certain 
critical value, in any particular case, the motion is a simple 



341.] DYNAMICAL LAWS AND PRINCIPLES, 3G9 


harmonic oscillation, with amplitude decreasing in the same Resistances 
ratio in equal successive intervals of time. But if the re-vSitfes. 
sistance equals or exceeds the critical value, the system when 
displaced from its position of equilibrium, and left to itself, 
returns gradually towards its position of equilibrium, never os- 
cillating through it to the other side, and only reaching it after 
an infinite time. 

In the unresisted motion, let ri^ be the rate of acceleration, 
when the displacement is unity; so that (§ 67) we have 

2*77 

T — — : and let the rate of retardation due to the resistance 
n 

corresponding to unit velocity be h. Then the motion is of the 
oscillatory or n on-oscillatory class according as < (2n)^ or Effect of 
¥ > (27^)^ In the first case, the period of the oscillation is vl^ing^s 

velocity in 

increased by the resistance from T to T r, and the rate motio^. 

at which the Napierian logarithm of the amplitude diminishes 
per unit of .time is \h. If a negative value be given to &, the 
case represented will be one in which the motion is assisted, 
instead of resisted, by force proportional to the velocity: but 
this case is purely ideal. 


The differential equation of motion for the case of one degree 
of motion is 

xj/ + h\J/ + = 0 ; 

of which the complete integral is 

ifr = {A sin B cos where n' - - \¥)y 

or, which is the same, 

=(<?€“"/ + €“ where 

A and B in one case, or C and C' in the other, being the arbitrary 
constants of integration. BLence the propositions above. In the Case of 
case of the general solution is if/ = {C + C't) ^ 


342. The general solution [§ 343 a (2) and § 345^ of the infinitely 
problem, to find the motion of a system having any number, i, of motion 9 f a 
degrees of freedom, when infinitely little disturbed from a position systemf 
of stable equilibrium, and left to move subject to resistances 
proportional to velocities, shows that the whole motion may be 
resolved, in general determinately, into 2i different motions each 
VOL. 1. 24 
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either simple harmonic with amplitude diminishing according 
to the law stated above, or non-oscillatory and consisting of 
ecjni-proportionate diminutions of the components of displace- 
ment in equal successive intervals of time. 


343, It is now convenient to cease limiting our ideas to 
infinitely small motions of an absolutely general system through 
configurations infinitely little different from a configuration of 
equilibrium, and to consider any motions large or small of a 
system so constituted that the positional^ forces are proportional 
to displacements and the motional^ to velocities, and that the 
kinetic energy is a quadratic function of the velocities with 
constant coefidcients. Such a system we shall call a cycloidal f 
system ; and we shall call its motions cycloidal motions. A good 
and instructive illustration is presented in the motion of one 
two or more weights in a vertical line, hung one from another, 
and the highest from a fixed point, by spiral springs,. 


343 a. If now instead ot ij/, we denote by the 

generalized co-ordinates, and if we take 11, 12, 21, 22..,, ii, 12 , 
21 , 22 ,... to signify constant coefficients (not numbers as in the 
ordinary notation of arithmetic), the most general equations of 
motions of a cycloidal system may be written thus ; 


* Much trouble and verbiage is to be avoided by the introduction of these 
adjectives, which will henceforth be in frequent use. They tell their own 
meanings as clearly as any definition could. 

t A single adjective is needed to avoid a sea of troubles here. The adjective 
^cycloidal’ is already classical in respect to any motion with one degree of 
freedom, curvilineal or rectilineal, lineal or angular (Coulomb-torsional, for ex- 
ample), foUowing the same law as the cycloidal pendulum, that is to say:— t/ie 
dis^placenunt a sim'ple harmonic function of the time. The motion of a particle 
on a cycloid with vertex up may as properly be called cycloidal; and in it the 
displacement is an imaginary simple harmonic, or a real exponential, or the 
sum of two real exponentials of the time 

In cycloidal motion as defined in the text, each component of displacement is 

proved to be a sum of exponentials C'e^^+etc.) real or imaginary, 

reducible to a sum of products of real exponentials and real simple liarmonics 

cos {nt - e) + C'e’** ^ cos (n't - e’) + etc.]. 
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d / dT\ ii • • /N T Differential 

dt [mJ ^ + 12^, + ... + II^,+ 12^, + ... = 0 Oi 

^ , cycloidal 

d /dT\ , . V ..ri). motion. 

etc. etc. 

Positional forces of the non-conservative class are included by 
not assuming 12 = 21, 13 = 31, 23 = 32, etc. 

The theory of simultaneous linear differential equations with 
constant coefficients shows that the general solution for each 
co-ordinate is the sum of particular solutions, and that every 
particular solution is of the form 

= = ( 2 ). 

Assuming, then, this to be a solution, and substituting in the Their soiu- 
differential equations, we have 

X‘‘^+\(lla, + 12a,+ .,.)+iia,+ i2a,+... = 0 

+X(21aj + 22aj + ...) + 2ia, + 22a,+ ... ^^ 0 ’ 


Differential 
equations of 
complex 
cycloidal 


where ® denotes the same homogeneous quadratic function of 
a^, c&g..., that J^is of 1/^2’ •••• These equations, i in number, 
determine \ by the determinantal equation 

(ii)X®-i- 11\+ II, (i2)X®+ 12X+ 12,.., 

(2i)X^ + 21X -}- 21, (22)X^-f 22X-}- 22,... 


where (ii), (22), (12), (21), etc. denote the coefficients of squares 
and doubled products in the quadratic, 2 T ; with identities 

(12) = (21), (13) = (31), etc ( 5 ). 

The equation ( 4 ) is of the degree 2 i, in X ; and if any one of its 
roots be used for X in the i linear equations ( 3 ), these become 
harmonized and give the ^-1 ratios 

have then, in (2), a particular solution with one arbitrary con- 
stant, a^, T’/us, from the 2 i roots, when unequal, we have 2 i 
distinct par /cular solutions, each with an arbitrary constant; 
and the addrtion of these solutions, as explained above, gives the 
general solution. 


= 0 ( 4 ), 


24—2 
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343 6. To show explicitly the determination of the ratios 
^2 / ^1) ^3 / brevity 

(ii)X* + llX+ II = 1*1, (i2)X®4' 12 X+ 12 = 1*2, etc., 

(32)X"+S2X + 32=:3-2, etc ( 5 /; 

and generally let j'Jc denote the coefficient of aj^ in the equa- 
tion of (3), or the term of the line of the determinant (to 
be called D for brevity) constituting the &?st member of ( 4 ). 
Let M (j’Jc) denote the factor of j'Jc in D so that j'k . M (j‘Jc) 
is the sum of all the terms of D which contain j’kj and 
we have 

( 5 )", 


because in the sum S 2 each term of J) clearly occurs i times : 
and taking different groupings of terms, but each one only once, 
we have 

D=:VtM (i*i) 4 - 1*2 if (i *2) 4 * i'3if (1-3) + etc. ■ 

= 2*lif (2*l)4-2*2if (2*2)4-2’3if (2*3) 4 'etC. 

= yiM (3-1) + 3-2 M (y2) + 3-3 M (ys) + etc. 


= I'l .¥ (I'l) + 2’i ¥ (2-1) + 3'i ¥ (3’i) + etc. 
= i'2 ¥ (i' 2) + 2'2¥(2'2) + 3'2¥(3‘2) +etc. 
= 1-3 ¥{1-3) + 2-3 ¥ (2-3) + 3-3 ¥ (3-3) + etc. 


....( 5 ) 


/// 


Minor 

determi- 

nants. 


in all 2 i different expressions for JD, 

Tai-ther, by the elementary law of formation of determinants 
we see that 




rk 


{j+'^Yh 
{j+ 2yk, 


jih+i), j-(Jc+z),...j-i, j-i, j-2, ..., r{h~2) 


2% 




, (i-2)-(l:-2)| 

(Sf- 
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or 

or 


The quantities M{ri\ M { 1 * 2 ), thus defined Minors of 

are what are commonly called the first minors of the determi- jiant 
nant D, with just this variation from ordinary usage that the 
proper signs are given to them by the factor 

in 5^^ so that in the formation of I) the ordinary complication of 
alternate positive and negative signs when i is even and all 
signs positive when i is odd is avoided. In terms of the nota- 
tion (5)' the linear equations (3) become 


I’la^ + i'2a^ + 
2-iai-¥ 2*2^2 + 

i'la^ + r2a2 + 


4- 1 *^1 = 0 'j 

+ 2 'ia, = 0 ! 
* V 

4- i'ia^ = 0 I 




and when D = 0, which is required to harmonize them, they 
may be put under any of the following i difierent but equivalent 
forms, 



^2 _ 

«a 


M{V2) 

if (1-3) 


a, _ 

«3 

M(2-i)~ 

M(2-2) 

if ( 2 - 3 ) 

a, 

a, _ 


M ( 3 - 1 ) ~ 

if ( 3 - 2 ) 

if (3-3) 


from which we find 

a,_M{v2)_M (2J2) _ M{r2) 1 

a, M {vx)~ M {2-i) M{yi) 

M {i-z ) _ M {2-z) _ M {z'z) _ ^ 
M(i‘x) M (2*1) M (yi) 




" The remarkable relations here shown among the minors, due Relations 
to the evanescence of the major determinant JDy are well known SJinors of^ 
in algebra. They are all included in the following formula, ^nt^Sr- 

M (j-k) . M{l-n) - M(rn) .M(l-k) = 0 (5)'“, ““'“*• 

•wHcli is given in Salmon’s Higher Algebra (§ 33 Ex. 1), as a 
consequence of tie formula 

M (j-k) . M (l-n) - M(rn) . M (H) =D.M {j, l-k, n)... (5)“ 
where M (j, l-k, n) denotes the second minor formed by sup- 
pressing the and columns and the k^ and lines. 



Relations 
among the 
minora of 
an evanos- 
cont deter- 
minant. 


Case of 
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343 c. Wlien there are equalities among the roots the 
problem has generally solutions of the form 

^2 = (^2^ + ^2) (^)- 

To prove this let X, X' be two unequal roots which become 
equal with some slight change of the values of some or all of the 
given constants (ii), 11, ii, (12), 12, 12, etc.; and let 

= = etc (6)' 

be a pai-ticular solution of (1) corresponding to these roots. 

Now let 

c, = i/(V-.X), c, = ^'(V-X), etc.| 
and d, = A/-Ai, \-A^-A^, etc. J 


Using these in (6)' we find 

fi = ^i-jrZx + 


^yt _ gXt 

X'-'X 


+ etc., .(6)" 


To find proper equations for the relations among . . .Cj, . . . 

in order that (6)'" may be a solution of (1), proceed thus : — first 
write down equations ( 3 ) for the X' solution, with constants A(,A^y 
etc.; then subtract from these the corresponding equations for 
the X solution : thus, and introducing the notation (6)^', we find 

{(i i) X'^ + IIX' + 1 1} Ci 4 - {(i 2)X'" + 12 X' + 1 2} C3 + etc. =01 
{{2 1 ) X'^ + 21 X' + 2 1 } c, + {(22) X'" -f 22 X' + 22} c, + etc. = 0 i (6)% 
etc.- etc, J 

and 


{(i r) V" -f IIX' ■hii}h, + |(i2) X'" + 12 X' + 12} h, + etc. 

= -[c,-J,(X'-X)]{(ii)(X+X') + ll} 

_ [c^ _ 6^ (V - X)] {(i 2) (X + X') + 1 2 } - etc. 

{(21) X'® + 21 X'+ 21} &1+ {(22)X'* + 22 X'+ 22} b, + etc. 

= -[c,-6,(X'-X)]{(2i)(X+X') + 21 } 

— [c2 — ■— X)j {(22) (X + X^^ + 22 } 4 - etc. 

etc. etc. 




Equations (6)^^ require that X' be a root of the determinant, and 
z - 1 of them determine z — 1 of the quantities etc. in terms 
of one of them assumed arbitrarily. Supposing now c^, c^, etc. 
to be thus all known, the z equations (6)^ fail to determine the i 
quantities etc. in terms of the right-hand members 

because X' is a root of the determinant. The two sets of 
equations (6)^^ and (6)^ require that X be also a root of the de- 
terminant; and t - 1 of the equations (Qy determine z - 1 of the 
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quantities Jg, etc, in terms of Cg, etc. (supposed already 
Iqiown as above) and a properly assumed value of one of the 6’s. 

343 d. When X' is infinitely nearly equal to X, (6)"' becomes 
infinitely nearly the same as (6), and (6)'^ and (6)^ become in 
terms of the notation ( 5 )' 

i*i c + 1*2 C2+ etc. = o'! 

2*1 Cj + 2*2 C 2 + etc. = 0 > (6)^^, 

etc. etc. 


. , ^ dn cZi*2 

i-i 5 , 4 -r 2 J, + eto. = -c,-^-c,-^- 

, - , d2‘X d2‘2 

3-i5,+ 2-25, + etc. = -c,^-c,^- 

etc, etc, J 

These, (6)^, (6)^) clearly the equations which we find 
simply by trying if (6) is a solution of ( 1 ). (6)^ requires^that X 

be a root of the determinant D ; and they give by ( 5 )^ with c 
substituted for a the values of i - 1 of the quantities c^, Cg, etc. 
in terms of one of them assumed arbitrarily. And by the way 
we have found them we know that (6)^ superadded to (6)^ 
shows that X must be a dual root of the determinant. To verify 
this multiply the first of them by the second by 

if (2*1), etc., and add. The coefficients of 63, etc. in the sum 
are each identically zero in viitue of the elementary constitution 
of determinants, and the coefficient of S^is the major determinant 
D, Thus irrespectively of the value of X we find in the first place, 

(i -i) +M{2-i) ^ +etc.| - etc„ . . .(6)’“‘. 

Now in virtue of (6)^^ and ( 5 )^ we have 



c^ c, a. , 

* etc. 


Using successively the several expressions given by ( 5 )"^^ for 
these ratios, in (6)^^, and putting = 0, we find 

O^XVMU-k)^, or0=^, 


which with 2 ) = 0 shows that X is a double root. 

Suppose now that one of the c’s has been assumed, and the 
others found by (6)"^ : let one of the 5 ’s be assumed : the other 
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Case of ^ - 1 are to be calculated bj i - 1 of tbe equations (6)^. Thus 

e^ual roots, example take = 0. In the first place use all except the 

fiLrst of equations (6)"^ to determine h^, 6^, etc, : we thus 
find 

M {1 -i) 6,= 2-1, 2)^^ +ir(i, 2-1, 3)^+ etc.|c, 

-|j/(i,2-i,2)^+i/’(i,2-i,3)^+etc.jc, -etc. 

ii/(i‘i)53=etc. Jf(i*i)6^==etc. etc. etc. 

Secondly, use all except the second of (G)'^ to find h^, etc. : 
we thus find 

M ( 2 ‘i)h^ = etc.f i/(2*i) $3 = etc., Jf(2‘i) = etc (6)* 

Thirdly, by using all of (6)^ except the third, fourthly, all 
except the fourth, and so on, we find 

3f (3'i) ^3 = etc., 3£{yi) = etc., M (3‘i) = etc (6)*l 

343 e. In certain cases of equality among the roots (343 m) 
it is found that values of the coefficients (ii), 11, ii, etc. 
differing infinitely little from particular values which give the 
equality give values of and and etc., which are 

not infinitely nearly equal. In such cases we see by (6)" that 
6i, ^3, etc. are finite, and c^, etc. vanish : and so the solution 
does not contain terms of the form : but the requisite number 
of arbitrary constants is made up by a proper degree of inde- 
terminateness in the residuary equations for the ratios Sg/^i, 
etc. 

ITo w when =0, = 0, etc. the second members of equa- 

tions (6)^, (G)"", (G)"^, etc. all vanish, and as b^, b^, etc. do not all 
vanish, it follows that we have 

if(ri) = 0, if(2*i)-0, if(3-i) = 0, etc (6)"“. 

Hence by (5)'^ or (5)^' we infer that all the first minors are 
zero for any value of X which is doubly a root, and which yet 
does not give terms of the form in the solution. This 
important proposition is due to Kouth^, who, escaping the errors 
of previous writers (§ 343 m below), first gave the complete 
theory of equal roots of the determinant in cycloidal motion. 


Case of 
equal roots 
and evanes- 
cent minors; 


Stability of Motion (Adams Piize Essay for 1877), chap. r. § 5. 
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He also remarked tkat tke factor i does not necessarily imply rouWs 
instability, as terms of the form or t€~^^ cos (ni - e), when p 
is positive, do not give instability, but on the contrary corre- 
spond to non-oscillatory or oscillatory subsidence to eq^uilibrium. 


343 J! We fall back on tke case of no motional forces by Case of no 
taking 11 = 0, 12 = 0, etc., wkich reduces the equations (3) for 
determining tbe ratios ^^3 / ^3/ 


.sdW , ^ i A X />TX 

X — + I la -f- 1 2 aj- etc. z= 0, A -h 2 ia^ + 2 2 a^ + etc. = 0, etc. (7), 

Co(Z^ (l(X>„ 


or, expanded, 


[(i i) X*" + 1 1] flSj + [(12) X* + 12] + etc. = 0 ■> . 

[(2l)X^-f- 2l] + [(22)X® + 22] ct^ + etc. =0 J****'^ 

Tke determinantal equation (4) to barmonize these simplified 
equations (7) or (7') becomes 


(ll)A®+II, (l2)X^+ 12, ... 

(2l)X®-|-2I, (22)X®+ 22, ... 


= 0. 


.(8). 


This is of degree % in X® : therefore X has i pairs of oppositely 
signed equal values, which we may now denote by 
=i= X, X^, ^ ^ 

and for each of these pairs the series of ratio-equations (7') are 
the same. Hence the complete solution of the differential equa- 
tions of motion may be written as follows, to show its arbitraxies 
explicitly : — 

+ etc. ' 

^ {A€» + {A'e^’t + .B'e-«)+ (^V''«+.S"«-^"*)+etc. 

etc. etc. etc. 


where -4, A\ B'j A'\ B" i etc. denote 2i arbitrary constants, 
and 


CO. 




/ ^ f* rt 

'2 '^3 "2 ”3 ^ etc 

—7? ;r77> “T/j ••• > 

a Of. CO. 


'^1 "I --1 n '^1 

are i sets of ^ - 1 ratios each, the values of which, when all the 
i roots of the determinantal equation in X^ have different values, 
are fully determined by giving successively these i values to X® 
in (7'). 


(9), 
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Case of no 

motional 

forcses. 


343 g. Wlien there are equal roots, the solution is to be 
completed according to § 343 c? or e, as the case may be. The 
case of aconservative system (343 h) necessarily falls under § 343 
as is proved in § 343 tw. The same form, (9), still represents the 
complete solutions when there are equalities among the roots, hut 
with changed conditions as to arbitrariness of the elementsappear- 
ing in it. Suppose X" = for example. In this case any value 
may be chosen arbitrarily for a^l remainder of the 

a la,, aj a, ... are then fully determined by (7'); again 
another value may be chosen for j a^ , and with it j a^, 
a' / , ... are determined by a fresh application of (7) with 
the same value for and the arbitraries now are A-)rA\ 
B + B\ 

^A+^'a' ^-^B^^B\ A", A% B'\ and 

a; 

numbering still in all. Similarly we see how, beginning 
with the form (9), convenient for the general case of i different 
roots, we have in it also the complete solution when X^ is triply, 
or quadruply, or any number of times a root, and when any 
other root or roots also are double or multiple. 


Cycloidal 
motion. 
Conserva- 
tive posi- 
tional, and 
no motion- 
al, forces. 


343 h. For the case of a conservative system, that is to say, 
the case in which 

12 = 21, i3=3ij 23 = 32, etc., etc (10), 

the differential equations of motion, (1), become 


i + 4^=0, T 

dt \dij/J dij/ dt \d({>J dcji 

and the solving linear algebraic equations, (3), become 


.(lOO, 


^ ^-0 — 
da^ da^ ’ da^ da^ 

where 


(lo'o, 


F=|(in/ri®+2. 121^1 i/^2+etc.), and ir=^(irc&j®+2. i2ajC&^+etc.)...(10"'). 


In this case the i roots, X®, of the determinantal equation are the 
negatives of the values oi a, /3, ... of our first investigation; and 
thus in (10")^ (S), and (9) we have the promised solution by one 
completely expressed process. From § 337 and its footnote we 
infer that in the present case the roots X® are all real, whether 
negative or positive. 
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In § 337 it was expressly assumed that T (as it must be in 
the dynamical problem) is essentially positive; but the investiga- 
tion was equally valid for any case in which either of the quad- 
ratics T ov r is incapable of changing sign for real values of the 
variables etc. for or i(f^, if/^, etc. for V). Thus we 

see that the roots are all real when the relations (5) and (9) 
are satisfied, and when the magnitudes of the residual indepen- 
dent coefficients (ii), (22), (12), ... and II, 22, 12, ... are such 
that of the resulting quadratics, JiJ, one or other is essen- 
tially positive or essentially negative. This property of the 
determinantal equation (7') is very remarkable. A more direct 
algebraic proof is to be desired. Here is one : — 

343 Jc. Writing out (7') for X®, and for X'®, multiplying the 
first for X® by the second by and so on, and adding ; 
and again multiplying the first for X'® by the second by 
and so on, and adding, we find 

X“®(a, a') + V(a, a') = 0| 

and r® {a, a') + 'Sr (a, a') = 0) 

where 

Z{a, a)=i{{ii)a,a,'+{i2)(a^a,'+a^a,') + etc.}\ 
and V (a, a')=H ' ' 

Bemark that according to this (12) notation ® (<x, a) means 
the same thing as ® simply, according to the notation of (3) etc. 
above, and ® (i^, ij/) the same thing as T. Bemark farther that 
® (^, a') is a linear function of ••• ^th coefficients each 

involving a/, aj, ... linearly; and that it is symmetrical with 
reference to a^, a/, and a^, a/, etc.; and that we therefore 
have 

p') = m'E{p, y) = ®(^, '^ip') and ^ 

1l^(mp +7iqym'p+n'q) =mm' €(p,p)+(mn/ + m'n)^{p, q)-^nn'1S^{q, q)j 
Precisely similar statements and formulas hold for (a, a'). 

Prom (11) we infer that if X® and X'® be unequal we must 
have 

® (a, a') = 0, and TiT (a, a') -0 (14). 

I:7ow if there can be imaginary roots, X®, let X®=p+cr^-l 
and X'® = p - or J - 1 be a pair of them, p and cr bemg real. And, 

S's) ®tc. ■being aU real, let 1, p^ - ?, 1, be 

arbitrarily chosen values of a/, and let 

Pz^ Pfl “ 5^2 n/”" “* 


Cycloidal 
motion- 
Conserva- 
tive posi- 
tional, and 
no motion- 
al, forces. 


...(13). 
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[343 h 

be the determinately deduced values* of <* 3 ? •••) ^ 3 ^ ••• 

according to (7') j we have, by (13), with 

® {a, a!) == ® (p, jp) 4- ® (g', (if\ 

and ^(a, a') i?) + F(^, q)i ^ 

ITow by hypothesis either ® (x, x), or IT (ccjcc) is essentially of 
one sign for all real values of x^, etc. Hence the second 
member of one or other of equations (14') cannot be zero, because 
p^, jOg, ..., and g'g,... are all real. But by (14) the first 
member of each of the equations (14') is zero if A.® and X'® are 
unequal; hence they are equal: hence either = 0, = 0, etc., 

or = 0, q^ = 0, etc., that is to say the roots X® are all necessarily 
real, whether negative or positive. 

343 L Farther we now see by going back to (11) : — 

(a) if for all real values of x^,.,. the values of ®(ir, x) 
and ST (x, x) have the same unchanging sign, the roots X® are all 
negative ; 

{b) if for different real values of x^^ cc^, etc., one of the two 
® (cc, a;), ST (a;, a?) has different signs (the other by hypothesis 
having always one sign), some of the roots are negative and 
some positive; 

(c) if the values of ® and ?T have essentially opposite signs 
(and each therefore according to hypothesis unchangeable in 
sign), the roots X® are all positive. 

The (a-) and (c) of this tripartite conclusion we see by taking 
X'® = X® in (11), which reduces them to 

X"®(^, ^) + F(^^, a)-0 (15), 

and remarking that etc. are now all real if we please to 

give a real value to The (b) is proved in § 343 o below. 

343 m. From (14) we see that when two roots X®, X'®, are 
infinitely nearly equal there is no approach to equality between 
and «/, and a/, and therefore, when there are no motional 
forces, and when the positional forces are conservative, equality 
of roots essentially falls under the case of § 343 e above. This 
may be proved explicitly as follows ; — ^let 

i/f, = {a^t + 6,) €«, = (a,< + 6,) €«, etc (1 5)' 


* Cases of equalities among the roots are disregarded for the moment merely 
to avoid circumlocutions, but they obviously form no exception to the reasoning 
and conclusion. 
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be tbe complete solution corresponding to tlie root A supposed to 
be a dual root. Using tbis in equations (1) and equating to zero 
in eacb equation so found tbe coefficients of and of with. 
the notation of (12) we find at loroes, 

+ ^(^ = 0, etc (15)", 

da^ da^ da^ da^ \ ? 

^, d1!^{h,h) ^ ^_^ dZ{a,a) ^ dTir{h,h) ^ 

dh^ ^ da^ dh^ ’ 

+ + ei. 

dh^ da^ dh^ 

Multiplying tbe first, second, third, etc. of (15)'' by 6^, etc. 


and adding we find 

{a,h) + '^{a,l)^(} (IS)'"; 

and similarly from (15)'" with multipliers etc. 

X^® 6) + IT (a, 5) + 2X® (a, a) = 0 (15)L 


Subtracting (Ifiy^from (15)^ we see that ®(a, a) =0. Hence we 
must have = 0, a^ = 0, etc., that is to say there are no terms of 
the form in the solution. It is to be remarked that the in- 
ference of = 0, c&g = 0, etc. from ® (a, a) = 0, is not limited to 
real roots X because X® in the present case is essentially real, and 
whether it be positive or negative the ratios 
essentially real. 

It is remarkable that both Lagrange and Laplace fell into 
the error of supposing that equality among roots necessarily 
implies terms in the solution of the form (or t cos pt), and 
therefore that for stability the roots must be all unequal. This 
we find in the M^canique Analytique, Seconde Partie, section Yi. 
Art. 7 of the second edition of 1811 published three years before 
Lagrange’s death, and repeated without change in the posthu- 
mous edition of 1853. It occurs in the course of a general 
solution of the problem of the infinitely small oscillations of a 
system of bodies about their positions of equilibrium, with 
conservative forces of position and no motional forces, which 
from the “ Avertissement” (p. vi.) prefixed to the 1811 edition 
seems to have been first published in the 1811 edition, and not 
to have appeared in the original edition of 1788^. It would be 

* Since this statement was put in type, the first edition of the Mecanique 
Analytique (which had been inquired for in vain in the University libraries of 
Cambridge and dlasgow) has been found in the University library of Edinburgh, 
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curious if such an error had remained for twenty-three years in- 
Lagrange’s mind. It could scarcely have existed even during 
the" writing and printing of the Article for his last edition if he 
had been in the habit of considering particular applications of 
his splendid analytical work; if he had he would have seen that 
a proposition which asserted that the equihbrium of a particle 
in the bottom of a frictionless bowl is unstable if the bowl be- 
a figure of revolution with its axis vertical, cannot be true. 
No such obvious illustration presents itself to suggest or prove 
the error as Laplace has it in the Me'canique CSleste (Premiere 
Partie, Livre li. Art. 57) in the course of an investigation of the 
secular inequalities of the planetary system. But as [by a. 
peculiarly simple case of the process of § 345* (54)] he has ' 
reduced his analysis of this problem virtually to the same as 
that of conservative oscillations about a configuration of equili- 
brium, the physical illustrations which abound for this case 
suffice to prove the error in Laplace’s statement, different and 
comparatively recondite as its dynamical subject is. An error 
the converse of that of Laplace and Lagrange occurred in page 
278 of our First Edition where it was said that “ Cases in which 
“ there are equal roots leave a corresponding number of degrees 
“ of indeterminateness in the ratios I :m, I', n, etc., and so allow 
“the requisite number of arbitrary constants to be made up,” 
without limiting this statement to the case of conservative 
positional and no motional forces, for which its truth is obvious 
from the nature of the problem, and for which alone it is obvious 
at first sight ; although for the cases of adynamic oscillations, 
and of stable precessions, § 345“; it is also essentially true. 
The correct theory of equal roots in the generalized problem 
of cycloidal motion has been so far as we know first given by 
Routh in his investigation referred to above (§ 343 e). 

343 n. Returning to § 343 I, to make more of (b), and to 
understand the efficiency of the oppositely signed roots, X*, as- 
serted in it, let <r®=-X® in any case in which X' is negative, and let 

(/(j = cos (tri — e), cos {ut — e), etc (1 6), 

be the corresponding particular solution in fully realized terms, 

and it does contain the problem of infinitely small oscillations, with the 
remarkable error referred to in the text. 
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as in § 337 (6) above but with somewhat different notation. Cycloidal 
By substituting in (1) and multiplying the first of the resulting Conserva- 
equations by the second by and so on and addings virtually tionai?and 


1^1 “O motion 

as we lound (15), we now find ai, forces. 

- cr^ “E (r, r) + (r, r) = 0 (17). 


Adopting now the notation of (9) for the real positive ones of 
the roots but taking, for brevity, = = a^" = l, etc., 

we have for the complete solution when there are both negative 
and positive roots of the determinantal equation (7'); 

(A (A'€^'^4-^'€"^'^)+etc.+rjCOs(o-i{-«s)+r^'cos(or'^-e')+etc. j 

iff^=a/A€^^+jB€’'^^}+a/(A'€^'^-i-^'€^^'^)+etc.+r^cos(crt—e)-i-r/cos(cr'f~e')+etc. >...(18). 
= etc., \j/^ — etc. etc. etc. / 

343 0 , Using this in the general expressions for T and F, 
with the notation (12), and remarking that the products x 
etc. and x sin (crt — e), etc,, and sin (at—e) x sin (cr't — e'), etc., 
disappear from the terms in viitue of (11), we find 
T= a) {A€>^t - {a', a')(i'e^'^~ etc.l 

+ 0 -^® (r, r) sin® (at - e) + a*'®® (r', r') sin® (at ~ d') + etc. J ' 
and 

F= 1£r{a, a) a') (A'e^'i^ 

+ 16^ (r, r) cos® (at — e) + 'K'* (/, r) cos® (a^t — e') 4 - etc. / ^ 

The factors which appear with 

® (a, a), ® (a', a'), . . .® (r, r), ® (r\ /) 
in this expression (19) for T are all essentially positive; and the 
same is true of in (20) for F. Now for every set of real 
co-ordinates and velocity-components the potential and kinetic 
energies are expressible by the formulas (20) and (19) because 
(18) is the complete solution with 2i arbitraries. Hence if the 
value of F can change sign wdth real values of the co-ordinates, 
the quantities (a, a), TiT (a', a'), etc., and (r, r), 37 (/, r'), 
etc., for the several roots must be some of them positive and 
some of them negative ; and if the value of T could change sign 
with real values of the velocity-components, some of the quan- 
tities ® (a, a)y ® (a'y a'), etc., and ® (r, r), ® (r', /), etc. would 
need to be positive and some negative. So much being learned 
from (20) and (19) we must now recal to mind that according 
to hypothesis one only of the two quadratics T and F can change 
sign, to conclude from (15) and (17) that there are both positive 
and negative roots X® when either T oicV can change sign. Thus 
(b) of the tripartite conclusion above is rigorously px'oved. 



384 


PRELIMINAET. 


Cycloidal 
motion. 
Conserva- 
tive posi- 
tional, and 
no motion- 
al, forces. 


Equation of 
energy in 
realized 
general 
solution. 


Artificial or 
ideal ac- 
cumulative 
system. 
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343 p, A short algebraic proof of (b) could no doubt be easily 
giyen ; but our somewhat elaborate discussion of the subject is im- 
portant as showing in (15)... (20) the whole relation between 
the previous short algebraic investigation, conducted in terms 
involving quantities which are essentially imaginary for the 
case of oscillations about a configuration of stable equHibiium, 
and the fully realized solution, with formulas for the potential 
and kinetic energies realized both for oscillations and for 
fallings away from unstable equilibrium. 

We now see definitively by (15) and (17) that, in real dynamics 
(that is to say T essentially positive) the factors U (a, a), 
IdT {a\ a'), etc., are all negative, and IcT (r, r), 57 (/, r'), etc., all 
positive in the expx'ession (20) for the potential energy. Adding 
(20) to (19) and using (15) and (17) in the sum, we find 
r + F= - (a, a) - {a, a), etc. ) . 

+ cr^® (r, r) + (/, r') 4 - etc. J * * * / • 

It is interesting to see in this formula how the constancy of 
the sum of the potential and kinetic energies is attained in any 
solution of the form [which, with X = cr^-1, 

includes the form r cos (at - e)], and to remark that for any single 
solution or solution compounded of single solutions depend- 
ing on unequal values of X® (whether real or imaginary), the sum 
of the potential and kinetic energies is essentially zero. 

344. When the positional forces of a system violate the law 
of conservatism, we have seen (§ 272 ) that energy without limit 
may be drawn from it by guiding it perpetually through a 
returning cycle of configurations, and we have inferred that in 
every real system, not supplied with energy from without, the 
positional forces fulfil the conservative law. But it is easy to ar- 
range a system artificially, in connexion with a source of energy, 
so that its positional forces shall be non-conservative ; and the 
consideration of the kinetic effects of such an arrangement, es- 
pecially of its oscillations about or motions round a configura- 
tion of equilibrium, is most instructive, by the contrasts which it 
presents to the phenomena of a natural system. The preceding 
formulas, ( 7 )... ( 9 ) of § 343 / and § 343 g, express the general 
solution of the problem— to find the infinitely small motion of a 
cycloidal system, when, without motional forces, there is devia- 
tion from conservatism by the character of the positional forces. 
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In this case [(10) not fulfilled,] just as in the case of motional 
forces fulfilling the conservative law (10), the character of the 
equilibrium as to stability or instability is discriminated accord- 
ing to the character of the roots of an algebraic equation of 
degree equal to the number of degrees of freedom of the system. 

If the roots (Xr) of the determinantal equation § 343 (8) are 
all real and negative, the equilibrium is stable : in every other 
case it is unstable. 

345 . But although, when the equilibrium is stable, no 
possible infinitely small displacement and velocit}^ given to 
the system can cause it, when left to itself, to go on moving 
farther and farther away till either a finite displacement is 
reached, or a finite velocity acquired; it is very remarkable 
that stability should be possible, considering that even in the 
case of stability an endless increase of velocity may, as is easily 
seen from § 272, be obtained merely by constraining the system 
to a particular closed course, or circuit of configurations, no- 
where deviating by more than an infinitely small amount from 
the configuration of equilibrium, and leaving it at rest anywhere 
in a certain part of this circuit. This result, and the distinct 
peculiarities of the cases of stability and instability, will be 
sufiSciently illustrated by the simplest possible example, that of 
a material particle moving in a plane. 

Let the mass be unity, and the components of force parallel 
to two rectangular axes be ax + hy, and a'x + h'y^ when the 
position of the particle is (x, y). The equations of motion 
will be 

x — ax + hy^ y = a'x ^b'y. .....(1). 

Let J [a* + 5) = c, and ^(g — h) ==e: 

the components of the force become 

ax-^cy — ey, and cx + h'y + ex, 
dV , dV 

or — = — ey, and — =- + ecu, 

dx dy ’ 

where F= - (gx^ + V'tf + 2cxy). 

The terms - ey and + ex are clearly the components of a force 
e(aj® + 3 /^)^, perpendicular to the radius-vector of the particle. 
Hence if we turn the axes of co-ordinates through any angle, the 

25 
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corresponding terms in the transformed components are still 
- ey and + ex. If, therefore, we choose the axes so that 

( 2 ), 

the equations of motion become, without loss of generality, 
x=--cLX-ey^ y = ■-’ py + ex. 

To integrate these, assume, as in general [g 343 (2)], 

X = y = me^^. 

Then, as before [§ 343 (7)], 

(X" + a) I + em = 0, and — eZ + (X“ + /3) m = 0. 

Whence (X= + a) (V + ^) = - e" (3), 


which gives 

This shows that the equilibrium is stable if both and 

a + are positive and (a - but unstable in every other 
case. 

But let the particle be constrained to remain on a circle, of 
radius r. Denoting by 6 its angle- vector from OX^ and trans- 
forming (§27) the equations of motion, we have 

^ — (/3 - a) sin ^ cos ^ + e ■= - -J- (j8 - a) sin 2^ + e (4)» 

If we had e = 0 (a conservative system of force) the positions of 
equilibrium would be at ^ = 0, ^ = ^7r, ^ = 77 , and ^ = f^j and 
the motion would be that of the quadrantal pendulum. But 
when e has any finite value less than — a) which, for conve- 
nience, we may suppose positive, there are positions of equili- 
brium at 

0 = b, 6 — ^ = 7r + 3-, and 0 




the first and 


where ^ is half the acute angle whose sine is ^ . 

yO CL 

third being positions of stable, and the second and fourth of un- 
stable, equilibrium. Thus it appears that the effect of the con- 
stant tangential force is to displace the positions of stable and 
unstable equilibrium forwards and backwards on the circle 
through angles each equal to And, by multiplying (4) by 
26dt and integratmg, we have as the integral equation of energy 

^* 2 = (7+ I (/3”-a)cos 2^-1- 2e^ (5). 
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From this we see that the value of G, to make the particle Artificial or 

’ -r ideal ac- 

just reach the position of unstable equilibrium, is 
C = - a) cos (tt - 2^r) - e (tt - 2-^), 



and by equating to zero the expression (5) for with this value 
of C substituted, we have a transcendental equation in B, of 
which the least negative root, gives the limit of vibrations on 
the side reckoned backwards from a position of stable equilibrium. 
If the particle be placed at rest on the circle at any distance less 

TT 

than before a position of stable equilibrium, or less than 

^-B^ behind it, it will vibrate. But if placed anywhere beyond 
those limits and left either at rest or moving with any velocity 
in either direction, it will end by flying round and round 
forwards with a periodically increasing and diminishing velocity, 
but increasing every half turn by equal additions to its squares. 

If on the other hand e > (/3 - a), the positions both of stable 
and unstable equilibrium are imaginary ; the tangential force 
predominating in every position. If the ]Darticle be left at 
rest in any part of the cmcle it will fly round with continually 
increasing velocity, but periodically increasing and diminishing 
acceleration. 


345b Leaving now the ideal case of positional forces violat- 
ing the law of conservatism, interestingly curious as it is, and 
instructive in respect to the contrast it presents with the 
positional forces of nature which are essentially conservative, let 
us henceforth suppose the positional forces of our system to be 
conservative and let us admit infringement of conservatism only 
as in nature through motional forces. We shall soon see (§ 345^ 
and that we may have motional forces which do not violate 
the law of conservatism. At present we make no restriction 
upon the motional forces and no other restriction on the posi- 
tional forces than that they are conservative. S 

restricted, 
rnotional 


The differential equations of motion, taken from (1) of 343cz; 
above, with the relations (10), and with V to denote the potential 


energy, are, 
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I©.., ...4. 


.( 1 ). 


5 

etc. etc. 

Multiplying tlie first of these by the second by ij/^, adding 
and transposing, we find 


d{T-^V) 
dt 


=-G. 


•( 2 ), 


where 


-f (12 + 21) 22^/+ (13 31) + etc (3). 


345”. The quadratic function of the velocities here denoted 
by Q has been called by Lord Eayleigh* the Dissipation Func- 
Dissipa- tion. We prefer to call it Dissipativity. It expresses the rate 

finld at which the palpable energy of our supposed cycloidal system is 

lost, not, as we now know, annihilated but (§§ 278, 340, 341, 
342) dissipated away into other forms of energy. It is essentially 
^ykigh’s when the assumed motional forces are such as can exist 

theorem of ifi nature. That it is equal to a quadratic function of the velo- 
tivity. cities is an interesting and important theorem. 


Integral 
equation of 
energy. 


Multiplying (2) by dt, and integrating, we find 

r+ (4), 

Jo 

where is a constant denoting the sum of the kinetic and 
potential energies at the instant <5=0. Now ^ and Q are each 
of them essentially positive except when the system is at rest, 

and then each of them is zero. Therefore f Qdt must increase 

Jo 

to infinity unless the system comes more and more nearly to rest 
as time advances. Hence either this must be the case, or Y 
must dimimsh to - 00 . It follows that when V is positive for all 
real values of the co-ordinates the system must as time advances 
come more and more nearly to rest in its zero-configuration, 
whatever may have been the initial values of the co-ordinates 
and velocities. Even if V is negative for some or for all values 
of the co-ordinates, the system may be projected from some given 


* Proceedings of the London Mathematical Society, May, 1873; Theory of 
Sounds Vol. I. § 81. 
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configurations with, sixch velocities that when t = ac it shall be 3.^5“' 
at rest in its zero confiffiiration : this we see by taking, as a jonserra- 
particular solution, the terms o£ (9) 5 345"'^ belo\«^, for which 7 ii is tional forces 
negative. But this equilibrium is essentially unstable, unless V 
is positiye for all real values of the co-ordinates. To prove this forces, 
imagine the system placed in any configuration in which Y is 
negative, and left there either at rest or with any motion of 
kinetic energy less than or at the most equal to — F : thus 
will be negative or zero; T will therefore have increasing 
negative value as time advances; thei'efore V must always re* 
main negative; and therefore the system can never reach its 
zero configuration. It is clear that — V and T must each on the 
whole increase though there may be fluctuations, of T diminish- 
ing for a time, during which — Y must also diminish so as to 
make the excess {—Y) — T increase at the rate equal to Q per 
unit of time according to formula (2). 


345"“. To illustrate the circumstances of the several cases let 
\ = 7 rh+n J- 1 be a root of the determinantal equation, m and n 
being both real. The corresponding realized solution of the 
dynamical problem is 

j=z cos (nt - ej, xj/^ = cos {iit - ej, etc (5), 

where the difierences of epochs ratios 

etc., in all 2i~- 2 numerics are determined by the 
2i simultaneous linear equations (3) of § 343 harmonized by 
taking for X = m + nj— 1, and again X — m-n J— 1. Using 
these expressions for etc. in the expressions for F, T, 

we find, — 

F = e"”** {0 + A cos 2nt + 2nt) \ 

Q = (U -I- A^ cos 27it + B' sin 2nt) (6), 

T = (V + A" cos 27it + B’' sin 2nt ) ) 

* The term numeric has been recently introduced by Professor James Thom- 
son to denote a number, or a proper fraction, or an improper fraction, or an 
incommensurable ratio (such as tt or e). It must also to be useful in mathe- 
matical analysis include imaginary expressions such as 7n-\-n ,^-1, where 
m and n are real numerics. “Numeric” maybe regarded as an abbreviation 
for “numerical expression.” It lets us avoid the intolerable verbiage of integer 
or proper or improper fraction which mathematical writers hitherto are so often 
compelled to use; and is more appropriate for mere number or ratio than the 
designation “quantity,” which rather implies quantity of something than the 
mere numerical expression by which quantities of any measurable things are 
reckoned in terms of the unit of quantity. 
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where C, A, Bj C', A', B', C"^ A", B'\ are determinate constants : 
and in order that Q and T may be positive we have 

C'>^J{A'^^ + B% and 0" > + (7). 

Substituting these in ( 2 ), and equating coefficients of corre- 
sponding terms, we find 

^m{C+C")^-G\ 

2{m{A+ A") +n{B-h B")} - -- .d j (8). 

2 {m {B + B") ~n{A+ A")} - - Bl 
The first of these shows that C + C'' and m must be of contrary 
signs. Hence if F be essentially positive [which requires that C 
be greater than + every value of m must be negative. 

345'^ If V have negative values for some or all real values 
o£ the co-ordinates, m must clearly be positive for some roots, but 
there must still, and always, be roots for which m is negative. 
To prove this last clause let us instead of ( 5 ) take sums of par- 
ticular solutions corresponding to different roots 
X = 7?z 1, X' = m' n' J- 1 , etc., 

m and n denoting real numerics. Thus we have 

\j/^ = cos (nt - e^) + cos {n^t - e\) + etc.\ 

cos [nt - 63) + cos [n'^t - e\) + etc >- ( 9 ). 
etc. / 

Suppose now m, m', etc. to be all positive : then for ^ = ~ 00 , we 
should have il/^=0y 1^1= 0 , etc., and therefore F= 0 , T=^0. 
Hence, for finite values of t, T would in virtue of ( 4 ) be less 
than — F (which in this case is essentially positive) : but we 
may place the system in any configuration and project it with 
any velocity we please, and therefore the amount of kinetic 
energy we may give it is unlimited. Hence, if ( 9 ) be the com- 
plete solution, it must include some negative value or values of 
m, and therefore of all the roots X, X', etc. there must be some of 
which the real part is negative. This conclusion is also obvious 
on purely algebraic grounds, because the coefficient of in 
the determinant is obviously 11 + 22-1-334-..., which is essentially 
positive when Q is positive for all real values of the co-ordinates. 

345 ^. It is an important subject for investigation, interesting 
both in mere Algebra and in Dynamics, to find how many roots 
there are with m positive, or how many with m negative in any 
particular case or class of cases ; also to find under what con- 
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U 5 \] 


ditions n disappears [or the motion non-oscillatoiy (compare 
§ 341 )]. We hope to return to it in our second yolume, and 
should be very glad to find it taken up and worked out fully by 
mathematicians in the mean time. At present it hs obvious that 
if Fbe negative for all real values of \j/^, etc., the motion must 
be non-oscillatory for every mode (or every value of \ must be 
real) if Q be but large enough : but as we shall see immediately 
with Q not too large^ n may appear in some or in all the roots. 


on-oscii- 
latory sub- 
sidence to 
stable equi- 
librium, or 
falling away 
from un- 
stable. 
Oscillatory 
subsidence 
to stable 
equili- 
brium, or 
falling away 
from un- 


even though V be negative for all real co-ordinates, when there stable, 
are forces of the gyroscopic class [§ 319 , Examp. (G) above and away”n*oin 
§ 345 ’' below). When the motional forces are wholly of the stabie^equi- 
viscous class it is easily seen that n can only appear if F is i^s^Miy 
positive for some or all real values of the co-ordinates : n must tory'if mo?' 
disappear if F is negative for all real values of the co-ordinates 
(again compare § 341 ). vu^cous. 


34:5F A chief part of the substance of §§ 345^ . . . 345'" 
above may be expressed shortly without symbols thus : — When 
there is any dissipativity the equilibrium in the zero position is 
stable or unstable according as the same system with no motional stabibty of 
forces, but with the same positional forces, is stable or unstable, system. 
The gyroscopic forces which we now proceed to consider may 
convert instability into stability, as in the gyrostat § 845'^ below, 
when there is no dissipativity: — but when there is any dissi- 
pativity gyroscopic forces may convert rapid falling away from an 
unstable configuration into falling by (as it were) exceedingly 
gradual spirals, but they cannot convert instability into stability 
if there be any dissipativity. 

The theorem of Dissipativity [§ 345 ‘, ( 2 ) and ( 3 )] suggests the 
following notation, — 

1 ( 12 + 21 )= [12] or [21], 1(13 + 31 ) = [13] or [31], etc.j 
and 1 ( 12 - 21 ) = 12] or -21], J ( 13 - 31 )= 13] or -31], etc./ 

so that the symbols [12], [21], [13], etc., and 12], 21], 13], etc. 
denote quantities which respectively fulfil the following mutual 
relations, 

[i2] = [2i], [i3] = [3ih [23] = [32], etc.)^ 

12]=- 21], i3] = “3ih 23] = -32], etc.) 

Thus ( 3 ) of § 345 ' becomes 

Q = 1 + 2 [1 21 + 22 ^,^ + 2 [13] + etc (12), 
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and going back to (1), with (10) and (12) we have 

d clT dQ - . . + A 

dtdxp^ dxj;^ dxjf^ 

d dT dQ T ^ c?F . 

4^+^ + 3i!'^. + 3*]'^. + etc. + ^=0 

dt dij/^ dxl;^ dxj/^ 


.(13). 


In these equations the terms 12 ] 1 ^ 2 ’ 
etc. represent what we may call gyroscopic forces, because, as we 
have seen in § 319, Ex. G, they occur when fly-wheels each given 
in a state of rapid rotation form part of the system by being 
mounted on frictionless bearings connected through framework 
with other parts of the system ; and because, as we have seen 
in § 319, Ex. F, they occur when the motion considered is 
motion of the given system relatively to a rigid body revolving 
with a constrainedly constant angular velocity round a fixed 
axis This last reason is especially interesting on account of 
Laplace’s dynamical theory of the tides at the foundation of 
which it lies, and in which it is answerable for some of the most 
curious and instructive results, such as the beautiful vortex 
problem presented by what Laplace calls ^^Oscillations of the 
First Species^.” 

345"'. The gyrostatic terms disappear from the equation of 
energy as we see by § 345\ (2) and (3), and as we saw pre- 
viously by § 319, Example G (19), and in § 319, Ex. F' (/). 
Comparing § 319 (f) and (^), we see that in the case of motion 
relatively to a body revolving uniformly round a fixed axis it is 
not the equation of total absolute energy but the equation of 
energy of the relative ^notion that the gyroscopic terms disappear 
from, as (/) of § 319 ; and (2) and (3) of § 345' when the 
subject of their application is to such relative motion. 

* The integrated equation for this species of tidal motions, in an ideal ocean 
equally deep over the ’whole solid rotating spheroid, is given in a form ready for 
numerical computation in “Note on the ‘ Oscillations of the First Species’ in 
Laplace’s Theory of the Tides” (W. Thomson), Phil. Mdg. Oct. 187/>. 
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345'^‘. To discover somefcliinff of the character of the syro- Gyrostatic 
. . 1 • G T T conservative 

scopic influence on the motion of a system, suppose there to be system : 
no resistances (or yiscous influences), that is to say let the 
dissipativity, Q, be zero. The determinantal equation (4) becomes 

(11)X" +11, (12)X^+I2]X + 12,. . 

(21 X^+2i]X + 21, (22)X^ +22,... 

\ \ _ -0 (14). 


[N’o-w by the relations (12) = (21), etc., 12 = 21, etc., and 12] =~2i], 
we see that if X be changed into —X the determinant becomes 
altered merely by interchange of terms between columns and 
rows, and hence the value of the determinant remains unchanged. 

Hence the flrst member of (14) cannot contain odd powers of X, 
and therefore its roots must be in pairs ef oppositely signed 
equals. The condition for stability of equilibrium in the zero 
conflguration is therefore that the roots X^ of the determinantal 
equation be each real and negative. 

345‘^ The equations are simplifled by transforming the co- simpiifica- 
ordinates (§ 337) so as to reduce to a sum of squares with equations, 
positive coelflcients and F to a sum of squares with positive or 
negative coefficients as the case may be, or which is the same 
thing to adopt for co-ordinates those displacements which would 
correspond to ‘‘fundamental modes (§ 338), if the positional 
forces were as they are and there were no motional forces. 

Suppose farther the unit values of the co-ordinates to be so 
chosen that the coefficients of the squares of the velocities in 
2 T shall be each unity; and let us put etc. instead of 

the coefficients 11, 22, 33, etc., remaining in 2 K Thus we have 

^ — i + ^2^ + etc.), and F= + etc.) (1 5). 

If now we omit the half brackets ] as no longer needed to avoid 
ambiguity, and understand that i2=-2i, i3=“3i, 23 = — 32, 
etc., the equations of motion are 

+ 13^^+ + 0 

^2+ 21^1 + 23 i /)'3+ + 

+ + +^3^3=^ 
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and the determinantal equation becomes 


12X, 

21X, X^ + 'ZS'^ 23X,... 

31X, 32X, + 


= 0 


( 17 ). 


The determinant (which for brevity we shall denote by D) in 
this case is what has been called by Cayley a skew determinant. 
What it would become if zero were substituted for 
X“+'n;^ etc. in its principal diagonal is what is called a skew 
symmetric determinant. The known algebra of skew and skew 
symmetric determinants gives 


D = (X- + 'Z!t^) (X- + ^,)...(X® + ra'J 

+ X-^2; (X^ + ^3) (X^ + 'Zer,) . . . (X^ + zsr,) 1 2® 

34+31 *24+23* 14)' 

4- X®2 + ^7) + '^a) • • • + '^*) (S 1 2 . 34 . 5 ey + etc. 

+ X*(5i2.34- 5^ 


( 18 ), 


when i is even. For example see ( 30 ) below. When X is odd 
the last term is 


V 2(^' + ^*) (^^2 . 34. 56... i-2, i-if ( 18 '), 


and no other change in the formula is necessary. In each case 
the small 2 denotes the sum of the products obtained by 
making every possible permutation of the numbers in the line of 
factors following it, with orders chosen acccording to a proper 
rule to render the sign of each product positive (Salmon’s Higher 
Algebra, Lesson v. Art. 40 ). This sum is in each case the square 
root of a certain corresponding skew symmetric determinant. 

An easy rule to find other products from any one given to 
begin with is this: — Invert the order in any one factor, and 
make a simple interchange of any two numbers in different 
factors. Thus, in the last 2 of ( 18 ) alter i- 1, i to i, 1, and 

interchange i-i with 3 : so we find 1 2 . i - i, 4.56 i, 3 for 

a term : similarly 12.64. 53 ... ^, and 62. 14.53 ...i- i, i, 
for two others. The same number must not occur more than 
once in any one product. Two products differing only in the 
orders of the two numbers in factors are not admitted. If n be 
the number of factors in each term, the whole number of factors 
is cleaidy 1.3.5... (2^ - i)> found in regular 
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345 ^^] 


progression thus: Begin with a single factor and single term 12. 

Then apply to it the factor 34, and permute to suit 24 instead skew sym- 
of 34, and permute the result to suit 14 instead of 24. Thirdly, 
apply to the sum thus found the factor 56, and permute suc- 
cessively from 56 to 46, from 46 to 36, from 36 to 26, and 
from 26 to 16. Fourthly, introduce the factor 78^ and so on. 

Thus we find 


VI 


O; 

21 , 


12 

O 


12 



O , 12, 13, 14 
21, O, 23, 24 
3I) 32, o, 34 


41, 42, 43 > ° 


12 34 + 31-24+23.14 



O, 12, 13, 14, 15, 16 
21, O, 23, 24, 25, 26 
3I) 32, O, 34, 35, 36 
4I> 42, 43. o. 45) 46 
51. 52, S3. 54. o, 56 
61, 62, 63, 64, 65, o 


= (12.34+31.24+23.14)56 

+ (12.53 + 13.52 + 23.51)46 
+ (12.45+41.52+42.51)36 
+ (3i-45+4i.3S+34-5i)26 
+ (23-45+24-35 + 34-25)i6 


( 19 ). 


The second member of the last of these equations is what is 
denoted by 212.34.56 in ( 18 ). 


345 *. Each term of the determinant D except 

(V + OT,) (X° + OTj) . . . + ■ar,) 

contains as a factor. Hence, when all are expanded in powers GyrostaSo 
of A“, the term independent of A is If this be two free- 

negative there must be at least one real positive and one real 
negative root A^. Hence for stability either must all of 
■ztTo, .... 'zzr^ be positive or an even number of them negative. 

Ex. ; — Two modes of motion, x and y the co-ordinates. Let the 
equations of motion be 

l£4gy^rEx=^\ 

Jy-g&4Fy=^] 

and the determinantal equation is 

(/ A^ + E) = 0 . 

If we put 


and 


^ i y -‘V j 

and g = yJ{IJ) 


(21). 

( 22 ), 
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equations (20) and the determinantal equation become 


m 

and (A.® + w) (A“ + C) + = 0 (24). 


The solution of this quadratic in A," may be put under the 
followiug forms, — 

To make both values of-— A^ real and positive m and ^ must 
be of the same sign. If they are both positive no farther condi- 
tion is necessary. If they are both negative we must have 

y> J -Tn + J -t, (26). 

These are the conditions that the zero configuration may be stable. 
Hemark that when (as practically in all the gyrostatic illustra- 
tions) 7 ® is very great in comparison with the greater 

value of — A^ is approximately equal to and therefore (as the 
product of the two roots is exactly zd*^), the less is approximately 
equal to -sr^/y®. Hemark also that 27r J Jw and 27r / are the 
periods of the two fundamental vibrations of a 'system otherwise 
the same as the given system, but with y = 0. Hence, using the 
word irrotational to refer to the system with g — 0, and gyroscopic, 
or gyrostatic, or gyrostat, to refer to the actual system ; 

From the preceding analysis we have the curious and in- 
teresting result that, in a system with two freedoms, two 
irrotational instabilities are converted into complete gyrostatic 
stability (each freedom stable) by sufiSciently rapid rotation ; 
but that with one irrotational stability the gyrostat is essentially 
unstable, with one of its freedoms unstable and the other 
stable, if there be one irrotational instability. Various good 
illustrations of gyrostatic systems with two, three, and four free- 
doms (§§ 345"', and ^) are afforded by the several different 
modes of mounting shown in the accompanying sketches, ap- 
plied to the ordinary gyrostat* (a rapidly rotating fly-wheel 
pivoted as finely as possible within a rigid case, having a convex 
curvilinear polygonal border, in the plane perpendicular to the 
axis through the centre of gravity of the whole). 

* Nature j No. 379, Vol. 15 (February 1, 1877), page 297. 



, one azimuthal the other inclmational ; the first neutral tlie other 





on universal- Gyrostat on knife-edge gimbals witli its axis vertical. Two freedoms; each unstable without 
(§ rotation of the fly-wheel ; each stable when it is rotating rapidly. Neglectmg inertia of the knife- 

place of gim- edges and gimbal-ring we have 1= / m (20), and supposing the levels of the knife-edges to be the 
bals; consti- same, we have B~F, Thus its determmantal equation is {I \^+ A similar result, 
mv^te^ expressed by the same equations of motion, is obtamed by supporting the gyrostat on a little elastic 
gyroscopic universal flexure-joint of, for example, thin steel pianoforte-wire one or two centimetres long 
between end clamps or solderings. A drawing is unnecessary. 

tjiyj jbiX» 


on stilts ,* 



Two freedoms, one azimuthal the other mclmational, both unstable without, both stable with> 
rapid rotation of the fly-wheel. 
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Four freedoms, reducible to three if desired by a third thread in each case, diagonal in the first 
and second, lateral m the third and fourth, the freedom thus annulled being m each case stable and 
independent of the rotation of the fly-wheel. Three modes essentially involved m the gyrostatic 
system m each case, two mclmational and one azimuthal. 

No. l.--Azimuthally stable without rotation ; with rotation all three modes stable. 

No. 2.— Azimuthally stable, one inclinational mode unstable the other stable without rotation , 
with rotation two unstable, one stable. 

No. 3.— The azimuthal mode unstable, two inclinational modes stable the other unstable, without 
rotation ; with rotation one azimuthal mode and one inclinational mode unstable, and one inclina- 
tional mode stable 

No. 4 —Azimuthally and one inclinational mode unstable, one inclinational mode stable, without 
rotation , with rotation all three stable. 


34:5^. Take for anotker example a system kaving tkree Gyrostatic 
freedoms (tkat is to say, tkree independent co-ordinates three free- 
’/'d i'a)’ become 

^1 + ffafa - 9JPa + = 0 | 

+ 3 A - ffa'i'i + '^A = 0> (27), 


wkere g^, g^ denote tke values of tke tkree paks of equals 
23 or -32, 31 or ~ 13, 12 or —21. Imagine xj/^ to ke 

rectangular co-ordinates of a material point, and let tke co- 
ordinates be transformed to otker axes OX, 0 F, so ckosen 
tkat OZ coincides vdtk tke line wkose direction cosines rela- 
tively to tke i/Tg- axes are proportional to g^^ g^, Tke 

equations become 
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where - J{g^ 9i)i and the force-components parallel 

dV 

to the fresh axes are denoted by X, F, Z (instead of — ^ 

dV dV 

“ TF ? TF > ^®^ause the present transformation is clearly in- 

cty cLSi 

dependent of the assumption we have been making latterly that 
the positional forces are conservative). These (28) are simply 
the equations [§ 319, Ex. (E)] of the motion of a particle rela- 
tively to co-ordinates revolving with angular velocity to round 
the axis OZj if we suppose X, F, Z to include the components 
of the centrifugal force due to this rotation. 


reduced to Hence the influence of the gjnroscopic terms however orh 
routing ginating in any system with three freedoms (and therefore also 

system. system with only two freedoms) may be represented by 

the motion of a material particle supported by massless springs 
attached to a rigid body revolving uniformly round a fixed axis. 
It is an interesting and instructive exercise to imagine or to 
actually construct mechanical arrangements for the motion of a 
material particle to illustrate the experiments described in 
§ 34<o\ 


345^^, Consider next the case of a system with four free- 
doms. The equations are 

^3 + 3 + 3#4 + ^ 

^4 + 41^1 + 421^3 + 43^3 + *^4^4 = ^ . 

Denoting by D the determinant we have, by (18), 

Z) ~ (X^ + ^0* J (A.^ -f- 'STg) (X “ + + -zzr^) 

+ X" {34XX"+^zrJ(X"-fis'J-l-i2"(X"+tzr3)(X"-KinrJ-f 42-(X"+zjrJ(X®-^ i 

-^X^(i 2 34^+13 42 + 14 23 )^ 


If -scTg, be each zero, D becomes 

X"+(i2^+i3"+i4"+23®+42®-f-34")X®+(i2 34+13 42-1-14 23)" X". 
This equated to zero and viewed as an equation for X^ has two 
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roots each equal to 0, and two others given by the residual Quadrupi; 

. tree gyro- 

quadratic static 

system 

(l2®+ 13V14V 23V 24^ + 34^) (12 34+13 42 + 14 23 )^= 0 ,.. (31). 


Now remarking that the solution of ^ -h- 'pz-^ (f = ^ may be 
written 


- « = 1 + Sg-) (p - 2§')} = i { + 2j) ± - 29 ')!^ 

we have from (31) 

- A= = I (i^=+ I3^+ I4^+ 23“+ 24V 34 ' 


= i(r±s)^ 


.( 32 ), 


?• = n /{( i 2 + 34)= + (13 + 42)®4-( i 4 + 23)“} 1 

— 2 'X)'\ 1 


where 

and s = V{(i 2 - 34 )^ + (13 - 42)'+(i4-23)'} 


( 33 ). 


As 12, 34, 13, etc. are essentially real, r and s are real, and 
(unless 12 43 + 13 42 + 14 23 = 0, when one of the values of is 
zero, a case which must be considered specially, but is excluded nig gyro- 
fer the present,) they are unequal. Hence the two values of dominance. 
— X^ given by (32) are real and positive. Hence two of the 
four freedoms are stable. The other two (corresponding to 
— X^ = 0) are neutral 

345^. Now suppose to be not zero, but each Quadruply 

very small. The de terrain antal equation will be a biquadratic 
iu X^, of which two roots (the two which vanish when tsTj , etc. Sly^domi- 
vanish) are approximately equal to the roots of the quadratic 

(12 34 + 13 42 + 14 2 3)®X^+ (i2V3'm'^+ 13X^4+ I4H'^3 

+ 23V^'ar^ + 24V^'Z3’3 + 34V^'Zzr2)X® + = 0,. (34), 

and the other two roots are approximately equal to those of the 
previous residual quadratic (31). 

To solve equation (34), first write it thus ; — 

+ (i 2'^+i3'‘'+i4'''+23'V 24'*+ 34'“) ^ + (i 2'34'4- 1342'+ I 4 ' 23 T = ^ 

(35), 

where 

"'■Tfe' 

VOL. I. 2G 


.( 36 ). 
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Thus, taken as a quadratic for X"®, it has the same form as ( 31 ) 
for X^ and so, as before in ( 32 ) and ( 33 ), we find 

^ = ( 3 T), 


yyliere r' = ;*y{(i2'-i~34y-f (i3"+420^+ (^4 + 23')^} ) 

and s'- V{(i 2 “ 340 '+(r 3 '- 4274 ( 14 '“ 237 } J 


Now if tcT^ , ©*2, ttTg, 7JT^ be all four positive or all four negative, 
12', 34', 13', etc. are all real, and therefore both the values of 
1 

given by (37) are real and positive (the excluded case 

referred to at the end of § 345 ^'^, which makes 


I2'34'+I3'42'-}-I4'23'-0, 

and therefore the smaller value of — being still excluded). 

Hence the corresponding freedoms are stable. But it is not 
necessary for stability that -zs-g, Wg, be all four of one 
sign: it is necessary that their product be positive: since if it 
were negative the values of given by ( 34 ) would both be 
real, but one only negative and tbe other positive. Suppose two 
of them, OTg, for example, be negative, and the other two, 
^3*2, positive: this makes ^2^4 negative, 

and therefore 13', 14', 23', and 24' imaginary. Instead of four 
of the six equations ( 36 ), put therefore 


13 


j(- sf{-'^ 2 ^ 3 y ^ \/(~^a'^4) 


14 


^23' 


23 


24 


24 


( 39 ). 


Thus 1 3" etc. are real, and 13'= 13" V- 1 etc-j and ( 38 ) become 
r'= V{(i2' + 34 ')"-(i 3 " + 42'7- (i 4 " + 23'7}) 

s' = V!(i2'-34')“-(i3"-42T-{i4"-23T}r‘""'^ 


Hence for stability it is necessary and sufficient that 


(12' + 34T > (13" + 42T + (14" + 23")^! 

and (r2'~347>(i3"~42")"+(i4"-^23'7J ^ 

If these inequalities are reversed, the stabilities due to 
and 34' are undone by the gyrostatic connexions 13", 42", 14" 
and 23". 
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34:5^*L Going back to (29) we see that for the particular bilii^fryro- 
solution il/^ =a^€^^, = etc , given by the first paii' of roots counter-^ 

of (32), they become approximately acted. 


Xa^ + 1 2 (Xg + 13 ^3 + 14 = 0 ' 

+ 21 + 2 3 ^3 + 24 = 0 

4- 3 1 + 32 a, 4- 34 0 

Xa^ + 41 42 42> % — 


(42); 


being in fact the linear algebraic equations for the solution in Coinpleted 
tlie form of fche simple simultaneous differential equations 
(f)o) below. And if we take 

i', = i's = -fjr etc (43), 

.yar, 

for either particular approximate solution of (29) cori'esponding 
to (37), we find from (29) approximately 

X-’5, + i2'5^+ i3'6_+ i4'5^=0' 

\-\ + 2i'b^-i-2s\->-24.\=0 ^ 

X-\-^S^\ + 32’K + 34.%=0 ^ 

X"'6^ + 4i'&i + 42% + 4Z\=^ ■ 

Remark that in (42) the coefficients of the first tei'ms are 
imaginary and those of all the others real. Hence the ratios 
cija^^ etc., are imaginary. To realize the equations put 

X = «7^, = + etc....(45), 


and letp,, p^, etc. be real; we find, as equivalent to (42), 


|'-w3', + i2y?,+ 132}^+I4p^=0' 
\ np^+ 12 q^+ IS q^+i 4 .q ^==0 
(-nq,+ 21 p^-t 2SP^+24P^ = 0 ■ 
\ np, + 2 1 g, + 23 9-3 + 24 5'^ = 0 
etc. etc. 


(46). 


Realization 
(j* complet- 
ed solution. 


Eliminating q^, etc. from the seconds by the firsts of these 
pairs, we find 


(w® + n)Pj4 12^2-4 13 

21 4 (?^® 4 22) p, 4 23 4 24: P^ = 0 

31 4 32 p^ 4(>Z^4 33) ;?3 4 34 = 0 

4iy>^4 P2+ 4S p^ + {n' + 4A)p^^0 . 


(47); 


and by eliminating /L? etc. similarly we find similar equations 

2G— 2 
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[345”’ 


for the ?’s; witli the same coefficients ii, 12, etc., given by the 
follo'wing formulas : — 


11=12 21 + 1331 + 1441 
12= 13 32 + 14 42 

13=12 23+1443 » 

21=23 31+2441 
etc. etc. ^ 


(48). 


Remember now that 

12 =-21, i3=-3i» 32 =-23) etc. (49), 


and we see in (48) that 

12 = 21j 13 = 31, 23 = 31, etC. 


(50); 


and farther, that li, 12, etc. are the negatives of the coefficients 
of ^ a,®, etc. in the quadratic 

^{(12 05+ 13 «3+ i 4»4)* + (21 », + 23 <353+ 24aJ® + etc.}...( 5 l) 


expanded. Hence if 0 (aa) denote this quadratic, and 0 i^p), 
0 (qq) the same of the yi’s and the 5’s, we may write (47) and 
the corresponding equations for the q’s as follows : 


d 0 (pp) 


-n-g,+ 


^{qq) 

<ki 


= 0 , 
= 0 , 


-n^p,+ 

~n% + 


d 0 {pp) 
dp^ 

d0 (qq) 

dq^ 


= 0, etc. 
= 0, etc. 


(62). 


These equations are harmonized bj, and as is easily seen, only 
by, assigning to one or other of the two values of — A given 
in (32), above. Hence their determinantal equation, a bi- 
quadratic in 71^^ has two pairs o£ equal real positive roots. TV^e 
readily verify this by verifying that the square of the deter- 
minant of (42), with replaced by - n\ is equal to the deter- 
minant of (47) with 11, 12, etc. replaced by their values (48). 
Hence (§ 343^) there is for each root an indeterminacy in the 
ratios PjPz^ Pi/P^^ according to which one of them may be 
assumed arbitrarily and the two others then determined by two 
of the equations (47); so that with two of the assumed 
arbitrarily the four are known : then the corresponding set of 
four ^’s is determined explicitly by the firsts of the pairs (46). 
Similarly the other root, of the determinantal equation gives 
another solution with two fresh arbitraries. Thus we have the 
complete solution of the four Equations 
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+ 12 'A2+ 13 </'3+ U 0 

+ 2 4- 23 i/-, + 24 = 0 

etc. etc. 


(53), 


with, its four arbitraries. The formulas (46)... (5 2) are clearly 
the same as we should have found if we had commenced with 
assuming 

sin cosTii, xf/^—p^^nt-hq^GOBTitj etc.... (5 4), 
as a particular solution of (53), 


345^. Important properties of the solution of (53) are found Orthogo- 
thus : — proved 

(a) Multiply the firsts of (46) by p^, p^, p^ and add: 
or the seconds by q^j q^, q^^ q^ and add : either way we find two^om- 

ponents of 

= ^ (55). 

(5) Multiply the firsts of (46) by j’j, q,, q^, q^ and add : 
multiply the seconds by p^, p^, p^, p^ and add : and compare the 
results : we find 

k2/ = m22'' = Si2 {pSi-Pa^ (55)> 

•where S of the last member denotes a sum of such double 
terms as the sample without repetition of their equals^ such as 
21 (p>,q,-Psa,)- 

(c) Let denote the two values of —X® given in (32), Orthogo- 

1 1 n 1 nahties 

and let (54) and proved 

between 

ij/^=p\smn't + q\coBn% xl/^-p'^Brnn'i+q'^cosn't, etc.. ..(57) 

OSClllfl** 

be the two corresponding solutions of (53). Imagine (46) to be tions. 
written out for and call them (46') : midtiply the firsts of (46) 

^JP'v P '4 ’ multiply the firsts of (46') by ^P^^Pz^P^ 

and add. Proceed correspondingly with the seconds. Proceed 
s imil arly with multipliers q for the firsts and p for the seconds. 

By comparisons of the sums we find that when 7 }! is not equal 
to n we must have 


•^'q = 0, Si 2 (p>, -i5>.) = 0 
2?> = 0, Si 2 (?\^, - 2 ', 2 'J = 0 


Sg'3 = 0 

'%p'p = 0 


• Si 2 (g',p, - i^p) = 0, Si 2 (p\q^ - = 0 J 


( 58 ). 
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The case of n=n' is interesting. The equations 
= 2 yp = 0 , %p'q = 0, = when n differs however 

little from?^', show (as we saw in a corresponding case in § 343//^) 
that equality of n to n' does not bring into the solution terms 
of the form CtQonnt^ and it must therefore come under § 343 e. 
The condition to be fulfilled for the equality of the roots is seen 


from (32) and (33) to be 

12 =^ 34 , 13 = 4 - 2 , and 14=23 (59): 

and to give 

12 ® + 13 ®+ 14 ^ (60) 


for the common value of the roots. It is easy to verify that 
these relations reduce to zero each of the first minors of (42), as 
they must according to Houth’s theorem (§ 343 e), because each 
root, A, of (42) is a double root. According to the same theorem 
all the first, second and third minors of (47) must vanish for 
each root, because each root, ic, of (47) is a quadruple root : 
for this, as there are just four equations, it is necessary and 
sufficient that 


11 = 22= 33 = 41! and 12 = 0, 13 = 0, 14=0, 23 = 0, etc.... (60'), 
which we see at once by (48) is the case when (59) are fulfilled. 
In fact, these relations immediately reduce (51) to 

<? {(m) = J (i2‘ + 13^ + 14®) {a‘ + «/ a/ -f a/) ( 61 ). 

In this case one particular solution is readily seen from (52) and 
(46) to be 


= 1 , 

to 

II 

o 

II 

« 

0 , 

o 

II 

= 0 , 

12 

2'3 = 

-11 
n ’ 


= sin nt^ 

^ = COS nt, 

n 


— - cos nt, 
n 



li 

n 

14 

n 


cos nt 


(62). 


Hence the general solution, with four arbitraries;^^,^^, 
1 

+ 13 ^ 3 + i 4 pj coBnt 


1 /^ 2 = jOg sin + - (- 1 2 p^ + 14 P 3 - 1 3 y>^) cos nt 
n 

i/,5=Pa sin n« i (- i3^j - i4^j -f 1 2p^ cos nt 


(63). 


sin + - (- 1 4 pj + 1 3 ;?j - 1 2 ^ 3 ) cos nt 

n 

It is easy to verify that this satisfies the four differential 
equations (53). 



DYNAMICAL LAWS AND PRINCIPLES. 


407 


12^1 


xvll 


.] 


345^^^ Quite as we have dealt with (42), (45), (53), (54) in Twoiiighor, 
§ 345^^'", we may deal with (44) and the simple simultaneous equa- 
tions for the solution of which they serve, which are 


A=o, 

etc. etc. 


and two 
lower, of the 
/04 V fourftinda- 

' / ^ mental os- 

cillations. 


and all the formulas which we meet in so domg are real when similarly 
^ 1 .1 / n dealt with 

'UT^y 'UT^y 'zzTg, 'uT^ are all oi one sign, and therefore 12 , 13 , etc., all by solution 

real. In the case of some of the “zd-’s negative and some positive similar 

there is no difficulty in realizing the formulas, but the 

sideration of the simultaneous reduction of the two quadratics, 


n 

and 


(• (I2ft,+ i3a^+i4gj ^ (2ia^ + 2 sa^+ 24 aJ ^ ) 


i + ®'3«/ + 


(65), 


to which we are led when we go back fi:om the notation 12', etc. 
of (36), is not completely instructive in respect to stability, as 
was our previous explicit working out of the two roots of the 
determinantal equation in (37), (38), and (40). 


345XVUI. conditions to be fulfilled that the system may be provided 

dominated by gyrostatic influence ai’e that the smaller value of stati^-' 
— found fiom (31) and the greater found from (34) be re-fi3^^^. 
spectively very great in comparison with the greatest and very 
small in comparison with the smallest, of the four quantities 
■urj, zvj, 'UT.^y irrespectively of their signs. Supposing -sTj to be 
the greatest and the smallest, these conditions are easily 
proved to be fulfilled when, and only when, 


(12.34 +13 .42 + 14 .23)° 
12"^+ 13^+ 14* + 34'^ + 42^+ 23' 


, » ± zar 


.( 66 ), 


and 

. (■»-341-.3 , .4»^.<:»3); ^ (57), 

I4%2t3r3+ 34-''Z4rj^o'3+ 42“«r^^?r3+ 23 


where » denotes “ very great in comparison witkJ^ When these 
conditions are fulfilled, let 12, 13, 23, etc., be each increased in 
the ratio of F to 1. The two greater values of n (or X J— 1) 
will be increased in the same ratio, N to 1 ; and the two smaller 
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will be diminisbed eacb. in tbe inverse ratio, 1 to JV. Again, 
let diminisbed in tbe 

ratio if to 1 ; tbe two larger values of n will be sensibly 
unaltered ; and tbe two smaller will be diminisbed in tbe ratio 
to 1. 


Limits of 
smallest 
and second 
smallest 
of tlie four 
periods. 


345"^. Remark that 

{a) When (66) is satisfied tbe two greater values of n are 
eacb 

< + 13“ + 14" + 34® + 42® + 23®)} j 

^ . 12 .34 + 13. 42 +14 -23 I (68); 

^V(i2=+i3®+i4®+34® + 42^+23®) J 
and that wben they are very unequal tbe greater is approxi- 
mately equal to tbe former limit and tbe less to tbe latter. 

(5) Wken (67) is satisfied, and wben tbe equilibrium is stable', 
tbe two smaller values of n are eacb 


i3V^gr^+ i 4 V^ro- 3 + 34 V,ro^+ 42 °OT,OT,+ 23 V,TO-J 


13.34+ 13.42+ 14. 23 


and 


^{(i2®t3'3OT^+i3V^tzrj,+ i4Vj®3+34VjWj+43Vjra-j,+23V,cj'J} j 


(69), 


Limits of 
th<j next 
greatest and 
greatest 01 
the four 
periods. 


and that wben they are very unequal tbe greater of tbe two is 
approximately equal to tbe former limit, and tbe less to tbe 
latter. 


345"“. Both (66) and (67) must be satisfied in order that tbe 
four periods may be found approximately by tbe solution of tbe 
two quadratics (31), (84). If (66) is satisfied but not (67), tbe 
biquadratic determinant still splits into two quadratics, of which 
one is approximately (31) but tbe other is not approximately 
(34). Similarly, if (67) is satisfied but not (66), tbe biquad- 
ratic splits into two quadratics of which one is approximately 
(34) but tbe other not approximately (31), 


Quadruply 
free cycloi- 
dal system 
■with non- 
dominant 
gyrostatic 
influences. 


345^. Wben neither (66) nor (67) is fulfilled there is not 
generally any splitting of tbe biquadratic into two rational quad- 
ratics; and tbe conditions of stability, tbe determination of tbe 
fundamental periods, and tbe working out of tbe complete so- 
lution depend essentially on tbe roots of a biquadratic equation. 
Wben are all positive it is clear from tbe equation 
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of energy [345^^, (4), witli ^ = 0] that the motion is stable what- 
ever be the values of the gyi‘ostatic coefficients 12, 34, 13, etc. 
and therefore in this case each of the four roots of the biquad- dommant 
ratic IS real and negative, a proposition included in the general mfluencea. 
theorem of § 345^^ below. To illustrate the interesting questions 
which occur when the 'cr’s are not all positive put 

12 = 12^5 34 = 34 ^, 13 = ^3^? ('^ 9 ), 

where 12, 34, 13, etc. denote any numerics whatever subject only 
to the condition that they do not make zero of 

12 . 34 + 13 . 42 4 - 14 . 23. 

When TXf^, are all negative each root of the bi- 

quadratic is as we have seen in § 345^^ real and negative when 
the gyrostatic inhuences dominate. It becomes an interesting 
question to be answered by treatment of the biquadratic, how 
small may g be to keep all the roots A^ real and negative, and 
how large may g be to render them other than real and positive 
as they are when g = 0^ Similar questions occur in connexion 
with the case of two of the -zo’s negative and two positive, 
when the gyrostatic uffiuences are so proportioned as to fulfil 
345XIU ^41 gQ when g is infinitely great there is complete 
gyrostatic stability, though when ^ = 0 there are two instabilities 
and two stabilities. 

3453001^ Returning now to 345*^^ and 345^’“, 345'’^, and 345^, Gyrostatic 
for a gyrostatic system with any number of freedoms, we see by with any 
345^ that the roots A” of the determinantal equation (14) or (17) freedom^, 
are necessarily real and negative when zcr^, zet^, zet^, etc. are 
all positive. This conclusion is founded on the reasoning of 
§ 345“ regarding the equation of energy (4) applied to the case 
Q = 0, for which it becomes T-h or the same as for the 

case of no motional forces. It is easy of course to eliminate 
dynamical considerations from the reasoning and to give a purely 
algebraic proof that the roots A^ of the determinantal equation 
(14) of 345"^' are necessarily real and negative, provided both of 
the two quadratic functions (11) 2 (12) + etc., and 

llaj^+2 etc. are positive for all real values of etc. 

But the equations (14) of § 343 (h), which we obtained and used 
in the course of the corresponding demonstration for the case of 
no motional forces, do not hold in our px'esent case of gyrostatic 
motional forces. Still for this present case we have the con- 
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elusion of g 343 (m) that equality among the roots falls essentially 
under the case of § 343 (e) above. For we know from the con- 
sideration of energy, as in § 345'', that no particular solution 
can be of the form or t sin at, when the potential energy is 
positive for all displacements: yet [though there cannot be 
equal roots for the gyrostatic system of two freedoms (§ 345"^) 
as we see from the solution (25) of the determinantal equation 
for this case] there obviously may be equality of roots'^ in a 
quadruply fi'ee gyrostatic system, or in one with more than four 
freedoms. Hence, if both the quacli^atie functions have the 
same sign for all real values of etc., all the first minors 

* Examples of this may be invented ad lihitum by commencing with pairs of 
eciuations such as (23) and altering the variables by (generalized) orthogonal 
transformations. For one very simple example put and take (23) as one 

pair of equations of motion, and as a second pair take 

~ 7^^ + TO 7/^ = 0, 

The second of (23) and the first of these multiplied respectively by cos a and 
sm a, and again by sin a and cos a, and added and subtracted, give 

V^'2 7 + 7 sin ai}' + TO'^2 

and ^3+7 sino|+7cos to'i/'3=0, 

V here ~ sin a + 7; cos a, 

and ^3=^' cos a -77 sin a. 

Eliminating and 77 by these last equations, from the first and fourth of 
the equations of motion, and for symmetry putting instead of and 
instead of 77', and for simpheity puttmg 7 cos a=:g, and 7 sin a=h, and coUoctmg 
the equations of motion m order, we have the foUowmg, — 

- Mi + = 0 , 

^2 - Ml + Ma + = ^> 

V>3 + = 0, 

for the equations of motion of a quadruply free gyrostatic system having two 
equalities among its four fundamental periods. The two different periods arc 
the two values of the expression 

2^/{V(ii7" + W) i + ^)}. 

When these two values are unequal the equalities among the roots do not 
give rise to terms of the form or tcosa-t in the solution. But if 
'®’== - ■^hieh makes these two values equal, and therefore all four 

roots equal, terms of the form t cos at do apjpear in the solution, and the ’equili- 
brium is unstable in the transitional case though it is stable if - tot be less than 
by ever so small a difference. 


Case of 
equal loots 
w ith sta- 
bility. 


Application 
ot Itouth’s 
theorem. 
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of tLe determinantal equation (14), §845'“^, must vanish for each ApphcfUiou 
double, triple, or multiple root of the equation, if it has any theorem, 
such roots. 

It will he interesting to find a purely algebraic proof of this 
theorem, and we leave it as an exercise to the student, remaikiug 
0 ]ily that, when the quadratic functions have contrary signs for 
some real values of cq, a^, etc., there may be equality among the 
roots without the evanescence of all the first minors; or, in Equal roots 
dynamical language, theie may be terms of the form or ^ 

t sin at, in the solution expressing the motion of a gyrostatic cases 
system, in transitional cases between stability and instability. Say a^ud* 
It is easy to invent examples of such cases, taking for instance 
the quadruply fiee gyrostatic system, whether gyrostatically 
dominated as in § 345"^, but in this case with some of the four 
quantities negative, and some positive ; or, as in § 345^^, not 
gyrostatically dominated, with either some or all of the quantities 
tu-p negative. All this we recommend to the student 

as interesting and instructive exercise. 


345”^. When all the quantities ur^, . . . , are of the conditions 
same sign it is easy to find the conditions that must be fulfilled s^tic do- 
in order that the system may be gyrostatically dominated. For 
if pp pg, •••) p„ are the roots of the equation 

+ . . . + c^_,z + = 0 , 

we have 

-(p, + p +...+p„) = ^, and 4- 

Hence if - p^ , —p^ , . . . - p„ be each positive, is their ai ithmetic 

mean, and nc / c , is their harmonic mean. Hence c, / nc^ is 
greater than nc^/c^_^, and the greatest of — pj, — p^,..., -p^, is 
greater than <^f them is less than nc^/ 

Take now the two following equations: 

V + X 1 2 " + 2 (Si 2 . 34)" + 2 (Si 2 . 34 . 5 6 )^+ etc. = 0 (71), 



2 1 2 '"+ 


;(Si2'.34')“+(x)’' 2(2i 2'.34'. 56')‘“+etc.=0 (72), 


where 
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[ 345 “^“. 


Suppose for simplicity i to be even. All tbe roots V of (71) 
are (g 345''^''' below) essentially real and negative. So are those of 
(72) provided suppose 

them to he. Hence the smallest root - A® of (71) is less than 


2(^12. 34. 56,...,i-3, i-27 

and the greatest root -A^ of (72) is greater than 

S(§i2'.34'.56V.., 

-JiS(i2'.34'.56V.., i- I, i') 


( 74 ), 


(75). 


Hence the conditions for gyrostatio domination are that (74) must 
be much greater than the greatest of the positive quantities =i=to-j , 
i'zzr,, and that (75) must be very much less than the 
least of these positive quantities. When these conditions are 
fulfilled the i roots of (18) § 345^^ equated to zero are separable 
into two groups of roots which are infinitely nearly equal to 
the roots of equations (71) and (72) respectively, conditions 
of reality of which are investigated in § 345"""^ below. The 
interpretation leads to the following interesting conclusions : — 


345“"^ Consider a cycloidal system provided with non- 
rotating flywheels mounted on frames so connected with the 
moving parts as to give infinitesimal angular motions to the 
axes of the flywheels proportional to the motions of the system. 
Let the number of freedoms of the system exclusive of the 
ignored co-ordinates [§ 319, Ex. (G)] of the flywheels relatively 
to their frames be even. Let the forces of the system be such 
that when the flywheels are given at rest, when the system is 
at rest, the equilibrium is either stable for all the freedoms, or 
unstable for all the freedoms. Let the number and connexions 
of the gyrostatic links be such as to permit gyrostatio domina- 
tion (§ 345"°“) when each of the flywheels is set into sufficiently 
rapid rotation. Now let the flywheels be set each into suf- 
ficiently rapid rotation to fulfil the conditions of gyrostatic 
domination (§ 345"^): the equilibrium of the system becomes 
stable : with half the whole number i of its modes of vibration 
exceedingly rapid, with frequencies equal to the roots of a cer- 
tain algebraic equation of the degree ; and the other half of 
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its modes of vibration very slow, witli frequencies given by the 
roots of another algebraic equation of degree The first class 
of fundamental modes may be called adynamic because they 
are the same as if no forces were applied to the system, or 
acted between its moving parts, except actions and reactions in its ad^a- 
the normals between mutually pressing parts (depending on the iabons(very 
inertias of the moving parts). The second class of fundamental 
modes may be called precessional because the precession of the 
equinoxes, and the 'slow precession of a rapidly spinning top 
supported on a very fine point, are familiar instances of it. 

Remark however that the obliquity of the ecliptic should be 
infinitely small to bring the precession of the equinoxes pre- 
cisely within the scope of the equations of our “cycloidal 
system.’’ 

If the angular velocities of all the flywheels be 
altered in the same proportion the frequencies of the adynamic 
oscillations will be altered in the same proportion directly, and 
those of the precessional modes in the same proportion in- 
versely. Now suppose there to be either no inertia in the 
system except that of the flywheels round their pivoted axes 
and round their equatorial diameters, or suppose the effective 
inertia of the connecting parts to be comparable with that of 
the flywheels when given without rotation. The period of each 
of the adynamic modes is comparable with the periods of the frequencies, 
flywheels. And the geriods of the precessional modes are com- frt^encKS 
j parab le with a third proportional to a mean of the periods of ^heeis,/^ ^ 
the flywheels and a mean of the irrotational periods of the sys- ^nguoncies 
tern, if^ the system be stable when the flywheels are deprived system, 
*oT ro tation For the last mentioned term of the proportion we qaencit^ 
may, in the case of irrotational instability, substitute the time of mef^the 
increasing a displacement a thousandfold, supposing the system 
to be falling away from its configuration of equilibrium priwd of 
according to one of its fundamental modes of motion (e ). 

The reciprocal of this time we shall call, for brevity, the 
rapidity of the system, for convenience of comparison with the 
frequency of a vibrator or of a rotator, which is the name com- 
monly given to the reciprocal of its period. 
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[845^^^ 

345xxvi^ It remains to prove tliat the roots X® of (71), and of 
(72) also when 'sr,, , to*, are all of one sign, are essentially 

real and negative. (71) is the determiiiantal equation of 
§ 345''''^ (42) with any even number of equations instead of only 
four. The treatment of g§ 345^'^^ and 345^^^ is all directly ap- 
plicable without change to this extension; and it proves that the 
roots X" are real and negative by bringing the problem to that of 
the orthogonal reduction of the essentially positive quadratic 
function 

:-|{(i2a2+i3a3+etc.)"+(2mj+23a3+etc.)"+(3icq+32d^„+etc.)''-i-etc.} (76): 

it proves also the equalities of energies of (56), § 345’"'^, and the 
orthogonalities of (55), (58) § 345^'^: also the curious algebraic 
theorem that the “determiiiantal roots of tlie quadratic function 
consist of pairs of equals. 

Inasmuch as (72) is the same as (71) with X“^ put for X and 
12', 13', 23', etc. for 12, 13, 23, etc., all the formulas and propo- 
sitions which we have proved for (71) hold correspondingly for 
(72) when 12', 13', 23', etc. are all real, as they are when 
-zs-j , Tog, . . .-zsr, are all of one sign, 

345^^^^ Going back now to § 345'"'^, and taking advantage of 
what we have learned in § 345''' and the consequent treatment of 
the problem, particularly that in § 345'"'^, we see now how to 
simplify equations (14) of § 345''"' otherwise than was done in 
§ 345'“^ by a new method which has the advantage of being 
applicable also to materially simplify the general equations (13) 
of § 345^^. Aj^ply orthogonal transformation of the co-ordinates 
to reduce to a sum of squai’es of simple co-ordinates, the quad- 
ratic function (7 6). Thus denoting by G {ij/if/) what G (aa) 
becomes when \j/^, etc. are substituted for a^, etc.; and 

denoting by the values of the pairs of roots of the 

determinantal eqiiation of degree which are simply the negative 
of the roots X® of equation (71) of degree in X^; and denoting 
by the fresh co-ordinates, we have 

G(#) = -HVCC+r;.’) + <(!/+ v^) + ... + r/j, =)}... (77). 

It is easy to see that the general equations of cycloidal motion 
(13) of § 345'^' transformed to the ^-co-ordinaics come out in 
pairs as follows : 



845^'^".] 


DYiq'AMICAL LAWS AND PRINCIPLES. 


416 


r — — 

cit 

- dt drj^ 

r d dT 
dt d^^ 
d d^ 

- dt di}^ 


dQ dV . 

+ +n.r].+-^=0 

clt. ■' di. 


dQ X dV . 

+ r--n^, + -j- = 0 

dQ . dV 

d-q^ - dt)^ 


Cycloidal 

motion 


.(78). 


dt d^t^i 


dQ dV 

d^'J “S5‘ 


= 0 


d^cl^ d^ . dV_ 
Idt dr,i^ 


345 ^^viii^ Considerations of space and time prevent us from 
d(.:tailed ti'eatment at present of gyrostatic systems with odd 
numbers of degrees of freedom, but it is obvious from § 345"“^“ and 
34 that the general equations (13) of § 345^ may, when i the 
number of freedoms is odd, by proper transformation from co- 
ordinates i/^j, i/^ 2 , etc. to a set of co-ordinates 4 fu 
be reduced to the following form: 


dt d^. 


^dQ 

d^r 


+ w,i7,+ 


dV 

di: 


±dT ^ ^ 

15« dn.'^lhj-'^A^dn, 


dt di^ 


di. 


. dr . 


\dd^T dQ 

^ dt drj^ dt)^ 


-«A+ 



(79). 


1 

dt 

d dT 

dt dt)i{i-i) 


dQ 

+ — + 

+ -r-^ + 

dvUt-D 


dr 

dV 

dvhii-i) 


= 0 

= 0 


dt dt dt dt 
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346. There is scarcely any (question in dynamics more im- 
portant for Natural Philosophy than the stability or instability 
of motion. We therefore, before concluding this chapter, pro- 
pose to give some general explanations and leading principles 
regarding it. 

A conservative disturbance of motion” is a disturbance 
in the motion or configuration of a conservative system, not 
altering the sum of the potential and kinetic energies. A 
conservative disturbance of the motion through any particular 
configuration is a change in velocities, or component velocities, 
not altering the whole kinetic energy. Thus, for example, a 
conservative disturbance of the motion of a particle through 
any point, is a change in the direction of its motion, unaccom- 
panied by change of speed. 

347. The actual motion of a system, from any particular 
configuration, is said to be stable if every possible infinitely 
small conservative disturbance of its motion through that con- 
figuration may be compounded of conservative disturbances, 
any one of which would give rise to an alteration of motion 
which would bring the system again to some configuration 
belonging to the undisturbed path, in a finite time, and without 
more than an infinitely small digression. If this condition is 
not fulfilled, the motion is said to be unstable, 

348. For example, if a body, A, be supported on a fixed 
vertical axis ; if a second, B, be supported on a parallel axis 
belonging to the first; a third, C, similarly supported on i?, and 
so on ; and if B, (7, etc., be so placed as to have each its centre 
of inertia as far as possible from the fixed axis, and the whole 
set in motion with a common angular velocity about this axis, 
the motion will be stable, from every configuration, as is evi- 
dent from the principles regarding the resultant centrifugal 
force on a rigid body, to be proved later. If, for instance, each 
of the bodies is a flat rectangular board hinged on one edge, it 
is obvious that the whole system will be kept stable by centri- 
fugal force, when all are in one plane and as far out from the 
axis as possible. But if A consist partly of a shaft and crank, 
as a common spinning-wheel, or the fly-wheel and crank of a 
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steam-engine, and if B be supported on tbe crank-pin as axis, Examples, 
and turned inwards (towards the fixed axis, or across the fixed 
axis), then, even although the centres of inertia of <7, JD, etc,, 
are placed as far from the fixed axis as possible, consistent with 
this position of the motion of the system will be unstable. 

349. The rectilinear motion of an elongated body lengthwise, 
or of a flat disc edgewise, through a fluid is unstable. But the 
motion of either body, with its length or its broadside perpen- 
dicular to the direction of motion, is stable. This is demon- 
strated for the ideal case of a perfect liquid (§ 320), in § 321, 

Example (2) ; and the results explained in § 322 show, for a Kinetic sta- 
solid of revolution, the precise character of the motion con- di-o^'namfc 
sequent upon an infinitely small disturbance in the direction 

of the motion from being exactly^long or exactly perpendicular 
to the axis of figure ; whether the infinitely small oscillation, 
in a definite period of time, when the rectilineal motion is 
stable, or the swing round to an infinitely nearly inverted po- 
sition when the rectilineal motion is unstable. Observation 
proves the assertion we have just made, for real fluids, air and 
water, and for a great variety of circumstances affecting the 
motion. Several illustrations have been referred to in § 325 ; 
and it is probable we shall return to the subject later, as being 
not only of great practical importance, but profoundly interest- 
ing although very difficult in theory. 

350. The motion of a single particle affords simpler and 
not less instructive illustrations of stability and instability. 

Thus if a weight, hung from a fixed point by a light inexten- circular 
sible cord, be set in motion so as to describe a circle about a peuduiura. 
vertical line through its position of equilibrium, its motion is 
stable. For, as we shall see later, if disturbed infinitely little 

in direction without gain or loss of energy, it will describe a 
sinuous path, cutting the undisturbed circle at points succes- 
sively distant from one another by definite fractions of the cir- 
cumference^ depending upon the angle of inclination of the 
string to the vertical. When this angle is very small, the 
motion is sensibly the same as that of a particle confined to 
plane and moving under the influence of an attractive 
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force towards a fixed point, simply proportional to the distance ; 
and the disturbed path cuts the undisturbed circle four times 
in a revolution. Or if a particle confined to one plane, move 
under the influence of a centre in this plane, attracting with a 
force inversely as the square of the distance, a path infinitely 
little disturbed from a circle will cut the circle twice in a re- 
volution. Or if the law of central force be the ?ith power 
of the distance, and if + 3 be positive, the disturbed path will 
cut the undisturbed circular^ orbit at successive angular in- 
tervals, each equal to TvlJn-^Z. But the motion will be 
unstable if be negative, and — n > 3. 


The criterion of stability is easily investigated for circular 
motion round a centre of force from the difierential equation of 
the general orbit (§ 36), 

d^u _ F 


Let the value of h be such that motion in a circle of radius 
satisfies this equation. That is to say, let F = u, when u = a. 
Let now w = a + p, p being infinitely small. We shall have 


if a denotes the value of 


±f. 

du 


(“"w) 


when u = a: and therefore 


the difierential equation for motion infinitely nearly circular is 


de' 


•g 4- ap =r 0. 


The integral of this is most conveniently written 
p~ABhx{0^a + IS) 
when a is positive, and 

when a is negative. 

Hence we see that the circular motion is stable in the formei 
case, and unstable in the latter. 
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For instance, if P = nr” = «m“", we Lave 

^ r- r- j bilitymcir- 

cular orbit. 

P 

and putting -u^a^ in this we find a = w 4 - 3 ; whence the 
result stated above. 

Or, taking Example (B) of g 319, and putting mP for P, and 
mil for /(!., 


p 

771 


hV 

m + mf 

±( 

' P \ 

flf __ - 1 

^ A V 

du \ 

, AV7 

m + m' 


Hence, putting ii - a, and making = gm joncp so that motion 
in a circle of radius a"'^ may be possible, we find 

Zm 

a = ; . 

m m 

Hence the circular motion is always stable ; and the period of 
the variation produced by an infinitely small disturbance from 
it is 

/w + m' 

V * 


351. The case of a particle movins^ on a smooth fixed surface 

^ ^ bility of a 

under the influence of no other force than that of the con- 

moving? on 

straint, and therefore always moving along a geodetic line 
the surface, affords extremely simple illustrations of stability 
and instability. For instance, a particle placed on the inner 
circle of the surface of an anchor-ring, and projected in the 
plane of the ring, would move perpetually in that circle, but 
\instably, as the smallest disturbance would clearly send it 
away from this path, never to return until after a digression 
round the outer edge. (We suppose of course that the particle 
is held to the surface, as if it were placed in the infinitely 
narrow space between a solid ring and a hollow one enclosing 
it.) But if a particle is placed on the outermost, or greatest, 

27—2 
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Sibifityot circle of the ring, and projected in its plane, an infinitely small 
a partiiie disturbance will cause it to describe a sinuous path cutting the 

moving on . i t t i i i 

circle at points round it successively distant by angles each equal 
to Trjbja, or intervals of time, Trjbjcoja, where a denotes 
the radius of that circle, o) the angular velocity in it, and h the 
radius of the circular cross section of the ring. This is proved 
by remarking that an infinitely narrow band from the outer- 
most part of the ring has, at each point, a and h for its principal 
radii of curvature, and therefore (§ 150) has for its geodetic 
lines the great circles of a sphere of radius Va5, upon which 
(§ 152) it may be bent. 

352. In all these cases the undisturbed motion has been 
circular or rectilineal, and, when the motion has been stable, the 
effect of a disturbance has been periodic^ or recurring with the 
same phases in equal successive intervals of time. An illus- 
tration of thoroughly stable motion in which the effect of a 
disturbance is not periodic,” is presented by a particle sliding 
down an inclined groove under the action of gravity. To take 
the simplest case, we may consider a particle sliding down 
along the lowest straight line of an inclined hollow cylinder. 
If slightly disturbed from this straight line, it will oscillate 
on each side of it perpetually in its descent, but not with a 
uniform periodic motion, though the durations of its excursions 
to each side of the straight line are all equal, 

Kin^etic sw 353. A Very curious case of stable motion is presented by 

commensu- a particle constrained to remain on the surface of an anchor- 
lations. ring fixed in a vertical plane, and projected along the great 
circle from any point of it, with any velocity. An infinitely 
small disturbance will give rise to a disturbed motion of which 
the path will cut the vertical circle over and over again for 
ever, at unequal intervals of time, and unequal angles of the 
circle; and obviously not recurring periodically in any cycle, 
except with definite particular values for the whole energy, 
some of which are less and an infinite number are greater than 
that which just suffices to bring the particle to the highest 
point of the ring. The full mathematical investigation of these 
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circumstances would afford an excellent exercise in the theory 
of differential equations, but it is not necessary for our present 
illustrations. 

354. In this case, as in all of stable motion with only two oscillatory 
degrees of freedom, which we have just considered, there has 
been stability throughout the motion ; and an infinitely small 
disturbance from any point of the motion has given a disturbed 
path which intersects the undisturbed path over and over again 
at finite intervals of time. But, for the sake of simplicity at 
present confining our attention to two degrees of freedom, we 
have a limited stability in the motion of an unresisted pro- Limited 

, . . Kinetic sta- 

jectile, which satisfies the criterion of stability only at points 
of its upward, not of its downward, path. Thus if M OPQ be 



the path of a projectile, and if at 0 it be disturbed by an infi- 
nitely small force either way perpendicular to its instantaneous a projectile, 
direction of motion, the disturbed path will cut the undisturbed 
infinitely near the point P where the direction of motion is per- 
pendicular to that at 0 : as we easily see by considering that 
the line joining two particles projected from one point at the 
same instant with equal velocities in the directions of any two 
lines, will always remain perpendicular to the line bisecting the 
angle between these two lines. 
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355, The principle of varying action gives a mathematical 
criterion for stability or instability in every case of motion. 
Thus in the first place it is obvious, and it will be proved below 
(§§ 358, 361), that if the action is a true minimum in the motion 
of a system from any one configuration to the configuration 
reached at any other time, however much later, the motion is 
thoroughly unstable. For instance, in the motion of a particle 
constrained to remain on a smooth fixed surface, and unin- 
fluenced by gravity, the action is simply the length of the path, 
multiplied by the constant velocity. Hence in the particular 
case of a particle uninfluenced by gravity, moving round the 
inner circle in the plane of an anchor- ring considered above, the 
action, or length of path, is clearly a minimum from any one 
point to the point reached at any subsequent time. (The action 
is not merely a minimum, but is the smaller of two minimums, 
when the course is from any point of the circular path to any 
other, through less than half a circumference of the circle.) 
On the other hand, although the path from any point in the 
greatest circle of the ring to any other at a distance from it 
along the circle, less than Trslaby is clearly least possible if along 
the circumference ; the path of absolutely least length is not 
along the circumference between two points at a greater circular 
distance than WaS from one another, nor is the path along the 
circumference between them a minimum at all in this latter 
case. On any surface whatever which is everywhere anticlastic, 
or along a geodetic of any surface which passes altogether 
through an anticlastic region, the motion is thoroughly un- 
stable. For if it were stable from any point 0, we should have 
the given undisturbed path, and the disturbed path from 0 
cutting it at some point Q; — two different geodetic lines join- 
ing two points ; which is impossible on an anticlastic surface, 
inasmuch as the sum of the exterior angles of any closed 
figure of geodetic lines exceeds four right angles (§ 136) 
when the integral curvature of the enclosed area is negative, 
which (§§ 138, 128) is the case for every portion of surface 
thoroughly anticlastic. But, on the other hand, it is easily 
proved that if we have an endless rigid band of curved surface 
everywhere synclastic, with a geodetic line running through its 
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middle, the motion of a particle projected along this line will on a syn- 

1 • 1 T 1 n • -I -n clastic sur- 

be stable throughout^ and an iniinitely slight disturbance will face, stable, 
give a disturbed path cutting the given undisturbed path again 
and again for ever at successive distances diflfering according to 
the different specific curvatures of the intermediate portions of 
the surface. If from any 
point, N, of the undis- 
turbed path, a perpen- 
dicular be drawn to cut 
the infinitely near dis- 
turbed path in j&, the 
angles OJEN and NOB 
must (§ 138) be toge- 
ther greater than a right angle by an amount equal to the in- Differential 
tegral curvature of the area EON, From this the differential disturbed 
equation of the disturbed path may be obtained immediately. 

Let ON and NE = and let 3^, a known 

function of 5, be the specific curvature (§ 136) of the surface in 
the neighbourhood of N, Let also, for a moment, denote the 
complement of the angle OEN, We have 



a 



s 

^uds. 


Hence 



— ^u. 


But, obviously, 



hence 


ds^ 


+ = 0 . 


When 3- is constant (as in the case of the equator of a surface of 
revolution considered above, § 3ol), this gives 

u = A cos {s J^-hE), 

agreeing with the result (§351) which we obtained by develop- 
ment into a spherical surface. 

The case of two or more bodies supported on parallel axes 
in the manner explained above in § 348, and rotating with the 
centre of inertia of the whole at the least possible distance from 
the fixed axis, affords a very good illustration also of this pro- 
position which may be safely left as an exercise to the student. 
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General jn- 356. To investigate the effect of an infinitely small con- 

ofdistiirbed servative disturbance produced at any instant in the motion 
of any conservative system, may be reduced to a practicable 
problem (however complicated the required work may be) - of 
mathematical analysis, provided the undisturbed motion is 
thoroughly known. 


General 
equation of 
motion free 
in two de- 
grees. 


(a) First, for a system having but two degrees of freedom to 
move, let 

2 ^ = 4 - .,.( 1 ), 

wlxere P, R are functions of the co-ordinates not dejDendiug 
on the actual motion. Then 


dT dT 


d dT y dP 


dR 

i-h-r: (p 


fdP dR\ . . 
and the Lagrangian equations of motion [§318 (24)] are 


...( 2 ); 


We shall suppose the system of co-ordinates so chosen that 
none of the functions P, Q, R, nor their differential coefficients 

X . ... 

^ , etc., can ever become mfinite. 


(b) To investigate the effects of an infinitely small disturbance, 
we may consider a motion in which, at any time t, the co-ordi- 
nates are ij/+p and <p +q, p and q being infinitely small ; and, by 
simply taking the variations of equations (3) in the usual manner, 
we arrive at two simultaneous differentia] equations of the second 
degree, linear with respect to 

Pj P> T h h 

but having variable coefficients which, when the undistiu'bed 
motion <p is fully known, may be supposed to be known 
functions of t. In these equations obviously none of the coeffi- 
cients can at any time become infinite if the data correspond to 
a real dynamical problem, provided the system of co-ordinates is 
properly chosen (a); and the coefficients of p and q are the 
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values, at the time t, of P, P, and P, Q, respectively, in the 
‘brder in which they appear in (3), P, P being the coefficients of disturbed 
of a homogeneous quadratic function (1) which is essentially 
positive. These properties being taken into account, it may be 
shown that in no case can an infinitely small interval of time be 
the solution of the problem presented {§ 347) by the question of 
kinetic stability or instability, which is. as follows : — 

(c) The component velocities ij/, ^ are at any instant changed 
to i^+a, ^ + subject to the condition of not changing the 
value of T. Then, a and ^ being infinitely small, it is required 
to find the interval of time until qjp first becomes equal to 


(d) The differential equations in p and q reduce this problem, 
and in fact the full problem of finding the disturbance in the 
motion when the undisturbed motion is given, to a practicable 
form. But, merely to prove the proposition that the disturbed 
course cannot meet the undisturbed course until after some finite 
time, and to estimate a limit which this time must exceed in any 
particular case, it may be simpler to proceed thus : — 


(e) To eliminate t from the general equations (3), let them 
first be transformed so as not to have t independent variable. 
We must put 


- dtd^xj/ - dxj/crt •• dtd^-d^dH 
— d? — ’ — df — • 


.(4). 


And by the equation of energy we have 

, _ {Pd\l/^ + Qd< l>^ + 2Jddil/d<j})^ 

" {^- F)}^ ^ ' 

it being assumed that the system is conservative. Eliminating 
d( and d^f between this and the two equations (3), we find a 
differential equation of the second degree between i//- and 
which is the differential equation of the course. Eor simplicity, 
let us suppose one of the co-ordinates, <f> for instance, to be inde- 
pendent variable j that is, let d^(j>—0. We have, by (4), 




and therefore 
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General in- 
vcstig^ation 
of disturbed 
path. 


and tlie result of tlie elimination becomes 






( 6 ), 


F 



denoting a function of — of the third degree, with vari- 

dcp 


able coefficients, none of which can become infinite as long as 
^ - F, the kinetic energy, is finite. 


(/) Taking the variation of this equation on the supposition 
that i{/ becomes where is infinitely small, we have 

p). 

where L and M denote known functions of neither of which 
has any infinitely great value. This determines the deviation, j?, 
of the course. Inasmuch as the quadratic (1) is essentially 
always positive, FQ-R^ must be always positive. Hence, if 

dp 

for a particular value of p vanishes, and ~ has a given value 

which defines the disturbance we suppose made at any instant, 
must increase by a fiboite amount (and therefore a finite time 
must elapse) before the value o^p can be again zero; that is to 
say, before the disturbed course can again cut the undisturbed 
course. 


{g) The same proposition consequently holds for a system 
having any number of degrees of freedom. For the preceding 
proof shows it to hold for the system subjected to any frictionless 
constraint, leaving it only two degrees of freedom; including 
that particular frictionless constraint which would not alter either 
the undisturbed or the disturbed course. The full general inves- 
tigation of the disturbed motion, with more than two degrees of 
freedom, takes a necessarily complicated form, but the principles 
on which it is to be carried out are sufficiently indicated by 
what we have done. 

(Jh) If for LJFQ-R^ we substitute a constant 2a, less than 
its least value, irrespectively of sign, and for M/PQ~R% a 
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constant )3 greater algebraically than its greatest value, 
have an equation 




+ 2ol 


dp 

dcji 


+ )8 = 0 


( 8 ). 


General in- 
vestigation 
of disturbed 
path. 


Here the value of p vanishes for values of cji successively ex- 
ceeding one another by tt — which is clearly less than 
the increase that </> must have in the actual problem before ]) 
vanishes a second time. Also, we see from this that if 
the actual motion is unstable. It might of course be unstable 
even if and the proper analytical methods for finding 

either the rigorous solution of (7), or a sufficiently near practical 
solution, would have to be used to close the criterion of stability 
or instability, and to thoroughly determine the disturbance of 
the course. 


{i) When the system is only a single particle, confined to a Differential 
plane, the difierential equation of the deviation may be put disturbed 
under a remarkably simple form, useful for many practical sSfgie^par- 
problems. Let A" be the normal component of the force, per pYanel^ ^ 
unit of the mass, at any instant, v the velocity, and p the radius 
of curvature of the path. We have (§ 259) 


Let, in the diagram, ON be the undisturbed, and OB the 
disturbed path. Let 
BN, cutting ON at 
right angles, be de- 
noted by and ON 
by s. If further we 
denote by p the 
radius of curvature 
in the disturbed path, 

remembering that u is infinitely small, we easily find 

1 1 cZV u 

-7 = — + tt ^ — 2 

p p ds"" p 



Hence, using 8 to denote variations from N to B, we have 




^fd^u u\ 


/ 


( 9 ). 
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Differential 
equation of 
disturbed^ 
path of 
single par- 
ticle m a 
plane. 


Kinetic 

foci. 


Theorem of 

minimum 

action. 

Action 
never a 
minimum 
in a course 
including 
kinetic foci. 


But, by the equation of energy, 
and therefore 


2v^ 


~u. 

P 


Hence (10) becomes 




•( 11 ), 


or, if we denote by ^ the rate of variation of N, per unit of dis- 
tance from the point fV" in the normal direction, so that SN' = ^Uj 


du^ /3 f 


.( 12 ). 


This includes, as a particular case, the equation of deviation 
from a circular orbit, investigated above (§ 350). 


357. If, from any one configuration, two courses differing 
infinitely little from one another have again a configuration in 
common, this second configuration will be called a kinetic focus 
relatively to the first : or (because of the reversibility of the 
motion) these two configurations will be called conjugate kinetic 
foci. Optic foci, if for a moment we adopt the corpuscular 
theory of light, are included as a particular case of kinetic foci 
in general. By § 356 {g) we see that there must be finite in- 
tervals of space and time between two conjugate foci in every 
motion of every kind of system, only provided the kinetic 
energy does not vanish. 

358. Now it is obvious that, provided only a sufficiently 
short course is considered, the action^ in any natural motion of 
a system, is less than for any other course between its terminal 
configurations. It will be proved presently (§ 361) that the first 
configuration up to which the action, reckoned from a given 
initial configuration, ceases to be a minimum, is the first kinetic 
focus; and conversely, that when the first kinetic focus is 
passed, the action, reckoned from the initial configuration, ceases 
to be a minimum ; and therefore of course can never again be a 
minimum, because a course of shorter action, deviating infi- 
nitely little from it, can be found for a part, without altering the 
remainder of the whole, natural course. 
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359. In sucli statements as this it will frequently be 

. I . • 1 ' . T ^ j for con- 

venient to indicate particular configurations of the system by 

single letters, as 0, P, Q, JS; and any particular course, 

which it moves through configurations thus indicated, will be 

called the course 0,..P.,.Q...P. The action in any natural 

course will be denoted simply by the terminal letters, taken in 

the order of the motion. Thus OR will denote the action from 

0 to Rj and therefore OR = — RO, When there are more 

real natural courses from 0 to P than one, the analytical 

expression for OR will have more than one real value ; and it 

may be necessary to specify for which of these courses the 

action is reckoned. Thus we may have 

OR for 
OR for 
OR for 

three different values of one algebraic irrational expression. 

360. In terms of this notation the preceding statement Theorem of 

(§ 358) may be expressed thus : — If, for a conservative system, Sion.^ 
moving on a certain course (9'...P', the first kinetic 

focus conjugate to 0 be O', the action OP', in this course, will 
be less than the action along any other course deviating in- 
finitely little from it: but, on the other hand, OP' is greater than 
the actions in some courses from 0 to P' deviating infinitely 
little from the specified natural course O...P...O'...P'. 

361. It must not be supposed that the action along OP isTwoormore 

. * ^ courses of 

necessarily the least possible from 0 to P. There are, in fact, 
cases in which the action ceases to be least of all possible, before possible. 
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Two or more 
courses of 
muiimum 
action 
possible. 


Case of two 
minimum, 
and one not 
minimum, 
geodetic 
lines be- 
tween two 
points. 


DilPerence 
between two 
sides and 
the third of 
a kinetic 
triangle. 


[3GL 

a kinetic focus is reached. Thus if OEAPO'E'A' be a sinuous 
geodetic line cutting the outer circle of an anchor-ring, or 
the equator of an oblate spheroid, in successive points 0, 
Ay A'y it is easily seen that O', the first kinetic focus 
conjugate to 0, must lie somewhat beyond A, But the 
length OEAPy although a minimum (a stable position for a 
stretched string), is not the shortest distance on the surface 
from 0 to Py as this must obviously be a line lying entirely on 
one side of the great circle. From 0, to any point, Q, short of 
Ay the distance along the geodetic OEQA is clearly the least 
possible : but if Q be near enough to A (that is to say, between 
and the point in which the envelope of the geodetics drawn 
from Oy cuts 0EA)y there will also be two other geodetics from 
0 to Q. The length of one of these will be a minimum, and 
that of the other not a minimum. If Q is moved forward to Ay 
the former becomes OE^Ay equal and similar to OEA, but on the 
other side of the great circle : and the latter becomes the great 
circle from 0 io A. If now Q be moved on, to P, beyond Ay 
the minimum geodetic OEAP ceases to be the less of the two 
minimums, and the geodetic OFP lying altogether on the other 
side of the great circle becomes the least possible line from 0 to P. 
But until P is advanced beyond the point, O', in which it is cut 
by another geodetic from 0 lying infinitely nearly along it, the 
length OEAP remains a minimum, according to the general 
proposition of § 358, which we now proceed to prove. 

(a) Beferring to the notation of § 360, let bo any configura- 
tion differing infinitely little from P, but not on the course 
0,.,P...0' ,,,F y and let aS" be a configuration on this course, 
reached at some finite time after F is passed. Let \j/, be 
the co-ordinates of P, and ij/^y those of P^, and let 

Thus, by Taylor’s theorem, 

4- etc. 
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But if A denote tlie components of momentum at P in the Difference 

-I • between two 

course 0..,Py wJncn are the same as those at P in the continna- sides^and ^ 

tion, P...Sy of this course, we have fS 330 (18)1 akinetic 

^ triangle. 

_dOP_ dPS 

dij/ dij/ ’ d(f> dcfi ^ 

Hence the coefficients of the terms of the first degree of 
in the preceding expression vanish, and we have 


OP^-hP^S-OS=l 


d^OP + PS) 


8i/f® + 2 


d^{OP + PS) 


Si^8<^ + . . 


(b) How, assuming 


cCj = a^Si/f + + • • • 

etc. etc. 


according to the known method Of linear transformations, let 
a^, a^, ^^ 2 , ... be so chosen that the preceding quadratic 

function be reduced to the form 

the whole number of degrees of freedom being i. 

This may be done in an infinite variety of ways; and, towards 
fixing upon one particular way, we may take = ipy /?, = etc. ; 
and subject the others to the conditions 

\j/a^ + + . . . = 0, \j/a^ 4- + • • • = 0, etc. 

This will make = 0 : for if for a moment we suppose P^ to be 
on the course O...P...O', we have 

Bcji 

and therefore 


= + +...), X,_, = 0, ...x^=0, a5, = 0. 

But in this case OP, + F^S=OS; and therefore the value of the 
quadratic must) be zero; that is to say, we must have -4^ = 0. 
Hence we have 

OP, + P,S-0S=i + • • • + j (3) 

+ P ) 

where P denotes a remainder consisting of terms of the third 
and higher degrees in Si/f, S<^, etc., or in x^, etc. 
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(c) Another form, which will be used below, may be given to 
the same expression thus: — Let (f,, >7,, Cyv) and (^/, 77/, 
be the components of momentum at in the courses OF^ and 
F^jS respectively. By § 330 (18) we have 
._dOF' 

and therefore by Taylor’s theorem 

, dOF d^OF. d^OF^, 


dxj/ dij/^ 


d\l/d(ji 


Similarly, 


dFS d^FS. d^FS^, 


and therefore, as 


dOF 


dFS 

' dxlf ’ 


dif/ 

(d^(OF + FS)^, d^(OF + FS),, ) , ,,, 

and so for — etc. Hence (1) is the same as 

OP, + P^S-0S = -\ {(^/ - 1') 81 /r + (>?/ -■r])B(j>+ ...}\ 

+ E 

where F denotes a remainder consisting of terms of the third and 
higher degrees. Also the transformation from Sxj/j S<^, ... to 
^13 ^2 9 ---s giv6s clearly 

i ' - ^/ = - + • • • + «.-,)) 

V- ’7/ = - (6). 

etc. etc. / 


(5), 


(d) ISTo-w for any infinitely small time the velocities remain 
sensibly constant; as also do the coefiScients (if/, if/), (if/, (ji), etc., 
in the expression [§313 (2)] for T: and therefore for the action 
we have 

J2Tdt = J^Jj2Tdt 

= ij/) (i/f - xf/^y + 2 (i/f, cl>) (xj/ - ij/^) (<^ - eji^) + etc.}i 

where (i[/„ <l>„ ...) are the co-ordinates of the configuration from 
which the action is reckoned. Hence, if F, F, F" be any three 
configurations infinitely near one another, and if Q, with the 
proper differences of co-ordinates written after it, be used to 
denote square roots of quadratic functions such as that in the 
preceding expression, we have 
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FP -f), ...n 

pp'=j-iT.Q{{f -r), (^'-n ■■■} (^)- 

PP =J-2T.Q{(^"-f), ...}J 

la the particular case of a single free particle, these expressions 
become simply proportional to the distances F'F'\ F”F- 
and by Euclid we have 


Difference 
b itween two 
sideh and 
the thii d of 
a kinetic 
triangle. 


PT + PP"<PT^' 
unless P is in the straight line FF'\ 

The verihcation of this proposition by the preceding expressions 
(7) is merely its proof by co-ordinate geometry with an oblique 
rectilineal system of co-ordinates, and is necessarily somewhat 
complicated. If (i^, 0) — (Q^ = 0, the coordinates be- 

come rectangular and the algebraic proof is easy. There is no 
difficulty, by following the analogies of these known processes, to 
prove that, for any number of co-ordinates, etc., we have 
P'P-fPP">P'P", 

unless 

(expressing that P is on the course from P to P"), in which case 
FF+PF' 

FP, etc., being given by (7). And further, by the aid of (1), 
it is easy to jSnd the proper expression for FF + FF^ — FF", 
when P is infinitely little off the course from F' to F" : but it is 
quite unnecessary for us here to enter on such purely algebraic 
investigations. 

(e) It is obvious indeed, as has been already said (§ 358), that 
the action along any natural course is the least possible between 
its terminal configurations if only a sufficiently short course is 
included. Hence for all cases in which the time from 0 to is 
less than some particular amount, the quadratic term in the ex- 
pression (3) for OP^ + P^8—0S is necessarily positive, for all 
values of etc. j and therefore must each be 

positive. 

(fi) Let now P be removed further and further from 0, along Actions on 
the definite course 0...P...0', until it becomes O'. When it is courses m- 
0', let P^ be taken on a natural course through 0 and O', de- one^nother 

28 
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between two 
conjugate 
tmetic foci, 
proved ulti- 
mately 
equal. 


If two sides, 
deviating 
infinitely 
little from 
the third, 
are together 
equal to it, 
they con- 
stitute an 
unbroken 
natural 
course. 


Natural 
course 
proved not 
a course of 
mmunum 
action, 
beyond a 
kinetic 
focus. 


viating infinitely little from tlie course OPO\ Then, as OP fP 
is a natural course, 

and therefore (5) becomes 

op^-¥P,a^oo'=R, 

which proves that the chief, or quadratic, term in the other ex- 
pression (3) for the same, vanishes. Hence one at least of the 
coefficients Ddiist vanish, and if one only, = 0 for 

instance, we must have 

These equations express the condition that P^ lies on a natural 
course from 0 to O'. 

{g) Conversely if one or more of the coefficients A^, etc., 
vanishes, if for instance = S must be a kinetic focus. For 
if we take P^ so that 

we have, by (6), 

(Ji) Thus we have proved that at a kinetic focus conjugate to 
0 the action from 0 is not a minimum of the first order*, and 
that the last configuration, up to which the action from 0 is a 
minimum of the fi.rst order, is a kinetic focus conjugate to 0, 

(i) It remains to be proved that the action from 0 ceases to 
be a minimum when the first kinetic focus conjugate to 0 is 
passed. Let, as above (§ 360), 0.,.P..,0\..P'hQ a natural course 
extending beyond O', the first kinetic focus conjugate to 0. Let 
P and P' be so near one another that there is no focus conjugate 
to either, between them; and let O...P^...O' be a natural course 
from 0 to O' deviating infinitely little from O...P...O'. By what 
we have just proved (e), the action 00' along O...P^...O' differs 
only by P, an infinitely small quantity of the third order, from 
the action 00' along 0...P...0', and therefore 

Ac.{0.,.P...0'..,F) = Ac.{0,..P^...0')-^0'P' + E 

= 0P, + P,0'+0'P' + P. 


* A maximum or minimum “of the first order” of any function of one or 
more variables, is one in whicli the difierential of the first degree vanishes, but 
not that of the second degree. 
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But, by a proper application of (e) we see that Natural 

course 

PO' + (XP' = PP'+0 

' I ^ ^ a course of 

wliere Q denotes an infinitely small quantity of tlie second oi’der^ action, 
which is essentially positive. Hence kfn^tic ^ 

focus. 

(6>. . .P. . . O'. . .P') = OP, + + § + i?, 

and therefore, as P is infinitely small in comparison with Q, 
^c(O...P...O'..,P')>OP, + P,P'. 

Hence the broken course P,...P' has less action than 

the natural course O...P...O'...P', and therefore, as the two 
are infinitely near one another, the latter is not a minimum. 

362. As it has been proved that the action from any con- a course 

r* I* ii ** in • which in- 

n^uration ceases to be a minimum at the nrst coninsrate kinetic eludes no 

^ ^ focus coil* 

focus, we see immediately that if O' be the first kinetic focus j update tio 
conjugate to 0, reached after passing 0, no two configurations 
on this course from 0 to 0' can be kinetic foci to one another, no pair of 

T-, T . « ^ . , conjugate 

For, the action from 0 just ceasing to be a minimum when 0' 
is reached, the action between any two intermediate configura- 
tions of the same course is necessarily a minimum. 

363. When there are i degrees of freedom to move there How many 

, , T (. , • 1 kinetic foci 

are in general, on any natural course Irom any particular con- m any ca^e 
figuration, 0, at least i — 1 kinetic foci conjugate to 0. Thus, 
for example, on the course of a ray of light emanating from 
a luminous point 0, and passing through the centre of a con- 
vex lens held obliquely to its path, there are two kinetic foci 
conjugate to 0, as defined above, being the points in which the 
line of the central ray is cut by the so-called "‘focal lines’’^ of 
a pencil of rays diverging from 0 and made convergent after 
passing through the lens. But some or all of these kinetic foci 
may be on the course previous to 0 ; as for instance in the 
case of a common projectile when its course passes obliquely 
downwards through 0. Or some or all may be lost ; as when, 
in the optical illustration just referred to, the lens is only 
strong enough to produce convergence in one of the principal 
planes, or too weak to produce convergence in either. Thus 

* In onr second volume we hope to give all necessary elementary explanations 
on this subject. 
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How many also in the case of the -undisturhed rectilineal motion of a 
in any case, point, or in the motion of a point uninfluenced by force, on 
an anticlastic surface (§ 355), there are no real kinetic foci. 
In the motion of a projectile (not confined to one vertical plane) 
there can only be one kinetic focus on each path, conjugate 
to one given point ; though there are three degrees of freedom. 
Again, there may be any number more than i — 1, of foci in 
one course, all conjugate to one configuration, as for instance 
on the course of a particle uninfluenced by force, moving round 
the surface of an anchor-ring, along either the outer great 
circle, or along a sinuous geodetic such as we have considered 
in § 361, in which clearly there are an infinite number of foci 
each conjugate to any one point of the path, at equal successive 
distances from one another. 

Referring to the notation of § 361 (/), let S he gradually 
moved on until first one of the coefficients, for instance, 
vanishes; then another, etc.; and so on. We have seen 

that each of these positions of /S' is a kinetic focus : and thus by 
the successive vanishing of the i-1 coefficients we have ^ - 1 
foci. If none of the coefficients can ever vanish, there are no 
kinetic foci. If one or more of them, after vanishing, comes to 
a minimum, and again vanishes, as S is moved on, there may be 
any number more than ^—1 of foci each conjugate to the same 
configuration, 0. 

Theorem of 364. If i — 1 distinct* courses from a configuration 0, each 
action. dmermg innnitely little irom a certain natural course 

cut it in configurations 0^, Og, and if, besides these, 

there are not on it any other kinetic foci conjugate to 0, between 
0 and Q, and no focus at all, conjugate to JS, between JE and Q, 
the action in this natural course from 0 to Q is the maximum 
for all courses O...P^, being a configuration infinitely 

nearly agreeing with some configuration between E and 0^ of 
the standard course 0...A?..'.0j^...02...0,_j... and P,---Q 

* Two courses are not called distinct if they differ from one anotlier only in 
the absolute magnitude, not in the proportions of the components, of the 
' deviations hy which they differ from the standard course. 
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denoting the natural courses between 0 and P^, and P^ and Q, Theorem of 
which deviate infinitely little from this standard course. 

In § 361 (^), let O' be any one, 0^, of the foci 0^, 0^, ... 
and let be called in this case. The demonstration there 
given shows that 

OG>OP, + P,Q. 

Hence there are i—\ different broken courses 

0..,P,, P,...§; 0...P,, P,...Q; etc., 
in each of which the action is less than in the standard course 
from 0 to Q. But whatever be the deviation of P^, it may 
clearly be compounded of deviations P to P^, P to P^, P to P 3 , 

..., PtoP^^j, corresponding to these ^-1 cases respectively ; 
and it is easily seen from the analysis that 
OP, + P,Q ^0Q:== {OP^ + _ 0^) + (OP 3 + P^Q^OQ) + ,.. 

Hence OP, + P,Q < OQ, which was to be proved. 

365, Considering now, for simplicity, only cases in which Appiica- 
there are but two degrees (§§ 195, 204) of freedom to move, depreSof^ 
we see that after any infinitely small conservative disturbance 
of a system in passing through a certain configuration, the 
system will first again pass through a configuration of the 
undisturbed course, at the first configuration of the latter at 
which the action in the undisturbed motion ceases to be a 
minimum. For instance, in the case of a particle, confined to 
a surface, and subject to any conservative system of force, an 
infinitely small conservative disturbance of its motion through 
any point, 0, produces a disturbed path, which cuts the un- 
disturbed path at the first point, O', at which the action in the 
undisturbed path from 0 ceases to be a minimum. Or, if 
projectiles, under the influence of gravity alone, be thrown from 
one point, 0, in all directions with equal velocities, in one 
vertical plane, their paths, as is easily proved, intersect one 
another consecutively in a parabola, of which the focus is 0, 
and the vertex the point reached by the particle projected 
directly upwards. The actual course of each particle from 0 
is the course of least possible action to any point, P, reached 
before the enveloping parabola, but is not a course of minimum 
action to any point, Q, in its path after the envelope is passed. 
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366. Or again, if a particle slides round along tlie grcafctist 
circle of the smooth, inner surface of a hollow anchor-ring, the 
''action/' or simply the length of path, from point to point, will 
be least possible for lengths (§ 351) less than tt V ah. Thus, if 
a string be tied round outside on the greatest circle of a 
perfectly smooth anchor-ring, it will slip off unless held in 
position by staples, or checks of some kind, at distances of not 
less than tt from one another in succession round the circle. 
With reference to this example, see also § 361, above. 

Or, of a particle sliding down an inclined cylindrical groove, 
the action from any point will be the least possible along the 
straight path to any other point reached in a time less than 
that of the vibration one way of a simple pendulum of length 
equal to the radius of the groove, and influenced by a force 
equal g cos instead of g the whole force of gravity. But the 
action will not be a minimum from any point, along the straight 
path, to any other point reached in a longer time than this. 
The case in which the groove is horizontal {% = 0) and the par- 
ticle is projected along it, is particularly simple and instructive, 
and may be worked out in detail with great case, without as- 
suming any of the general theorems regarding action. 

367. In the preceding account of the Hamiltonian principle, ' 
and of developments and applications which it has received, we 
have adhered to the system (§§ 828, 330) in which the initial 
and final co-ordinates and the constant sum of potential and 
kinetic energies are the elements of which the action is supposed 
to be a function. Another system was also given by Hamilton, 
according to which the action is expressed in terms of the initial 
and final co-ordinates and the time prescTibed for the motion; 
and a set of expressions quite analogous to those with which 
we have worked, are established. For practical applications 
this method is generally less convenient than the other ; and 
the analytical relations between the two are so obvious that we 
need not devote any space to them here. 


Liouviiie^s 368. We conclude by calling attention to a very novel 

1 X* 1 • • • P -1 • P . 

theorem, analytical investigation ox the motion of a conservative system, 
by Liouville {Comptes Re^idiiSj June 16, 1856), which leads im- 
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mediately to the principle of least action, and the Hamiltonian Liouviiie's 
principle with the developments by Jacobi and others; but theorem, 
which also establishes a very remarkable and absolutely new 
theorem regarding the amount of the action along any con- 
strained course. For brevity we shall content ourselves with 
giving it for a single free particle, referring the reader to the 
original article for Liouville’s complete investigation in terms 
of generalized co-ordinates, apphcable to any conservative 
system whatever. 


Let (x, y, z) be the co-ordinates of any point through which 
the particle may move : V its potential energy in this position : 
U the sum of the potential and kinetic energies of the motion in 
question : A the action, from any position (x^, to {x, y, z) 

along any course arbitrarily chosen (supposing, for instance, the 
particle to be guided along it by a frictionless guiding tube). 
Then (§ 326), the mass of the particle being taken as unity, 

A = = jJ-2{E-V) J{dx‘ +d!/‘+ d^). 

How let 3 - be a function of cr, y^ z, which satisfies the partial 
differential equation 




Then 


A. 




dSj^ d^' 


dod dif 


d^ 


) {db? + dy^ + d^) 
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But 
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and, Xy y, z denote the actual component velocities along the 
arbitrary path, and b the rate at which ^ increases per unit of 
time in this motion, 

dx = xdt, dy — ydf, dz^zdt, d^ — hdt 

Hence the preceding becomes 


A’. 


( dh . d'^\ 
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ment. 


Observa- 

tion. 


EXPERIENCE. 

369. By the term Experience, in physical science, we desig- 
nate, according to a suggestion of Herschehs, our means of 
becoming acquainted with the material universe and the laws 
which regulate it. In general the actions which we see ever 
taking place around us are complex, or due to the simultaneous 
action of many causes. When, as in astronomy, we endeavour 
to ascertain these causes by simply watching their effects, we 
observe; when, as in our laboratories, we interfere arbitrarily 
with the causes or circumstances of a phenomenon, we are said 
to experiment, 

370. For instance, supposing that we are possessed of instru- 
mental means of measuring time and angles, we may trace out 
by successive observations the relative position of the sun and 
earth at different instants; and (the method is not susceptible 
of any accuracy, but is alluded to here only for the sake 
of illustration) from the variations in the apparent diameter 
of the former we may calculate the ratios of our distances from 
it at those instants. We have thus a set of observations in- 
volving time, angular position with reference to the sun, and 
ratios of distances from it: sufficient (if numerous enough) to 
enable us to discover the laws which connect the variations 
of these co-ordinates. 

Similar methods may be imagined as applicable to the 
motion of any planet about the sun, of a satellite about its 
primary, or of one star about another in a binary group. 

371. In general all the data of Astronomy are determined 
in this way, and the same may be said of such subjects as 
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Tides and Meteorology. Isothermal Lines, Lines of Equal Dip, pbserva- 
Lines of Eq^ual Intensity, Lines of Equal “Variation” (or “Decli- 
nation as it has still less happily been sometimes called), 
the Connexion of Solar Spots with Terrestrial Magnetism, 
and a host of other data and phenomena, to be explained 
under the proper heads in the course of the work, are thus 
deducible from Observation merely. In these cases the apparatus 
for the gigantic experiments is found ready arranged in Nature, 
and all that the philosopher has to do is to watch and measure 
their progress to its last details. 


372. Even in the instance we have chosen above, that of 
the planetary motions, the observed effects are complex; because, 
unless possibly in the case of a double star, we have no instance 
of the undisturbed action of one heavenly body on another; 
but to a first approximation the motion of a planet about the 
sun is found to be the same as if no other bodies than these 
two existed; and the approximation is sufficient to indicate 
the probable law of mutual action, whose fuU confirmation is 
obtained when, its truth being assumed, the disturbing effects 
thus calculated are allowed for, and found to account com- 
pletely for the observed deviations from the consequences of 
the first supposition. This may serve to give an idea of the 
mode of obtaining the laws of phenomena, which can only be 
observed in a complex form — and the method can always be 
directly applied when one cause is known to be pre-eminent. 


373. Let us take cases of the other kind — in which the effects Bxpen- 
are so complex that we cannot deduce the causes from the 
observation of combinations arranged in Nature, but must en- 
deavour to form for ourselves other combinations which may 
enable us to study the effects of each cause separately, or at 
least with only slight modification from the interference of 
other causes. 


374. A stone, when dropped, falls to the ground; a brick 
and a boulder, if dropped from the top of a cliff at the same 
moment, fall side by side, and reach the ground together. But 
a brick and a slate do not; and while the former falls in a 
nearly vertical direction, the latter describes a most complex 
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path. A sheet of paper or a fragment of gold leaf presents even 
greater irregularities than the slate. But by a slight modihcaV 
tion of the circumstances, we gain a considerable insight into 
the nature of the question. The paper and gold leaf, if rolled 
into balls, fall nearly in a vertical line. Here, then, there arc 
evidently at least two causes at work, one which tends to make 
all bodies fall, and fall vertically; and another which depends 
on the form and substance of the body, and tends to retard 
its fall and alter its course from the vertical direction. How 
can we study the effects of the former on all bodies without 
sensible complication from the latter? The effects of Wind, 
etc., at once point out what the latter cause is, the air (whose 
existence we may indeed suppose to have been discovered by 
such effects) ; and to study the nature of the action of the former 
it is necessary to get rid of the complications arising from the 
presence of air. Hence the necessity for Experiment By means 
of an apparatus to be afterwards described, we remove the 
greater part of the air from the interior of a vessel, and in that 
we try again our experiments on the fall of bodies; and now a 
general law, simple in the extreme, though most important in 
its consequences, is at once apparent — viz., that all bodies, of 
whatever size, shape, or material, if dropped side by side at the 
same instant, fall side by side in a space void of air. Before 
experiment had thus separated the phenomena, hasty philo- 
sophers had rushed to the conclusion that some bodies possess 
the quality of heaviness, others that of lightness^ etc. Had this 
state of confusion remained, the law of gravitation, vigorous 
though its action be throughout the universe, could never have 
been recognised as a general principle by the human mind. 

Mere observation of lightning and its effects could never have 
led to the discovery of their relation to the phenomena pre- 
sented by rubbed amber. A modification of the course of 
nature, such as the collecting of atmospheric electricity in 
our laboratories, was necessary. Without experiment wo could 
never even have learned the existence of terrestrial magnetism. 

375. When a particular agent or cause is to be studied, 
experiments should be arranged in such a way as to lead if 
possible to results depending on it alone; or, if this cannot be 
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done, they should be arranged so as to show differences pro- 
duced by varying it. 

376. Thus to determine the resistance of a wire against the 
conduction of electricity through it, we may measure the whole 
strength of current produced in it by electromotive force between 
its ends when the amount of this electromotive force is given, 
or can be ascertained. But when the wire is that of a submarine 
telegraph cable there is always an unknown and ever varying 
electromotive force between its ends, due to the earth (produc- 
ing what is commonly called the '‘earth-current”), and to deter- 
mine its resistance, the difference in the strength of the current 
produced by suddenly adding to or subtracting from the terres- 
trial electromotive force the electromotive force of a given 
voltaic battery, is to be very quickly measured; and this is to be 
done over and over again, to eliminate the effect of variation of 
the earth-current during the few seconds of time which must 
elapse before the electrostatic induction permits the current 
due to the battery to reach nearly enough its full strength to 
practically annul error on this score. 

377. Endless patience and perseverance in designing and 
trying different methods for investigation are necessary for 
the advancement of science: and indeed, in discovery, he 
is the most likely to succeed who, not allowing himself to be 
disheartened by the non-success of one form of experiment, 
judiciously varies his methods, and thus interrogates in every 
conceivably useful manner the subject of his investigations. 

378. A most important remark, due to Herschel, regards 
what are called residual phenomena. When, in an experiment, 
all known causes being allowed for, there remain certain un- 
explained effects (excessively slight it may be), these must 
be carefully investigated, and every conceivable variation of 
arrangement of apparatus, eta, tried; until, if possible, we 
manage so to isolate the residual phenomenon as to be able 
to detect its cause. It is here, perhaps, that in the present 
state of science we may most reasonably look for extensions 
of our knowledge; at all events we are warranted by the recent 
history of Natural Philosophy in so doing. Thus, to take only 
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a very few instances, and to say nothing of the discovery of 
electricity and magnetism by the ancients, the peculiar smell 
observed in a room in which an electrical machine is kept in 
action, was long ago observed, but called the smell of elec- 
tricity,’' and thus left unexplained. The sagacity of Schonbein 
led to the discovery that this is due to the formation of Ozone, 
a most extraordinary body, of great chemical activity ; whose 
nature is still uncertain, though the attention of chemists has 
for years been directed to it. 

379. Slight anomalies in the motion of Uranus led Adams 
and Le Terrier to the discovery of a new planet; and the fact 
that the oscillations of a magnetized needle about its position 
of equilibrium are ^'damped" by placing a plate of copper below 
it, led Arago to his beautiful experiment showing a resistance to 
relative motion between a magnet and a piece of copper; which 
was first supposed to be due to magnetism in motion, but which 
soon received its correct explanation from Faraday, and has since 
been immensely extended, and applied to most important pur- 
poses. In fact, from this accidental remark about the oscillation 
of a needle was evolved the grand discovery of the Induction of 
Electrical Currents by magnets or by other currents. 

We need not enlarge upon this point, as in the following 
pages the proofs of the truth and usefulness of the principle will 
continually recur. Our object has been not so much to give 
applications as principles, and to show how to attack a new com- 
bination, with the view of separating and studying in detail the 
various causes which generally conspire to produce observed 
phenomena, even those which are apparently the simplest. 

380. If on repetition several times, an experiment con- 
tinually gives different results, it must either have been very 
carelessly performed, or there must be some disturbing cause 
not taken account of. And, on the other hand, in cases where 
no very great coincidence is likely on repeated trials, an unex- 
pected degree of agreement between the results of various trials 
should be regarded with the utmost suspicion, as probably due 
to some unnoticed peculiarity of the apparatus employed. In 
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either of these cases, however, careful observation cannot fail tmexpected 
to detect the cause of the discrepancies or of the unexpected or discor- 

/ 1 *1 1 T 1 T . . dance of 

agreement, and may possibly lead to discoveries in a totally 
unthought-of quarter. Instances of this kind may be given trials, 
without limit ; one or two must suffice. 

381. Thus, with a very good achromatic telescope a star 
appears to have a sensible disc. But, as it is observed that 
the discs of all stars appear to be of equal angular diameter, 
we of course suspect some common error. Limiting the aper- 
ture of the object-glass increases the appearance in question, 
which, on full investigation, is found to have nothing to do with 
discs at all. It is, in fact, a diffraction phenomenon, and will 
be explained in our chapters on Light. 

382. Again, in measuring the velocity of Sound by experi- 
ments conducted at night with cannon, the results at one station 
were never found to agree exactly with those at the other; 
sometimes, indeed, the diflferences were very considerable. But 
a little consideration led to the remark, that on those nights in 
which the discordance was greatest a strong wind was blowing 
nearly from one station to the other. Allowing for the obvious 
effect of this, or rather eliminating it altogether, the mean velo- 
cities on different evenings were found to agree very closely. 

383. It may perhaps be advisable to say a few w’-ords here Hypotheses, 
about the use of hypotheses, and especially those of very 
different gradations of value which are promulgated in the 

form of Mathematical Theories of different branches of Natural 
Philosophy. 

384. Where, as in the case of the planetary motions and 
disturbances, the forces concerned are thoroughly known, the 
mathematical theory is absolutely true, and requires only ana- 
lysis to work out its remotest details. It is thus, in general, far 
ahead of observation, and is competent to predict effects not yet 
even observed — as, for instance. Lunar Inequalities due to the 
action of Venus upon the Earth, etc. etc., to which no amount 
of observation, unaided by theory, could ever have enabled us 
to assign the true cause. It may also, in such subjects as Geo- 
metrical Optics, be carried to developments far beyond the reach 
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Hypotheses, of experiment ; but in this science the assumed bases of the 
theory are only approximate 5 and it fails to explain in all their 
peculiarities even such comparatively simple phenomena as 
Halos and Rainbows— though it is perfectly successful for tlio 
practical purposes of the maker of microscopes and telescopes, 
and has enabled really scientific instrument-makers to carry the 
construction of optical apparatus to a degree of perfection which 
merely tentative processes never could have reached, 

385. Another class of mathematical theories, based to some 
extent on experiment, is at present useful, and has even in 
certain cases pointed to new and important results, which ex- 
periment has subsequently verified. Such are the Dynamical 
Theory of Heat, the Undulatory Theory of Light, etc. etc. In 
the former, which is based upon the conclusion from experi- 
ment that heat is a form of energy, many formula are at pre- 
sent obscure and uninterpretable, because we do not know the 
mechanism of the motions or distortions of the particles of 
bodies. Results of the theory in which these are not involved, 
are of course experimentally verified. The same difficulties exist 
in the Theory of Light. But before this obscurity can be per- 
fectly cleared up, we must know something of the ultimate, or 
molecular, constitution of the bodies, or groups of molecules, 
at present known to us only in the aggregate. 

Deduction 386. A third class is well represented by the Mathematical 
baXfeMiit’ Theories of Heat (Conduction), Electricity (Statical), and Mag- 
ber^fol^^* netism (Permanent). Although we do not know how Heat is 
servations. hodies, nor what Statical Electricity or Perma- 

nent Magnetism are — ^the laws of their fluxes and forces are as 
certainly known as that of Gravitation, and can therefore like 
it he developed to their consequences, by the application of 
Mathematical Analysis. The works of Fourier^, Green and 
Poisson J areremarkable instances of such development. An- 
other good example is Ampere’s Theory of Electro-dynamics. 

* Theorie anahjtique de la Chaleiir, Paris, 1822. 

t JBssay on the Ai^'plication of Mathematical Analysis to the Theories of 
Electricity and Magnetism. Nottingham, 1828. Boprintod in Crelle's Journal, 

J Memoires sur le Magn€tisme. Mom. do I’Acad. des Sciences, 1811. 
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387. When the most probable result is required from a Deduction 
number of observations of the same quantity which do not blSe resuiT 
exactly agree, we must appeal to the mathematical theory of 
probabilities to guide us to a method of combining the results 

of experience, so as to eliminate from them, as far as possible, 
the inaccuracies of observation. Of course it is to be under- 
stood that we do not here class as inaccuracies of observation 
any errors which may affect alike every one of a series of 
observations, such as the inexact determination of a zero point, 
or of the essential units of time and space, the personal equa- 
tion of the observer, etc. The process, whatever it may be, 
which is to be employed in the elimination of errors, is ap- 
plicable even to these, but only when several distinct series of 
observations have been made, with a change of instrument, or 
of observer, or of both. 

388. We understand as inaccuracies of observation the 
whole class of errors which are as likely to lie in one 
direction as in another in successive trials, and which we may 
fairly presume would, on the average of an infinite number of 
repetitions, exactly balance each other in excess and defect. 
Moreover, we consider only errors of such a kind that their 
probability is the less the greater they are ; so that such errors 
as an accidental reading of a wrong number of whole de- 
gTees on a divided circle (which, by the way, can in general be 
“probably” corrected by comparison with other observations) 
are not to be included. 


389. Mathematically considered, the subject is by no means 
an easy one, and many high authorities have asserted that the 
reasoning employed by Laplace, Gauss, and others, is not well 
founded ; although the results of their analysis have been 
generally accepted. As an excellent treatise on the subject has 
recently been published by Airy, it is not necessary for us to 
do more than to sketch in the most cursory manner a simple and 
apparently satisfactory method of arriving at what is called the 
Method of Least Squares. 

390. Supposing the zero-point and the graduation of an 
instrument (micrometer, mural circle, thermometer, electrometer, 
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Deduction galvanometer, etc.) to be absolutely accurate, successive readings 
babie^resSt of the value of a quantity (linear distance, altitude of a star, 
berofpb- temperature, potential, strength of an electric current, etc.) may, 
and in general do, continually differ. What is most probably 
the true value of the observed quantity ? 

The most probable value, in all such cases, if the observa- 
tions are all equally trustworthy, will evidently be the simple 
mean; or if they are not equally trustworthy, the mean found by 
attributing weights to the several observations in proportion to 
their presumed exactness. But if several such means have 
been taken, or several single observations, and if these several 
means or observations have been differently qualified for the 
determination of the sought quantity (some of them being 
likely to give a more exact value than others), we must assign 
theoretically the best practical method of combining them. 

391. Inaccuracies of observation are, in general, as likely to 
be in excess as in defect. They are also (as before observed) more 
likely to be small than great ; and (practically) large errors are 
not to be expected at all, as such would come under the class 
of avoidable mistakes. It follows that in any one of a series of 
observations of the same quantity the probability of an error 
of magnitude x must depend upon x\ and must be expressed 
by some function whose value diminishes very rapidly as x 
increases. The probability that the error lies between x and 
X + hx, where hx is very small, must also be proportional to hx. 

Hence we may assume the probability of an error of any 
magnitude included in the range oixtox-\-^x to be 

<f> (x") Sx. 

Now the error must be included between + oo and — co . 
Hence, as a first condition, 

J <^(ar)dx = l (1). 

The consideration of a very simple case gives us Lhe means of 
determining the form of the function cl> involved in the preceding 
expression*. 

* Compare Boole, Trans. R.S.E., 1857. See also Tait, Trans. Jl.S.E.y 1804. 
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Suppose a stone to be let fall with the object of hitting a mark Reduction 
on the ground. Let two horizontal lines be drawn through the baSe^esuftT 
mark at right angles to one another, and take them as axes of x ber^f 
and y respectively. The chance of the stone falling at a distance 
between x and x + Sx from the axis of y is cj> (x^) Sx. 

Of its falling between y and y-h Sy from the axis of x the 
chance is cjS (y^) Sy. 

The chance of its falling on the elementary area 8x8y, whose co- 
ordinates are x, y, is therefore (since these are independent events, 
and it is to be observed that this is the assumption on which the 
whole investigation depends) 

^ (^1 ^^^ 2/7 or a<^ (x^) 0 (y"), 

if a denote the indefinitely small area about the point xy. 

Had we taken any other set of rectangular axes with the same 
origin, we should have found for the same probability the ex- 
pression a<ji (x'^) <l> (y “), 

x', y' being the new co-ordinates of a. Hence we must have 
<!> (X^) ^ (2/^) = <#> {^Jl7 i£x^ + f = X'^ + y\ 

From this functional equation we have at once 

where A and m are constants. We see at once that m must be 
negative (as the chance of a large error is very small), and we 

may write for it ~ ^ , so that h will indicate the degree of de- 
licacy or coarseness of the system of measurement employed. 

Substituting in (1) we have 

/ +OO _£2 

c ^£13 = 

-00 

whence A = , ^'^<1 the law of error is 

hjir 

1 Sx Law of 

-7- € h- -y- » eiror. 

Jtt h 

The law of error, as regards distance from the marJc^ without 
reference to the direction of error, is evidently 
// <^ {x^) ^ {f) dxdy, 

taken through the space between concentric circles whose radii 

are r and r -f Sr, and is therefore 

2 - 
_e h'^rSr^ 
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wliicli is of the same form as tlie law of error to the right or left 
of a line, with the additional factor r for the greater space for 
error at greater distances from the centre. As a verification, we 
see at once that 

I c‘ = 1 

as was to be expected. 

392. The Prohahle Error of an observation is a numerical 
quantity such that the error of the observation is as likely to 
exceed as to fall short of it in magnitude. 

If we assume the law of error just found, and call P the 
probable error in one trial, 

/•P r* 

J € hr dx==J e~hidx. 

The solution of this equation by trial and error leads to the 
approximate result 

P= 0*477 A 


893. The probable error of any given multiple of the value 
of an observed quantity is evidently the same multiple of the 
probable error of the quantity itself. 

The probable error of the sum or difference of two quantities, 
affected by independent errors, is the square root of the sum of 
the squares of their separate probable errors. 


To prove this, let us investigate the law of error of 
X^Y = Z 

where the laws of error of X and Y are 

1 


1 dx T 
-T^ e a2 — and —j= c 


yldy 


respectively. Tlie chance of an error in Z, of a magnitude in- 
cluded between the limits m, z + S«, is evidently 

rz-i-Sz—:v 


1 f'^°° 

7 I e^a^dx / 


’ dy. 


For, whatever value is assigned to x, the value of y is given by 
the limits %-x and z+Sz-x [or z-hx, + but the 
chances of ± a; are the same, and both are included in the limits 
(=b 00 ) of integration with respect to x]. 
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The value of the above integral becomes, by effecting the in- Probable 
tegration with respect to smSydfffer- 

o / ^o ence, or 

+00 jz-jcf _ miiltiple. 


Sz 

’irah 


j: 


€ 


and this is easily reduced to 

1 Sz 

— — € a2 + 62 — - — , 

Ja^+V 

Thus the probable error is h", whence the proposition. 

And the same theorem is evidently true for any number of quan- 
tities. 


394. As above remarked, the principal use of this theory is Practical 
in the deduction, from a large series of observations, of the 
values of the quantities sought in such a form as to be liable 
to the smallest probable error. As an instance — by the prin- 
ciples of physical astronomy, the place of a planet is calculated 
from assumed values of the elements of its orbit, and tabulated 
in the Nautical Almanac, The obscT'oed places do not exactly 
agree with the predicted places, for two reasons — ^first, the data 
for calculation are not exact (and in fact the main object of the 
observation is to correct their assumed values) ; second, each 
observation is in error to some unknown amount. Now the 
difference between the observed, and the calculated, places 
depends on the errors of assumed elements and of observation. 

The methods are applied to eliminate as far as possible the 
second of these, and the resulting equations give the required 
corrections of the elements. 

Thus if ^ be the calculated B. A. of a planet : Se, fe, etc., 

the corrections required for the assumed elements — the true 
B. A. IS 0 -h ASa + Mbs -l- USzo* etc., Method of 

where A, ^,11, etc., are approximately known. Suppose the sq^es. 
observed B.A. to be then 

^ A Scj “!“ -j- HSzu -h . . . = (5) 

or A 4- ASs + nSiAr 4- . . , = ® — 0^ 

a known quantity, subject to error of observation. Every obser- 
vation made gives us an equation of the same form as this, and 
in general the number of observations greatly exceeds that of the 
quantities Se, 8zir, etc., to be found. But it will be sufficient to 
consider the simple case whei'e only om quantity is to be found. 

29—2 
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Suppose a number of observations, of tlie same quantity x, load 
to the following equations : — 

x~B^, etc., 

and let tlie probable errors be ... Multiply tbe terms of 

each equation by numbers inversely proportional to , E^, ... 
This will make the probable errors of the second members of all 
the equations the same, e suppose. The equations have now the 
general form ax = &, 

and it is required to find a system of linear factors, by which 
these equations, being multiplied in order and added, shall lead 
to a final equation giving the value of x with the probable error a 
minimum. Let them be etc. Then the final equation is 

{^f)x^%{hf) 

and therefore - ^“2 (f^) 

by the theorems of § 393, if P denote the ^u’ohable error of x. 

Hence ■i .A is a minimum, and its differential coefficients 

(2a/) 

with respect to each separate factory* must vanish. 

This gives a series of equations, whose general form is 
/S(a/)-aS(/=) = 0, 
which give evidently/^ = etc. 

Hence the following rule, which may easily bo seen to hold for 
any number of linear equations containing a smaller number of 
unknown quantities, 


Mahe the probable error of the second member the same in each 
equation^ by the employment of a proper factor ; multiply each 
equation by the coefficient of x in it and add all, for one of the 
final equations ; and so, with reference to y, z, etc., for the others. 
The probable errors of the values of x, y, etc., found from these 
final equations will be less than those of the values derived 
from any other linear method of combining the equations. 

This process has been called the method of Least Squares, 
because the values of the unknown quantities found by it are 
such as to render the sum of the squares of the errors of the 
original equations a minimum. 


That is, in the simple case taken above, 
S {ax - ly = minimum. 
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For it is evident tHat this gives, on differentiating with respect Method of 

j. ^ / T \ ^ 

to [obx — uj~0j squares 

which is the law above laid down for the formation of the single 

O 

equation, 

395. When a series of observations of the same ^^^intity 
lias been made at different times, or under different circum- 
stances, the law connecting the value of the quantity with the 
time, or some other variable, may be derived from the results 
in several ways — all more or less approximate. Two of these 
methods, however, are so much more extensively used than the 
others, that we shall devote a page or two here to a preliminary 
notice of them, leaving det^ailed instances of their application 
till we come to Heat, Electricity, etc. They consist in (1) a 
Cuj've, giving a graphic representation of the relation between 
the ordinate and abscissa, and (2) an Empirical Formula con- 
necting the variables. 

396. Thus if the abscissse represent intervals of time, and Curves, 
the ordinates the corresponding height of the barometer, we 
may construct curves which show at a glance the dependence 

of barometric pressure upon the time of day; and so on. Such 
curves may be accurately drawn by photographic processes on a 
sheet of sensitive paper placed behind the mercurial column, 
and made to move past it with a uniform horizontal velocity 
by clockwork. A similar process is applied to the Temperature 
and Electrification of the atmosphere, and to the components 
of terrestrial magnetism. 

397. When the observations are not, as in the last section, 
continuous, they give us only a series of points in the curve, 
from which, however, we may in general approximate very 
closely to the result of continuous observation by drawing, 

Uherd manuj a curve passing through these points. This pro- 
cess, however, must be employed with great caution ; because, 
unless the observations are sufficiently close to each other, 
most important fluctuations in the curve may escape notice. It 
is applicable, with abundant accuracy, to all cases where the 
quantity observed changes very slowly. Thus, for instance, 
weekly observations of the temperature at depths of from 6 to 
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24 feet underground were found by Forbes sufficient for a very 
accurate approximation to the law of the phenomenon. 

398. As an instance of the processes employed for obtaining 
an empirical formula, we may mention methods of Interpo- 
lation, to which the problem can always be reduced. Thus from, 
sextant observations, at known intervals, of the altitude of the 
sun, it is a common problem of astronomy to determine at what 
instant the altitude is greatest, and what is that greatest alti- 
tude. The first enables us to find the true solar time at the 
place; and the second, by the help of the Nautical Almanac^ 
gives the latitude. The differential calculus, and the calculus 
of finite differences, give us formulae for any required data ; 
and Lagrange has shown how to obtain a very useful one by 
elementary algebra. 

By Taylor’s Theorem, we have 

y =f{x, + x-x,) =/(x,) + {x- »„)/' (x„) + ~ /" {x,) + ... . 

W' 

where ^ is a proper fraction, and is any quantity whatever. 
This formula is useful only when the successive derived values 
of f (x^) diminish very rapidly. 

In finite differences we have 

fix + h) = N^f{x) = (1 + A) V(a’) 

=/{«) + h^f{x) Ay (*) + (2); 

a very useful formula when, the higher differences are small. 

(1) suggests the proper form for the required expression, but it 
is only in rare cases that / {x^,f' (x^), etc., are derivable directly 
from observation. But (2) is useful, inasmuch as the successive 
differences, A/(ir), A/ (a:), etc., are easily calculated from the 
tabulated results of observation, provided these have been taken 
for equal successive increments of x. 

If for values ... a function takes the values 2^1? 2/a ? 

2 / 3 ? 2/„j Lagrange gives for it the obvious expression 
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Here it is of course assumed tliat tlie function requii*ed is a Interpoia- 
rational and integral one in x of tlie n — degree j and, in empirical 
general, a similar limitation is in practice applied to the other 
formulae above; for in order to find the complete expression for 
f{x) in either, it is necessary to determine the values of f (x^), 
f’ (x^), ... in the first, or of A/ (x), Ay(ic), ... in the second. If 
n of the coefficients he required, so as to give the n chief terms 
of the general value of /{x), we must have n observed simul- 
taneous values of x and f (a?), and the expressions become deter- 
minate and of the n - 1*^ degree m x-x^ and h respectively. 

In practice it is usually sufficient to employ at most three terms 
of either of the first two series. Thus to express the length I 
of a rod of metal as depending on its temperature tj we may 
assume from (1) 

Iq being the measured length at any temperature 

398 '. These formulae are practically useful for calculating 
the probable values of any observed element, for values of the 
independent variable lying within the range for which observa- 
tion has given values of the element. But except for values of 
the independent variable either actually within this range, or 
not far beyond it in either direction, these formulae express 
functions which, in general, will differ more and more widely 
from the truth the further their application is pushed beyond 
the range of observation. 

In a large class of investigations the observed element is in Periodic 

^ ^ , , functions. 

its nature a periodic function of the independent variable. The 
harmonic analysis (§ 77) is suitable for all such. When the 
values of the independent variable for which the element has 
been observed are not equidifferent the coefficients, determined 
according to the method of least squares, are found by a process 
which is necessarily very laborious ; but when they are equi- 
different, and especially when the difference is a submultiple 
of the period, the equation derived from the method of least 
squares becomes greatly simplified. Thus, if 9 denote an angle 
increasing in proportion to t, the time, through four right angles 
in the period, T, of the phenomenon ; so that 
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let /((9) = -4o4-.^iCos 0 + ^.^ cos 2(9 + ... 

+ sin ^ + sin 2^ + . . . 

where A^, A^, B^, ... are unknown coefficients, to be 

determined so that f(ff) may express the most probable value 
of the element, not merely at times between observations, but 
through all time as long as the phenomenon is strictly periodic. 
By taking as many of these coefficients as there are of distinct 
data by observation, the formula is made to agree precisely with 
these data. But in most applications of the method, the peri- 
odically recurring part of the phenomenon is expressible by a 
small number of terms of the harmonic series, and the higher 
terms, calculated from a great number of data, express either 
irregularities of the phenomenon not likely to recur, or errors of 
observation. Thus a comparatively small number of terms may 
give values of the element even for the very times of observa- 
tion, more probable than the values actually recorded as having 
been observed, if the observations are numerous but not mi- 
nutely accurate. 

The student may exercise himself in writing out the equa- 
tions to determine five, or seven, or more of the coefficients 
according to the method of least squares; and reducing them 
by proper formula of analytical trigonometry to their simplest 
and most easily calculated forms where the values of 9 for which 
f (9) is given are equidifferent. He will thus see that when the 

277 

difference is — , i being any integer, and when the number 
% 

of the data is i or any multiple of it, the equations contain each 
of them only one of the unknown quantities : so that the 
method of least squares affords the most probable values of 
the coefficients, by the easiest and most direct elimination. 
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MEASUBES AND INSTRDMENTS. 

399. Having seen in the preceding chapter that for the Neoessit?^ 
investigation of the laws of nature we must carefully watch measure- 

. . . « . . ments. 

experiments, either those gigantic ones which the universe 
furnishes, or others devised and executed by man for special 
objects — and having seen that in all such observations accurate 
measurements of Time, Space, Force, etc., are absolutely neces- 
sary, we may now appropriately describe a few of the more 
useful of the instruments employed for these purposes, and the 
various standards or units which are employed in them. 

400 . Before going into detail we may give a rapid resume 
of the principal Standards and Instruments to be described in 
this chapter. As most, if not all, of them depend on physical 
principles to be detailed in the course of this work — we shall 
assirme in anticipation the establishment of such principles, 
giving references to the future division or chapter in which the 
experimental demonstrations are more particularly explained. 

This course will entail a slight, but unavoidable, confusion — 
slight, because Clocks, Balances, Screws, etc., are familiar even 
to those who know nothing of Natural Philosophy; unavoid- 
able, because it is in the very nature of our subject that no one 
part can grow alone, each requiring for its full development the 
utmost resources of all the others. But if one of our depart- 
ments thus borrows from others, it is satisfactory to find that it 
more than repays by the power which its improvement affords 
them. 
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401 . We may divide our more important and fundamental 
instruments into four classes — 

Those for measuring Time ; 

Space, linear or angular ; 
Force ; 

Mass. 

Other instruments, adapted for special purposes such as the 
measurement of Temperature, Light, Electric Currents, etc., will 
come more naturally under the head of the particular physical 
energies to whose measurement they are applicable. Descrip- 
tions of self-recording instruments such as tide-gauges, and 
barometers, thermometers, electrometers, recording photograph- 
ically or otherwise the continuously varying pressure, tempe- 
rature, moisture, electric potential of the atmosphere, and 
magnetometers recording photographically the continuously 
varying direction and magnitude of the terrestrial magnetic 
force, must likewise be kept for their proper places in our 
work. 

Calculating Machines have also important uses in assisting 
physical research in a great variety of ways. They belong to 
two classes : — 

I. Purely Arithmetical, dealing with integral numbers of 
units. All of this class are evolved from the primitive use of 
the calculuses or little stones for counters (from which are 
derived the very names calculation and ''The Calculus’'), 
through such mechanism as that of the Chinese Abacus, still 
serving its original purpose well in infant schools, up to the 
Arithmometer of Thomas of Colmar and the grand but partially 
realized conceptions of calculating machines by Babbage. 

IL Continuous Calculating Macbines. As these are not 
only useful as auxiliaries for physical research but also involve 
dynamical and kinematical principles belonging properly to 
our subject, some of them have been described in the Appendix 
to this Chapter, from which dynamical illustrations will be 
taken in our chapters on Statics and Kinetics. 


)} 

i> a 
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402 . We shall consider in order the more prominent fun da- classes of 
mental instruments of the four classes, and some of their most oieats. 
important applications : — 

Clock, Chronometer, Chronoscope, Applications to Obser- 
vation and to self-registering Instruments, 

Vernier and Screw-Micrometer, Cathetometer, Sphero- 
meter, Dividing Engine, Theodolite, Sextant or Circle. 

Common Balance, Bifilar Balance, Torsion Balance, Pen- 
dulum, Ergometer. 

Among Standards we may mention — 

1. Time. — Day, Hour, Minute, Second, sidereal and solar. 

2. Space. — Yard and Metre: Radian, Degree, Minute, Second. 

8. Force* — Weight of a Pound or Kilogramme, etc., in any 

particular locality (gravitation umt) ; poundal, or dyne 
(kinetic unit). 

4. Mass* Pound, Kilogramme, etc. 

403 . Although without instruments it is impossible to pro- 
cure or apply any standard, yet, as without the standards no 
instrument could give us absolute measure, we may consider the 
standards first — referring to the instruments as if we already 
knew their principles and applications. 

404 . First we may notice the standards or units of angular Angular 

measure. 

measure ; 

Radian, or angle whose arc is equal to radius ; 

Degree, or ninetieth part of a right angle, and its successive 
subdivisions into sixtieths called Minutes, Seconds, Thirds, etc. 

The division of the right angle into 90 degrees is convenient 
because it makes the half- angle of an equilateral triangle 
(sin”^ an integral number (30) of degrees. It has long been 
universally adopted by all Europe. The decimal division of the 
right angle, decreed by the French Republic when it success- 
fully introduced other more sweeping changes, utterly and 
deservedly failed. 

The division of the degree into 60 minutes and of the 
minute into 60 seconds is not convenient; and tables of the 
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circular functions for degrees and hundredths of the degree are 
much to be desired. Meantime, when reckoning to tenths of a 
degree suffices for the accuracy desired, in any case the ordinary 
tables suffice, as 6' is of a degree. 

The decimal system is exclusively followed in reckoning by 
radians. The value of two right angles in this reckoning is 
ST4159,.., or tt. Thus tt radians is equal to 180^ Hence 
180° -TT is 57° -29578..., or 57° 17' 44''*8 is equal to one 
radian. In mathematical analysis, angles are uniformly reck- 
oned in terms of the radian. 

405 . The practical standard of time is the Sidereal Day, 
being the period, nearly constant^, of the earth's rotation about 
its axis (§ 247). From it is easily derived the Mean Solar Day, 
or the mean interval which elapses between successive passages 
of the sun across the meridian of any place. This is not so 
nearly as the Sidereal Day, an absolute or invariable unit: 

In our first edition it was stated in this section that Laplace had calculated 
from ancient observations of eclipses that the period of the earth’s rotation about 
its axis had not altered by itself since 720 b.c. In § 830 it was 

pointed out that this conclusion is overthrown by farther information from 
Physical Astronomy acquired in the interval between the piintmg of the two 
sections, in virtue of a correction wliich Adams had made as early as 18G3 upon 
Laplace’s dynamical investigation of an acceleration of the moon’s mean motion, 
produced by the sun’s attraction, showing that only about half of the observed 
acceleration of the moon’s mean motion relatively to the angular velocity of the 
earth’s rotation was accounted for by this cause. [Quoting from the first edition, 
§ 830] “In 1859 Adams communicated to Delaunay his final result:— that at 
“ the end of a century the moon is 5 " 7 before the position she would have, 
‘ ‘ relatively to a meridian of the earth, according to the angular velocities of the 
“two motions, at the beginning of the century, and the acceleration of the 
“moon’s motion truly calculated from the various disturbing causes then rccog- 
“nized. Delaunay soon after verified this result: and about the beginning of 
“1866 suggested that the true explanation may be a retardation of the earth’s 
“ rotation by tidal friction. Using this hypothesis, and allowing for the conse- 
“ quent retardation of the moon’s mean motion by tidal reaction (§ 276), Adams, 
“in an estimate which he has communicated to us, founded on the rough as- 
‘ ‘ sumption that the parts of the earth’s retardation due to solar and lunar tides 
“are as the squares of the respective tide-generating forces, finds 22'* as the 
“ error by which the earth would in a century get behind a perfect clock rated 
“ at the beginning of the century. If the retardation of rate giving this integral 
“ efiect were uniform (§ 35, 5), the earth, as a timekeeper, would bo going slower 
“by *22 of a second per year in the middle, or *44 of a second per year at the 
“ end, than at the beginning of a century.” 
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secular changes in the period of the earth’s rotation about the Measure of 
sun affect it, though very slightly. It is divided into 24 hours, 
and the hour, like the degree, is subdivided into successive 
sixtieths, called minutes and seconds. The usual subdivision 
of seconds is decimal. 

It is well to observe that seconds and minutes of time 
are distinguished from those of angular measure by notation. 

Thus we have for time 13^ 43^^ 27®‘5S, but for angular measure 
13" 43' 27"'58. 

When long periods of time are to be measured, the mean solar 
year, consisting of 366-242203 sidereal days, or 365*242242 mean 
solar days, or the century consisting of 100 such years, may be 
conveniently employed as the unit. 

406. The ultimate standard of accurate chronometry must Necessity 
(if the human race live on the earth for a few million years) be p^e^renniai 
founded on the physical properties of some body of more con- a spring 
stant character than the earth: for instance, a carefully arranged 
metallic spring, hermetically sealed in an exhausted glass vessel. 

The time of vibration of such a spring woxild be necessarily more 
constant from day to day than that of the balance-spring of the 
best possible chronometer, disturbed as this is by the train of 
mechanism with which it is connected: and it would almost 
certainly be more constant from age to age than the time of 
rotation of the earth (cooling and shrinking, as it certainly is, 
to an extent that must be very considerable in fifty million 
years). 


407. The British standard of length is the Imperial Yard, Measure of 

1 1 T *1 ° 1 length, 

denned as the distance between two marks on a certain metalnc founded on 

artificial 

bar, preserved in the Tower of London, when the whole has a metallic 

, , standards. 

temperature of 60" Fahrenheit. It was not directly derived 
from any fixed quantity in nature, although some important 
relations with such have been measured with great accuracy. 

It has been carefully compared with the length of a seconds 
pendulum vibrating at a certain station in the neighbourhood of 
London, so that if it should again be destroyed, as it was at the 


burning of the Houses of Parliament in 1834, and should all 
exact copies of it, of which several are preserved in various 
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places, be also lost, it can be restored by pendulum obsci'va- 
tions. A less accurate, but still (except in the event of 
earthquake disturbance) a very good, means of reproducing it 
exists in the measured base-lines of the Ordnance Survey, and 
the thence calculated distances between definite stations in the 
British Islands, which have been ascertained in terms of it with 
a degree of accuracy sometimes within an inch per mile, that is 
to say, within about 

408. In scientific investigations, we endeavour as much as 
possible to keep to one unit at a time, and the foot, which is 
defined to be one-third part of the yard, is, for British measure- 
ment, generally the most convenient. Unfortunately the inch, 
or one-twelfth of a foot, must sometimes be used. The statute 
mile, or 1760 yards, is most unhappily often used when groat 
lengths are considered. The British measurements of area and 
volume are infinitely inconvenient and wasteful of brain-exicrgy, 
and of plodding labour. Their contrast with tlie simple, uni- 
form, metrical system of France, Germany, and Italy, is but 
little creditable to English intelligence. 

409, In the French metrical system the decimal division is 
exclusively employed. The standard, (unhappily) called the 
MUre, was defined originally as the ten-millionth part of the 
length of the quadrant of the earth’s meridian from the pole 
to the equator; but it is now defined practically by the accurate 
standard metres laid up in various national repositories in 
Europe. It is somewhat longer than the yard, as the following 
Table shows : 


Inch = 25*39977 millimetres. 
Foot= 3*047972 decimetres. 
British statute mile 
= 1009*329 metres. 


Centimtoe= *3937043 inch. 

M6trG~ 3*280800 foot. 
Kilometre = *0213707 British 
statute mile. 


410. The unit of superficial measure is in Britain the square 
yard, in France the mfetre carrd. Of course we may use square 
inches, feet, or miles, as also square millimetres, kilometres, etc., 
or the Eectare = 10,000 square metres. 
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Square irLcli= 6*451483 square centimetres. 

„ foot= 9*290135 „ decimetres. 

„ yard = 83*61121 „ decimetres. 

Acre = *4046792 of a hectare. 

Square British statute mile = 258*9946 hectares. 

Hectare = 2*471093 acres. 


Measure of 
surface. 


411 . Similar remarks apply to the cubic measure in the two Measure of 
countries, and we have the following Table : — volume 

Cubic inch = 16*38661 cubic centimetres. 

„ foot= 28*31606 „ decimetres or 
Gallon = 4*543808 litres. 

„ =277*274 cubic inches, by Act of Parliament 

now repealed. 

Litre = *035315 cubic feet. 


412 . The British unit of mass is the Pound (defined by Measure of 
standards only); the French is the Kilogramme, defined origi- 
nally as a litre of water at its temperature of maximum density ; 

but now practically defined by existing standards. 

Grain = 64*79896 milligrammes. Gramme =15*43235 grains. 

Pound= 463*5927 grammes. Kilogramme = 2*20462125 lbs. 

Professor W. H. Miller finds {Phil, Trans, 1857) that the 
kilogramme des Archives'^ is equal in mass to 15432*34874 
grains; and the kilogramme type laiton,^ deposited in the 
Ministbre de ITntdrieure in Paris, as standard for French com- 
merce, is 15432 344 grains. 

413 . The measurement of force, whether in terms of the Measure of 
weight of a stated mass in a stated locality, or in terms of the 
absolute or kinetic unit, has been explained in Chap. ii. (See 

§§ 220 — 226). From the measures of force and length, we 
derive at once the measure of work or mechanical effect. That 
practically employed by engineers is founded on the gravita- 
tion measure of force. Neglecting the difference of gravity at 
London and Paris, we see from the above tables that the follow- 
ing relations exist between the London and the Parisian reckon- 
ing of work : — 

Foot-pound = 0*13825 kilogramme-mHre, 

Kilogramme-mfetre= 7*2331 foot-pounds. 
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414:. A Clock is primarily an instrument wliich, by means 
of a train of wheels, records the number of vibrations executed 
by a pendulum ; a Chronometer or ^Vatch performs the same duly 
for the oscillations of a flat spiral spring — just as the train of 
wheel-work in a gas-metre counts the number of revolutions of 
the main shaft caused by the passage of the gas through the 
machine. As, however, it is impossible to avoid friction, ri'.- 
sistance of air, etc., a pendulum or spring, left to itself, would 
not long continue its oscillations, and, while its motion con- 
tinued, would perform each oscillation in less and less time as 
the arc of vibration diminished : a continuous supply of energy 
is furnished by the descent of a weight, or the uncoiling of 
a powerful spring. This is so applied, through the train of 
wheels, to the pendulum or balancc-wbcel by means of a 
mechanical contrivance called an Escapement, that the oscilla- 
tions are maintained of nearly uniform extent, and therefore 
of nearly uniform duration. The construction of escapements, 
as well as of trains of clock-wheels, is a matter of Mechanics, 
with the details of which we are not concerned, although it may 
easily be made the subject of mathematical investigation. Tlio 
means of avoiding errors introduced by changes of temperature, 
which have been carried out in Compensation pendulums and 
balances, will be more properly described in our chapters on 
Heat. It is to be observed that there is little inconvenience 
if a clock lose or gain regularly; that can bo easily and ac- 
curately allowed for : irregular rate is fatal. 


415. By means of a recent application of electricity to bo 
afterwards described, one good clock, carefully regulated from 
time to time to agree with astronomical observations, may be 
made (without injury to its own performance) to control any 
number of other less-perfectly constructed clocks, so as to com- 
pel their pendulums to vibrate, beat for beat, with its own. 

416. In astronomical observations, time is estimated to 
tenths of a second by a practised observer, who, while watching 
the phenomena, counts the beats of the clock. But for the mry 
accurate measurement of short intervals, many instruments have 
been devised. Thus if a small orifice be opened in a large and 
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deep vessel full of mercury, and if we know "by trial the weight chrono- 
of metal that escapes say in five minutes, a simple proportion 
gives the interval which elapses during the escape of any given 
weight. It is easy to contrive an adjustment by which a vessel 
may be placed under, and withdrawn from, the issuing stream 
at the time of occurrence of any two successive phenomena. 

417. Other contrivances, called Stop-watches, Chronoscopes, 
etc., which can he read off at rest, started on the occurrence of 
any phenomenon, and stopped at the occurrence of a second, 
then again read off ; or which allow of the making (by pressing 
a stud) a slight mark, on a dial revolving at a given rate, 
at the instant of the occurrence of each phenomenon to he 
noted, are common enough. But, of late, these have almost 
entirely given place to the Electric Chronoscope, an instrument 
v/liich will be fully described later, when we shall have oc- 
casion to refer to experiments in which it has been usefully 
employed. 

418. We now come to the measurement of space, and of 
angles, and for these purposes the most important instruments 
are the Vernier and the Screw, 

419. Elementary geometry, indeed, gives us the means of Diagonal 
dividing any straight line into any assignable number of equal 
parts ; but in practice this is by no 
means an accurate or reliable method. 

It was formerly used in the so-called 
Diagonal Scale, of which the con- 
struction is evident from the diagram. 

The reading is effected hy a sliding- 
piece whose edge is perpendicular to 
the length of the scale. Suppose 
that it is PQ whose position on the 
scale is required. This can evidently 

cut only one of the transverse lines. Its number gives the number 
of tenths of an inch [4 in the figure], and the horizontal line 
next above the point of intersection gives evidently the number 
of hundredths [in the present case 4]. Hence the reading is 
7'44. As an idea of the comparative uselessness of this 

30 



VOL. I. 



Diagonal 

scale. 


Vernier 


466 PRELIMINARY. [ 419 . 

metliod, we may mention that a quadrant of 3 feet radius, 
which belonged to Napier of Merchiston, and is divided on 
the limb by this method, reads to minutes of a degree; no 
higher accuracy than is now attainable by the pocket sextants 
made by Troughton and Simms, the radius of whoso arc is 
virtually little more than an inch. The latter instrument is 
read by the help of a Vernier. 

420. The Vernier is commonly employed for such instru- 
ments as the Barometer, Sextant, and Cathotometei*, while the 
Screw is micrometrically applied to the more delicate instru- 
ments, such as Astronomical Circles, and Micrometers, and tlie 
Spherometer. 

421. The vernier consists of a slip of metal which slides 
along a divided scale, the edges of the two being coincident. 
Hence, when it is applied to a divided circle, its edge is circular, 
and it moves about an axis passing through the centre of the 
divided limb. 

In the sketch let 0, 1, 2, ...10 be the divisions on the vernier, 
0 , 1 , 2 , etc., any set of consecutive divisions on the limb or scale 
along whose edge it slides. If, when 0 and o coin- 
cide, 10 and 11 coincide also, then 10 divisions of 
the vernier are equal in length to 11 on the liml); 
and therefore each division on the vernier is Jj'jths 
or 1 of a division on the limb. If, then, the ver- 
nier be moved till 1 coincides with i, 0 will bo -^'‘^.,th 
of a division of the limb beyond o ; if 2 coincide 
with 2 , 0 will be -/^-ths beyond o; and so on. 
Hence to read the vernier in any position, note 
first the division next to 0, and behind it on 
the limb. This is the integral number of divi- 
sions to be read. For the fractional part, see 
which division of the vernier is in a lino with 
one on the limb; if it be the 4th (as in the 
figure), that indicates an addition to the reading of •^'^^^ths of a 
division of the limb; and so on. Thus, if the figure represent 
a barometer scale divided into inches and tenths, the readins* 

in ® 

is 30-34, the zero line of the vernier being adjusted to the level 
of the mercury. 
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422. If the limb of a sextant be divided, as it usually is, to Vemicr. 
third parts of a degree, and the vernier be formed by dividing 

21 of these into 20 equal parts, the instrument can be read to 
twentieths of divisions on the limb, that is, to minutes of arc. 

If no line on the vernier coincide with one on the limb, then 
since the divisions of the former are the longer there will be 
one of the latter included between the two lines of the vernier, 
and it is usual in practice to take the mean of the readings 
which would be given by a coincidence of either pair of bound- 
ing lines. 

423. In the above sketch and description, the numbers on 
the scale and vernier have been supposed to run opposite ways. 

This is generally the case with British instruments. In some 
foreign ones the divisions run in the same direction on vernier 
and limb, and in that case it is easy to see that to read to 
tenths of a scale division we must have ten divisions of the 
vernier equal to nine of the scale. 

In general, to read to the ^^th part of a scale division, n divi- 
sions of the vernier must equal n + l or - 1 divisions on the 
limb, according as these run in opposite or similar directions. 

424. The principle of the Screw has been already noticed Screw 
(§ 102 ). It may be used in either of two ways, i,e.y the nut 
may be fixed, and the screw advance through it, or the screw 
may be prevented from moving longitudinally by a fixed collar, 

in which case the nut, if prevented by fixed guides from rotat- 
ing, will move in the direction of the common axis. The 
advance in either case is evidently proportional to the angle 
through which the screw has turned about its axis, and this 
may be measured by means of a divided head fixed perpendi- 
cularly to the screw at one end, the divisions being read off by 
a pointer or vernier attached to the frame of the instrument. 

The nut carries with it either a tracing point (as in the divid- 
ing engine) or a wire, thread, or half the object-glass of a tele- 
scope (as in micrometers), the thread or wire, or the play of the 
tracing point, being at right angles to the axis of the screw. 

425. Suppose it be required to divide a line into any 
number of equal parts. The line is placed parallel to the axis 

30—2 



Screw. 


Screw-Mi- 

crometer. 


Sphero- 

meter. 


468 PRELIMINARY. [4^25. 

of the screw with one end exactly under the tracing point, or 
under the fixed wire of a microscope carried by the nut, and 
the screw-head is read off. By turning the head, the tracing 
point or microscope wire is brought to the other extremity of 
the line ; and the number of turns and fractions of a turn re- 
quired for the whole line is thus ascertained. Dividing this by 
the number of equal parts required, we find at once the number 
of turns and fractional parts corresponding to one of the 
required divisions, and by giving that amount of rotation to 
the screw over and over again, drawing a line after each rota- 
tion, the required division is effected. 

426. In the Micrometer, the movable wire carried by the 
nut is parallel to a fixed wire. By bringing them into optical 
contact the zero reading of the head is known ; hence when 
another reading has been obtained, we have by subtraction the 
number of turns corresponding to the length of the object to 
be measured. The absolute value of a turn of tlio screw is de- 
termined by calculation from the number of threads in an inch, 
or by actually applying the micrometer to an object of known 
dimensions. 

427. For the measurement of the thickness of a plate, or 
the curvature of a lens, the Spherometer is used. It consists of a 
screw nut rigidly fixed in the middle of a very rigid three-legged 
table, with its axis perpendicular to the plane of the three feet 
(or finely rounded ends of the legs), and an accurately cut screw 
working in this nut. The lower extremity of the screw ivS also 
finely rounded. The number of turns, whole or fractional, of 
the screw, is read off by a divided head and a pointer fixed to 
the stem. Suppose it be required to measure the thickness of 
a plate of glass. The three feet of the instrument ai'o placed 
upon a nearly enough flat surface of a hard body, and the screw 
is gradually turned until its point touches and presses the sur- 
face, The muscular sense of touch perceives resistance to the 
turning of the screw when, after touching the hard body, it 
presses on it with a force somewhat exceeding the weight of 
the screw. The first effect of the contact is a diminution of 
resistance to the turning, due to the weight of the screw coming 
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to be borne on its fine pointed end instead of on the thread of Sphero- 
the nut. The sudden increase of resistance at the instant when 
the screw commences to bear part of the weight of the nut finds 
the sense prepared to perceive it with remarkable delicacy on 
account of its contrast with the immediately preceding diminu- 
tion of resistance. The screw-head is now read off, and the screw 
turned backwards until room is left for the insertion, beneath 
its point, of the plate whose thickness is to be measured. The 
screw is again turned until increase of resistance is again per- 
ceived ; and the screw-head is again read off. The difference of 
the readings of the head is equal to the thickness of the plate, 
reckoned in the proper unit of the screw and the division of its 
head. 

428. If the curvature of a lens is to be measured, the in- 
strument is first placed, as before, on a plane surface, and the 
reading for the contact is taken. The same operation is repeated 
on the spherical surface. The difference of the screw readings 
is evidently the gi'eatest thickness of the glass which would be 
cut off by a plane passing through t^he three feet. This enables 
us to calculate the radius of the spherical surface (the distance 
from foot to foot of the instrument being known). 

Let a he the distance from foot to foot, I the length of screw 
corresponding to the difference of the two readings, R the radius 

o? 

of the spherical surface ; we have at once ^ 

is generally very small compared with a, the diameter is, very 
approximately, 

429. The Cathetometer is used for the accurate determina- Oatiieto- 
tion of differences of level — for instance, in measuring the 
height to which a fluid rises in a capillary tube above the ex- 
terior free surface. It consists of a long divided metallic stem, 
turning round an axis as nearly as may be parallel to its length, 

on a fixed tripod stand: and, attached to the stem, a spirit-level. 

Upon the stem slides a metallic piece bearing a telescope of 
which the length is approximately enough perpendicular to the 
axis. The telescope tube is as nearly as may be perpendicular 
to the length of the stem. By levelling screws in two feet of the 
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Catheto- tripod the bubble of the spirit-level is brought to one position 
of its glass when the stem is turned all round its axis. This 
secures that the axis is vertical. In using the instrument tlio 
telescope is directed in succession to the two objects whose 
difference of level is to be found, and in each case moved (gene- 
rally by a delicate screw) up or down the stem, until a horizontal 
wire in the focus of its eye-piece coincides with the imago of 
the object. The difference of readings on the vertical stem 
(each taken generally by aid of a vernier sliding-piece) corre- 
sponding to the two positions of the telescope gives the required 
difference of level. 

Balance. 430. The common Gravity Balance is an instrument for 
testing the equality of the gravity of the masses placed in the 
two pans. We may note here a few of the precautions adopted 
in the best balances to guard against the various defects to 
which the instrument is liable; and the chief points to be at- 
tended to in its construction to secure delicacy, and rapidity of 
weighing. 

The balance-beam should be very stiff, and as light as possible 
consistently with the requisite stiffness. For this purpose it is 
generally formed either of tubes, or of a sort of lattico-fratnework. 
To avoid friction, the axle consists of a knife-edge, as it is called ; 
that is, a wedge of hard steel, which, when the balance is in use, 
rests on horizontal plates of polished agate. A similar contri- 
vance is applied in very delicate balances at the points of the 
beam from which the scale-pans are suspended. When not in 
use, and just before use, the beam with its knife-edge is lifted 
by a lever arrangement from the agate plates. While thus 
secured it is loaded with weights as nearly as possible equal 
(this can be attained by previous trial with a coarser instru- 
ment), and the accurate determination is then readily effected. 
The last fraction of the required weight is determined by a rider, 
a very small weight, generally formed of wire, which can bo 
worked (by a lever) from the outside of the glass case in wliich 
the balance is enclosed, and which may be placed in different 
positions upon one arm of the beam. This arm is graduated to 
tenths, etc., and thus shows at once the value of the rider in 
any case as depending on its moment or leverage, § 232. 
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431. Qualities of a balance: 

1. Stability, — For stability of tbe beam alone without pans 
and weights, its centre of gravity must be below its bearing 
knife-edge. For stability with the heaviest weights the line 
joining the points at the ends of the beam from which tbe pans 
are hung must be below the knife-edge bearing the whole. 

2. Sensibility , — The beam should be sensibly deflected from 
a horizontal position by the smallest difference between the 
weights in the scale-pans. The definite measure of the sensi- 
bility is the angle through which the beam is deflected by a 
stated difference between the loads in the pans. 

S. Quickness . — This means rapidity of oscillation, and con- 
sequently speed in the performance of a weighing. It depends 
mainly upon the depth of the centre of gravity of the whole 
below the knife-edge and the length of the beam. 

In our Chapter on Statics we shall give the investigation. 
The sensibility and quickness will there be calculated for any 
given form and dimensions of the instrument. 

A fine balance should turn with about a 500,000th of the 
greatest load which can safely be placed in either pan. In 
fact few measurements of any kind are correct to more than 
six significant figures. 

The process of Double Weighwg, which consists in counter- 
poising a mass by shot, or sand, or pieces of fine wire, and then 
substituting weights for it in the same pan till equilibrium is 
attainec] is more laborious, but more accurate, than single 
weighing; as it eliminates all errors arising from unequal length 
of the arms, etc. 

Correction is required for the weights of air displaced by the 
two bodies weighed against one another when their difference 
is too large to be negligible. 

432. In the Torsion-balance, invented and used with great 
effect by Coulomb, a force is measured by the torsion of 
a glass fibre, or of a metallic wire. The fibre or wire is 
fixed at its upper end, or at both ends, according to circum- 
stances. In general it carries a very light horizontal rod or 
needle, to the extremities of which are attached the body on 
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wbicli is exerted the force to be measured, and a counfccrpoiso. 
The upper extremity of the torsion fibre is fixed to an index 
passing through the centre of a divided disc, so that the angle 
through which that extremity moves is directly measured. If, 
at the same time, the angle through which the needle has 
turned be measured, or, more simply, if the index be always 
turned till the needle assumes a definite position determined 
by marks or sights attached to the case of the instrument — 
we have the amount of torsion of the fibre, and it becomes a 
simple statical problem to determine from the latter the force 
to be measured; its direction, and point of application, and 
the dimensions of the apparatus, being known. The force of 
torsion as depending on the angle of torsion was found by Cou- 
lomb to follow the law of simple proportion up to the limits of 
perfect elasticity — as might have been expected from Hooke’s 
Law (see Properties of Matter), and it only remains that wo de- 
termine the amount for a particular angle in absolute measure. 
This determination is in general simple enough in theory; but 
in practice requires considerable care and nicety. The torsion- 
balance, however, being chiefly used for comparative, not 
absolute, measure, this determination is often unnecessary. 
More will be said about it when we come to its applications. 

433. The ordinary spiral spring-balances used for roughly 
comparing either small or large weights or forces, arc, properly 
speaking, only a modified form of torsion-balance^'', as they act 
almost entirely by the torsion of the wire, and not by longi- 
tudinal extension or by flexure. Spring-balances wo believe 
to he capable, if carefully constructed, of rivalling the ordinary 
balance in accuracy, while, for some applications, they far sur- 
pass it in sensibility and convenience. They measure directly 
force, not mass; and therefore if used for determining masses 
in different parts of the earth, a correction must be applied for 
the varying force of gravity. The correction for tcmpcu’alnro 
must not be overlooked. These corrections may bo avoided 
by the method of double weighing. 


* Binet, Journal de Vhcole Pohjtechniquc, x. 1815 : nn<l J. Tliomson, Cam- 
bridge and Dublin Math. Journal (1848). 



434.] 


MEASURES AND INSTRUMENTS. 


473 


434. Perhaps the most delicate of all instruments for the 
measurement of force is the Pendulum. It is proved in kinetics 
(see Div. ii.) that for any pendulum, whether oscillating about 
a mean vertical position under the action of gravity, or in a 
horizontal plane, under the action of magnetic force, or force 
of torsion, the square of the number of small oscillations in a 
given time is proportional to the magnitude of the force under 
which these oscillations take place. 

For the estimation of the relative amounts of gravity at 
different places, this is by far the most perfect instrument. 

The method of coincidences by which this process has been 
rendered so excessively delicate will be described later. 

435. The Bifilar Suspension^ an arrangement for measur- 
ing small horizontal forces, or couples in horizontal planes, in 
terms of the weight of the suspended body, is due originally to 
Sir William Snow Harris, who used it in one of his electro- 
meters, as a substitute for the simple torsion-balance of Coulomb. 

It was used also by Gauss in his bifilar magnetometer for mea- Bifilar Mag- 

. T PI *1 • netomecer. 

suring the horizontal component oi the terrestrial magnetic 
force In this instrument the bifilar suspension is adjusted to 
keep a bar-magnet in a position approximately perpendicular 
to the magnetic meridian. The smaU. natural augmentations 
and diminutions of the horizontal component are shown by 
small azimuthal motions of the bar. On account of some 
obvious mechanical and dynamical difficulties this instrument 
was not found very convenient for absolute determinations, but 
from the time of its first practical introduction by Gauss and 
Weber it has been in use in all Magnetic Observatories for 
measuring the natural variations of the horizontal magnetic 
component. It is now made with a much smaller magnet than 
the great bar weighing twenty-five pounds originally given with 
it by Gauss ; but the bars in actual use at the present day are 
still enormously too large f for their duty. The weight of the 

* Gauss, Bemltate axis den Beohaclitxmgen des niagnetisc'hen Vereins ini 
Jalire 1837. Translated in Taylor’s Scientific Memoirs, YoL n., Article yi. 

t The suspended magnets used for determining the direction and the in- 
tensity of the’ horizontal magnetic force m the Dublin Magnetic Observatory, 
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bar with attached mirror ought not to exceed eight grammes, 
so that two single silk fibres may suffice for the bearing threads. 
The only substantial alteration, besides the diminution of its 
magnitude, which has been made in the instrument since Gauss 
and Weber’s time is the addition of photographic apparatus and 
clockwork for automatic record of its motions. For absolute 
determinations of the horizontal component force, Gauss’s method 
of deflecting a freely suspended magnet by a magnetic bar brought 
into proper positions in its neighbourhood, and again making 
an independent set of observations to determine the period of 
oscillation of the same deflecting bar when suspended by a fine 
fibre and set to vibrate through a small horizontal angle on 
each side of the magnetic meridian, is the method whicli has 
been uniformly in use both in magnetic observatories and in 
travellers’ observations with small portable apparatus since it 
was first invented by Gauss 

In the bifilar balance the two threads may bo of unequal 
lengths, the line joining their upper fixed ends need not be hori- 
zontal, and their other ends may be attached to any two points of 
the suspended body: but for mosfc purposes, and particularly for 
regular instruments such as electrometers and magnetometers 
with bifilar suspension, it is convenient to have, as nearly as may 
be, the two threads of equal length, their fixed ends at the same 
level, and their other ends attached to the suspended body sym- 
metrically with reference to its centre of gravity (as illustrn ' 
in the last set of drawings of § 345’^). Supposing the instrumc 
maker to have fulfilled these conditions of symmetry as neai 
as he can with reference to the four points of attachment of tb 
threads, we have still to adjust properly the lengths of th 
threads. For this purpose remark that a small difference in th* 
lengths will throw the suspended body into an unsymmetrical 

as described by Dr Lloyd in Lis Treatise on Mapnetim (London, 1874), are oaeh 
of them 15 inches long, -J of an inch broad, and J of an inch in thickness, and 
must therefore weigh about a pound each. The corresponding magnets used at 
the Zew Observatory are much smaller. They are each 6*4 inches long, 0*8 
inch broad, and 0*1 inch thick, and therefore the weight of each is about 0*012 
pound, or nearly 55 grammes. 

* Intensitas Vis Magneticae Terrestris ad Mensumm AUolutam revocata^ 
Oommentationes Sooietatis Gottingensis, 1832. 
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position, in which, particularly if its centre of gravity he very 
low (as it is in Sir W. Thomson’s Quadrant Electrometer), much 
more of its weight will be borne by one thread than by the 
other. This will diminish very much the amount of the hori- 
zontal couple required to produce a stated azimuthal deflection 
in the regular use of the instrument, in other words will in- 
crease its sensibility above its proper amount, that is to say, 
the amount which it would have if the conditions of symmetry 
were fully realized. Hence the proper adjustment for equaliz- 
ing the lengths of the threads in a symmetrical bifilar balance, 
or for giving them their right difference in an unsymmctripal 
arrangement, in order to make the instrument as accurate as it 
can be, is to alter the length of one or both of the threads, until 
we attain to the condition of minimum sensibility , that is to 
say minimum angle of deflection under the influence of a given 
amount of couple. 

The great merit of the bifilar balance over the simple torsion- 
balance of Coulomb for such applications as that to the hori- 
zontal magnetometer in the continuous work of an observatory, 
is the comparative smallness of the influence it experiences 
from changes of temperature. The torsional rigidity of iron, 
copper, and brass wires is diminished about ^ per cent, with 10" 
elevation of temperature, while the linear expansions of the 
same metals are each less than per cent, witli the same 
elevation of temperature. Hence in the unifllar torsion- 
balance, if iron, copper, or brass (the only metals for which the 
change of torsional rigidity witli change of tomporature has 
hitherto boon measured) is used for the material of the bearing 
fibre, the sensibility is augmeixted f per cent, by 10® elevation 
of temperature. 

On the other hand, in the bifilar balance, if torsional rigidity 
docs not contribute any sensible proportion to the whole direc- 
tive couple (and this condition may bo realized as nearly as we 
please by making the bearing wires long enougli and making 
the distance between them great enough to give the re(puwito 
amount of directive couple), the sensibility of the balance is 
affected only by the linear expansions of the substan(X‘.H c(m- 
corned. If the equal distances betw^een the two pairs of points 
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of attachment, in the normal form of bifilar balance (or that in 
which the two threads are vertical when the suspended body is 
uninfluenced by horizontal force or couple), remained constant, 
the sensibility would be augmented with elevation of tempera- 
ture in simple proportion to the linear expansions of the bearing 
wires ; and this small influence might, if it were worth wliile 
to make the requisite mechanical arrangements, be perfectly 
compensated by choosing materials for the frames or bars bear- 
ing the attachments of the wires so that the proportionate 
augmentation of the distance between them should be just 
half the elongation of. either wire, because the sensibility, as 
shown by the mathematical formula below, is simply propor- 
tional to the length of the wires and inversely proportional to 
the square of the distance between them. But, even without any 
such compensation, the temperature-error due to linear expansions 
of the materials of the bifilar balance is so small that in the most 
accurate regular use of the instrument in magnetic observatories 
it may be almost neglected ; and at most it is less than of 
the error of the unifilar torsion-balance, at all events if, as is 
probably the case, the changes of rigidity with changes of tempe- 
rature in other metals are of similar amounts to those for the 
three metals on which experiments have been made. In reality 
the chief temperature-error of the bifilar magnetometer depends 
on the change of the magnetic moment of the suspended magnet 
with change of temperature. It seems that the magnetism of 
a steel magnet diminishes with rise of temperature and aug- 
ments with fall of temperature, but experimental information is 
much wanted on this subject. 

The amount of the effect is very different in different bars, 
and it must be experimentally determined for each bar serving 
in a bifilar magnetometer. The amount of the change of mag- 
netic moment in the bar which had been most used in tlie 
Dublin Magnetic Observatory was found to be '0()()021) per de- 
gree Fahrenheit or at the rate of ’000052 per degree Centigrade, 
being about the same amount as that of the change of torsional 
rigidity with temperature of the three metals rclerred to above. 

Let a be the half length of the bar between the points of 
attachment of the wires, B tlie angle through which the bar has 
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beoii turned (in a liorizontal plane) from its position of equi- 
librium, I the length of one of the wires, i its inclination to tho 
vertical. 

Then I cos i is the difference of levels between the ends of each 
wire, and evidently, by the geometry of the case, 

I sin I = a sin J 

Now if <3 be tho couple tending to turn the bar, and W its weight, 
the principle of mechanical cfRict gives 
Qde = -~Wd {I coat) 

— in sin ulc^ 


But, by the geometrical condition above, 
sin L cos idc = sin ^ Jd, 
Q IF 


Hence 


sin 0 I cos t 


or 



sin 0 



which gives the couple in terms of tho deflection 6, 

If the torsion of the wires bo taken into account, it is 
sensibly equal to 9 (since the greatest inclination to tho vortical 
is small), and therefore tho couple resulting from it will be JUd, 
This must be added to tho value of Q just found in order bo get 
the whole deflecting couple. 


436. Ei-gomcters aro invstruments for measuring energy. Brgomotors, 
Whitds friction brake moasuros the axnouiit of work actually 
porformed in any time by an engine or other ^'prime mover,” 
by allowing it during the time of frial to waste all its work on 
friction. Morins ergometer mcasxircs work without wasting 
any of it, in the course of its transmission from tho prime 
mover to machines in which it is usciully cinployod, It con- 
sists of a simple arrangement of springs, measuring at every 
instant the couple with which the prime mover turns the shaft 
that transmits its work, and an integrating inachiuc from which 
the work done by this couple during any time can be read off. 

Jjot L bo tho couple at any instant, and the whole angle 
througb which the shaft lias tmuiod from tho moment ab which 
the reckoning commences. TJio int(‘gratLug machine shows at 
any moment the value of which (§ 240) is the whole work 
done. 
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Ergometers. 437. White’s friction brake consists of a lover clamped to 
the shaft, but not allowed to turn with it. The moment of tho 
force required to prevent the lever from going round with tho 
shaft, multiplied by the whole angle through which the shaft 
turns, measures the whole work done against the friction of the 
clamp. The same result is much more easily obtained by 
wrapping a rope or chain several times round the shaft, or 
round a cylinder or drum carried round by the shaft, and 
applying measured forces to its two ends in proper directions 
to keep it nearly steady while the shaft turns round without it. 
The difference of the moments of these two forces round tlie 
axis, multiplied by the angle through which the shaft turns, 
measures the whole work spent on friction against the rope. 
If we remove all other resistance to the shaft, and apply the 
proper amount of force at each end of the dynamimetric rope 
or chain (which is very easily done in practice), the prime 
mover is kept running at the proper speed for the test, and 
having its whole work thus wasted for the time and measured. 
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CONTINUOUS CALCULATING MACHINES. 

I. Tide-peedicting Machine. 

The object is to predict the tides for any port for whioli the 
tidal constituents have been found from the harmonic analysis Hachiuo. 
from tide-gauge observations; not merely to predict the times 
and heights of high water, but the depths of water at any and 
every instant, showing them by a continuous curve, for a year, or 
for any number of years in advance. 

This object requires the summation of the simple harmonic 
functions representing the several constituents^ to be to.ken into 
account, which is performed by the machine in the following 
manner : — For each tidal constituent to be taken into account 
the machine has a shaft with an overhanging crank, which 
carries a pulley pivoted on a parallel axis adjustable to a greater 
or loss distance from the shaft’s axis, according to the greater or 
loss range of the particular tidal constituent for the different 
ports for which the machine is to be \isod. The several shafts, 
with their axes all parallel, are geared together so tliat their 
periods are to a sufficient degree of approximation proportional 
to the periods of the tidal constituents. The crank on each 
shaft can be turned round on the shaft and clami)od in any po- 
sition : thus it is set to the proper position for the ei)och of tho 
particular tide which it is to produce. The axes of the several 
shafts are hoiizontal, and their vertical planes are at successive 
distances one from another, each equal to tho diameter of one of 
tho pulleys (thoAi^^Eicters of these being equal). Tlio shafts are 
in two rows, an upper and a lower, and tlio grooves of the pulleys 
are all in one plane ]-)orpondlcular to their axes. 

Suppose, now, the axes of the pulleys to bo set each at zero 
distance from tho axis of its shaft, and let a fine wire or chain, 

* See Boport for 1876 of tlio Committee of tho British Association appointed 
for tlio purpose of promoting tho Extension, Improvement, and Harmonic 
Analysis of Tidal Observations. 
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Tide^p^ro- ^vith one end hanging down and carrying a weight, pass alicr- 

Mackme. nately over and under the pulleys in order, and vertically up- 

wards or downwards (according as the number of pulleys is oven, 
or odd) from the last pulley to a fixed point. The weight is 
to be properly guided for vertical motion by a geometrical slide. 
Turn the machine now, and the wire will remain undisturbed 
with all its free parts vertical and the hanging weight unmoved. 
But now set the axis of any one of the pulleys to a distance I T 
from its shaft’s axis and turn the machine. If the distance of 
this pulley from the two on each side of it in the othci“ row is a 
considerable multiple of the hanging weiglit will now (if tho 
machine is turned uniformly) move up and down with a simple 
harmonic motion of amplitude (or semi-range) equal to T in tho 
period of its shaft. If, next, a second pulley is displaced to a 
distance -J- T\ a third to a distance and so on, tho hanging 
weight will now perform a complex harmonic motion c(pial to 
the sum of the several harmonic motions, each in its proper 
period, which would be produced separately by tho displace- 
ments T\ T'\ Thus, if the machine was made on a largo 
scale, with T',... equal respectively to tho actual semi-raugos 
of the several constituent tides, and if it was turned round 
slowly (by clockwork, for example), each shaft going once round 
in the actual period of the tide which it ro])resonts, tlio hanging 
weight would rise and fall exactly with the water-level as 
affected by the whole tidal action. This, of course, could bo of 
no use, and is only suggested by way of illustration. Tho actual 
machine is made of such magnitude, that it can bo set to give a 
motion to the hanging weight equal to the actual motion of tho 
water-level reduced to any convenient scale : and provided tho 
whole range docs not exceed about 30 centiiiKitrcs, tlu) geo- 
metrical error due to the deviation from perfect parallelism in 
the successive free parts of tho wire is not so great as to bo 
practically objectionable. Tho pro]xu‘ order for the shafts is tho 
order of magnitude of the constituent tid(\s wliicJi they produce, 
the greatest next tho hanging weight, ajid tho hkist next the 
fixed end of the wire : this so that tho great(isb constituent may 
have only one pulley to move, tho second in magnitude only two 
pulleys, and so on. 

One machine of this kind has already boon constructed for tho 
British Association, and another (with a greatoj* nutnber of shafts 
to include a greater number of tidal coustituonts) is being con- 
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structed for the Indian Government. The British Association 
machine, which is kept available for general use, under charge Machine, 
of the Science and Art Department in South Kensington, has 
ten shafts, which taken in order, from the hanging weight, give 
respectively the following tidal constituents*: 

1. The mean lunar semi-diurnal. 

2. The mean solar semi-diurnal. 

3. The larger elliptic semi-diurnal. 

4. The luni-solar diurnal declinational. 

5. The lunar diurnal declinational. 

6. The luni-solar semi-diurnal declinational. 

7. The smaller elliptic semi-diurnal. 

8. The solar diurnal declinational. 

9. The lunar quarter-diurnal, or first shallow-water tide of 

mean lunar semi-diurnal. 

10. The luni-solar quarter-diurnal, shallow- water tide. 

The hanging weight consists of an ink-bottle with a glass 
tubular pen, which marks the tide level in a continuous curve 
on a long band of paper, moved horizontally across the line of 
motion of the pen, by a vertical cylinder geared to the revolving 
shafts of the machine. One of the five sliding points of the 
geometrical slide is the point of the pen sliding on the paper 
stretched on the cylindei", and the couple formed by the normal 
pressure on this point, and on another of the five, which is about 
four centimetres above its level and one and a half centimetres 
from the paper, balances the couple due to gravity of the ink- 
bottle and the vertical component of the pull of the bearing wire, 
which is in a line about a millimetre or two farther from the 
paper than that in which the centre of gravity moves. Thus is 
ensured, notwithstanding small inequalities on the paper, a 
pressure of the pen on the paj>er very approximately constant 
and as small as is desired. 

Hour marks are made on the cuiwe by a small horizontal 
movement of the ink-bottle’s lateral guides, made once an hour ; 
a somewhat greater movement, giving a deeper notch, servos to 
mark the noon of every day. 

The machine may be turned so rapidly as to run off a year’s 
tides for any port in about four hours. 

Each ci'ank should carry an adjustable counterpoise, to bo 


^ See Eeport for 1876 of the British Association’s Tidal Committee. 

VOL. I. 31 
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Tide-pre- adjusted SO that when the crank is not vertical the pulls of the 

dieting - . „ . . . - 

Machine. approximately vertical portions of wire acting on it through the 

pulley which it carries shall, as exactly as may be, balance on 
the axis of the shaft, and the motion of the shaft should be 
resisted by a slight weight hanging on a thread wrapped once 
round it and attached at its other end to a fixed point. This 
part of the design, planned to secure against ‘4ost time” or 
‘‘back lash” in the gearings, and to preserve uniformity of 
pressure between teeth and teeth, teeth and screws, and ends of 
axles and “end-plates,” was not carried out in the British 
Association machine. 


II. Machine for the Solution of Simultaneous 
Linear Equations'*". 



Let be n bodies each supported on a fixed axis 

(in practice each is to be supported on knife-edges like the beam 
of a balance). 

Let Pjj, Pgj, ... be w pulleys each pivoted on Pj 
P P P P B • 

■^ 18 > -^ 23 ’ -^ 83 > -^"3 » » 


„ C'jj, (7g, ... (7^, be n cords passing over the pulleys; 
» ^25 ••• course of 

V ^2* ‘^82> ^23) •** ■^2«J 


J, Ay- Ay Ay ^^led points; 

„ ... be the lengths of the cords between 

and I)^, Pg, and along the courses stated above, when 

B^, B^, ... B^, are in particular positions which will bo called 
their zero positions; 

,, + 1^ + 6^, + be their lengths between the same 

fixed points, when B^, B^, ...B^ are turned through angles cc^j 
£Cg, ... from their zero positions; 

(11), (12), (13),. ..(In), 

(21), (22),(23),...(2n), 

(31), (32), (33), ... (3n), 


Sir W. Thomson, Proceedings of the Eoyal Societijj Vol. sxvni., 1878. 
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quantities such that 

(1 1) SB, + (12) as, + .. . + (Im) a3„= ej ' 

(21) a, + (22) aj, + . . . + (2n) 

(31) £Cj + (32)3^2+ = 63 - 


(?^l) 33^ + (n2) 03^ + . . . + (nn) = e^j 

We shall suppose x^, each so small that ( 11 ), 

(12), ...(21), etc., do not vary sensibly from the values which 
they have when x^, ...x^^^ are each infinitely small. In 
practice it will be convenient to so place the axes of . . . B^, 

and the mountings of the pulleys on B^y B^y ... B^y and the fixed 
points D^yE^yB^y etc., that when x^yX^y .,.x^ are infinitely small, 
the straight parts of each cord and the lines of infinitesimal mo- 
tion of the centres of the pulleys round which it passes shall be 
all parallel. Then ^ ( 11 ), |( 21 ), ^ (^ 1 ) will be simply equal to 
the distances of the centres of the pulleys ... from the 

axis oiB^y | (12), \ (22 ) . . . J (^ 2 ) the distances of P^^, P^^, . . . P.^ 
from the axis of B^\ and so on. 

In practice the mountings of the pulleys are to be adjustable 
by proper geometrical slides, to allow any prescribed positive or 
negative value to be given to each of the quantities (11), 
( 12 ),... ( 21 ), etc. 

Suppose this to be done, and each of the bodies P^, Pjj, ... 
to be placed in its zero position and held there. Attach now 
the cords firmly to the fixed points P^, ... P^ respectively; 
and, passing them round their proper pulleys, bring them to the 
other fixed points P^, ••• P„, and pass them through infinitely 
small smooth rings fixed at these points. How hold the bodies 
P,, Pjj, ... each fixed, and (in practice by weights hung on their 
ends, outside P^, P^, ... Pj pull the cords through E^y P^,... P„ 
with any given tensions* P3, P,. Let G^y ... G^ be 

moments round the fixed axes of P^, P^, ... P„ of the forces re- 
quired to hold the bodies fixed when acted on by the cords thus 

* Tho idea of force here first introduced is not essential, indeed is not 
technically admissible to tho purely Idnomatio and algebraic part of tho subject 
proposed. But it is not merely an ideal kinematic construction of the algebraic 
problem that is intended; and tho design of a kinematic machine, for success in 
practice, essentially involves dynamical considerations. In tho present case 
some of tho most important of tho purely algebraic questions concerned are very 
interestingly illustrated by those dynamical considerations. 


Equation- 

Solver. 


(!)• 


31—2 
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Equation- Stretched. The principle of ^‘virtual velocities/’ just as it came 

from Lagrange (or the principle of “work”), gives immediately, 
in virtue of (I), 

6^^ = (ll)5",+ (21)^^+...H-(nl)2^„ 

G^ = {ln)T^ + {^n)T,^..,^{nn)T^ 

Apply and keep applied to each of the bodies, B^, •••A, 
(in practice by the weights of the pulleys, and by counter-pulling 
springs), such forces as shall have for their moments the values 
G^ ... G^^y calculated from equations (II) with whatever values 
seem desirable for the tensions T^, ... T^. (In practice, the 
straight parts of the cords are to be apj)roximately vertical, and 
the bodies B^y B^y are to be each balanced on its axis when the 
pulleys belonging to it are removed, and it is advisable to make 
the tensions each equal to half the weight of one of the pulleys 
with its adjustable frame.) The machine is now ready for use. 
To use it, pull the cords simultaneously or successively till 
lengths equal to e^y...e^ are passed through the rings E^y 
E^y •••E^y respectively. 

The 'pulls required to do this may be positive or negative; in 
practice, they will be infinitesimal downward or upward pressures 
applied by hand to the stretching weights which remain pex’- 
manently hanging on the cords. 

Observe the angles through which the bodies B^y B^, B^^ are 

turned by this given movement of the cords. These angles are 
the required values of the unknown x^y x^y ... satisfying tho 
simultaneous equations (I). 

The actual construction of a practically useful machine for 
calculating as many as eight or ten or more of unknowns from 
the same number of linear equations does not pi'omise to be either 
difficult or over-elaborate. A fair approximation having been 
found by a first apj^lication of the machine, a very moderate 
amount of sti'aightforward arithmetical work (aided very ad- 
vantageously by Crelle’s multiplication tables) suffices to calculate 
the residual errors, and allow the machines (with tho setting of 
the pulleys unchanged) to be re-applied to calculate tlie corrections 
(which may be treated decimally, for convenience) : thus, 100 
times the amount of the correction on each of the original un- 
knowns may be made the new unknowns, if the magnitudes thus 
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falling to be dealt with are convenient for the machine. There folver!^^" 
is, of course, no limit to the accuracy thus obtainable by succes- 
sive approximations. The exceeding easiness of each application 
of the machine promises well for its real usefulness, whether for 
cases in which a single application sufSces, or for others in which 
the requisite accuracy is reached after two, three, or more, of 
successive approximations. 

The accompanying drawings represent a machine for finding 
six"^ unknowns from six equations. Eig. 1 represents in eleva- 
tion and plan one of the six bodies etc. Fig. 2 shows in 

elevation and plan one of the thirty -six pulleys with its 
cradle on geometrical slide (§ 198). Fig. 3 shows in front-ele- 
vation the general disposition of the instrument. 


Fig. 1. One of the six moveahle bodies, 



Elevation. 


Plan. 


* This number has been chosen for the first practical machine to bo con- 
structed, because a chief application of the machine may bo to the calculation 
of the corrections on approximate values already found of the six elements of 
the orbit of a comet or asteroid. 



486 


APPENDIX b'. 


[II. 


Equation- 

Solver. 


Fia. 2. One of the thirty-six pulleys, P, with its sliding cradle. 
Full Size. 



Plan. 



In Fig, 3 only one of the six cords, and the six pulleys over 
which it passes, is shown, not any of the other thirty. The three 
pulleys seen at the top of the sketch are three out of eighteen 
pivoted on immoveable hearings above the machine, for the pur- 
pose of counterpoising the weights of the pulleys P, with their 
sliding cradles. Each of the counterpoises is equal to twice the 
weight of one of the pulleys P with its sliding cradle. Thus if 
the bodies B are balanced on their knife-edges with each sliding 
cradle in its central position, they remain balanced when one 
or all of the ci’adles are shifted to either side; and the tension 
of each of the thirty-six essential cords is exactly equal to half 
the weight of one of the pulleys with its adjustable frame, as 
specified above (the deviations from exact veriicality of all the 
free portions of the thirty-six essential cords and the eighteen 
counterpoising cords being neglected). 
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III. An Integrating Machine having a New Kine- 
matic Principle*. 

Disk', 

Globe-, and 
Cylinder- 
Integrating 
Machine. 


p. 262. 

t Instruments of this kind, and any others for measuring mechanical work, 
may better in future he called Ergometers than Dynamometers. The name 
“dynamometer” has been and continues to be in common use for signifying 
a spring instrument for measuring force; but an instrument for measuring 
ivork, being distinct in its nature and object, ought to have a different and more 
suitable designation. The name “ dynamometer,” besides, appears to be badly 
formed from the Greek; and for designating an instrument for 7nea8urement of 
forces I would suggest that the name may with advantage be changed to 
dynamimeter. In respect to the mode of forming words in such cases, reference 
may be made to Curtius’s Grammar, Dr Smith’s English edition, § 354, p. 220.— 
J. T., 26th February, 1876. 

t Bang’s Planimeter is very clearly described and figured in a paper by its 
inventor, in the Transactions of the Eoyal Scottish Society of Arts, Vol. iv. 
January 12, 1852. 


The kinematic principle for integrating ydx, which is used in 
the instruments well known as Morin’s Dynamometer t and 
Bang’s Planimeter J, admirable as it is in many respects, involves 
one element of imperfection which cannot but prevent our con- 
templating it with full satisfaction. This imperfection consists 
in the sliding action which the edge wheel or roller is required 
to take in conjunction with its rolling action, which alone is 
desirable for exact communication of motion from the disk or 
cone to the edge roller. 

The very ingenious, simple, and practically useful instrument 
well known as Amsler’s Polar Planimeter, although different in 
its main features of principle and mode of action from the instru- 
ments just referred to, ranks along with them in involving the 
like imperfection of requiring to have a sidewise sliding action 
of its edge rolling wheel, besides the desirable rolling action on 
the surface which imparts to it its revolving motion — a surface 

* Professor James Thomson, Proceedings of the Boyal Society, Yol. xxiv., 1876, 
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wMch ill tills case is not a disk or cone, but is the surface of the i>isk-, 
paper, or any other plane face, on which the map or other plane Cylinder- 
diagram to be evaluated in area is drawn. 

Professor J. Clerk Maxwell, having seen Sang’s Planinieter 
in the Great Exhibition of 1851, and having become convinced 
that the combination of slipping and rolling was a drawback on 
the perfection of the instrument, began to search for some ar- 
rangement by which the motion should be that of perfect rolling 
in every action of the instrument, corresponding to that of com- 
bined slipping and rolling in jirevious instruments. He suc- 
ceeded in devising a new form of planinieter or integrating 
machine with a quite new and very beautiful principle of kine- 
matic action depending on the mutual rolling of two equal 
spheres, each on the othei*. He described this in a paper sub- 
mitted to the Royal Scottish Society of Arts in January 1855, 
which is published in YoL iv. of the Transactions of that Society. 

In that paper he also offered a suggestion, which appears to be 
both interesting and important, proposing the attainment of the 
desired conditions of action by the mutual rolling of a cone and 
cylinder with their axes at right angles. 

The idea of using pure rolling instead of combined rolling 
and slipping was communicated to me by Prof. Maxwell, when 
I had the pleasure of learning from himself some particulars as 
to the nature of his contrivance. Afterwards (some time be- 
tween the years 1801 and 1804), while endeavouring to contrive 
means for the attainment in meteorological observatories of 
certain integrations in respect to the motions of the wind, and 
also in endeavouring to devise a planinieter more satisfactory in 
principle than either Sang’s or Amslor’s planinieter (even though, 
on grounds of practical simplicity and convenience, unlikely to 
turn out preferable to AmslePs in ordinary oases of taking 
areas from maps or other diagrams, but something that I hoped 
might possibly be attainable which, while having the merit of 
working by pure rolling contact, might bo simpler than the 
instrument of Prof. Maxwell and preferable to it in mechanism), 

I succeeded in devising for the desired object a new kinematic 
method, which has over since appeared to me likely sometime 
to prove valuable when occasion for its employment might bo 
found. Kow, within the last few days, this principle, on being 
suggested to my brother as perhaps capable of being usefully 
employed towards the development of tide-calculating machines 
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wliich lie liad been devising, has been found by him to be capable 
of being introduced and combined in several ways to produce 
important results. On his advice, therefore, I now offer to the 
Royal Society a brief description of the new principle as devised 
by me. 

The new principle consists primarily in the transmission of 
motion from a disk or cone to a cylinder by the intervention of 
a loose ball, which presses by its gravity on the disk and cylinder, 
or on the cone and cylindei', as the case may be, the pressure 
being sufficient to give the necessary frictional coherence at 
each point of rolling contact; and the axis of the disk or cone 
and that of the cylinder being both held fixed in position by 
bearings in stationary framework, and the arrangement of these 
axes being such that when the disk or the cone and the cylinder 
are kept steady, or, in other words, without rotation on their 
axes, the ball can roll along them in contact with both, so that 
the point of rolling contact between the ball and the cylinder 
shall traverse a straight line on the cylindric surface parallel 
necessarily to the axis of the cylinder — and so that, in the case 
of a disk being used, the point of rolling contact of the ball 
with the disk shall traverse a straight line passing through the 
centre of the disk — or that, in case of a cone being used, the 
line of rolling contact of the ball on the cone shall traverse a 
straight line on the conical surface, directed necessarily towards 
the vertex of the cone. It will thus readily be seen that, 
whether the cylinder and the disk or cone be at rest or revolving 
on their axes, the two lines of rolling contact of the ball, one 
on the cylindric surface and the other on the disk or cone, when 
both considered as lines traced out in space fixed relatively to 
the framing of the whole instrument, will be two parallel straight 
lines, and that the line of motion of the ball’s ceixtre will bo 
straight and parallel to them. Por facilitating explanations, 
the motion of the centre of the ball along its path parallel to 
the axis of the cylinder may be called the balhs longitudinal 
motion. 

Now for the integration of ydx\ the distance of the point of 
contact of the ball with the disk or cone from the centre of tho 
disk or vertex of the cone in the ball’s longitudinal motion is 
to represent while the angular space turned by the disk or 
cone from any initial position represents a?; and then tho angular 
space turned by the cylinder will, when multiplied by a suitable 
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constant numerical coefficient, express tlie inteip-al in terms o£ Duk-, 

• 1 -1. -x IX- Globe-, and 

any required unit for its evaluation. Cyimder- 

The longitudinal motion may be imparted to the ball by 
having the framing of the whole instrument so placed that the 
lines of longitudinal motion of the two points of contact and 
of the balFs centre, which are three straight lines mutually 
parallel, shall be inclined to the horizontal sufficiently to make 
the ball tend decidedly to descend along the line of its longitu- 
dinal motion, and then regulating its motion by an abutting 
controller, which may have at its point of contact, whore it 
presses on the ball, a plane face perpendicular to the line of the 
ball’s motion. Otherwise the longitudinal motion may, for some 
cases, preferably be imparted to the ball by having the direction 
of that motion horizontal, and having two controlling flat faces 
acting in close contact without tightness at opposite extremities 
of the balks diameter, which at any moment is in the line of 
the ball’s motion or is parallel to the axis of the cylinder. 

It is worthy of notice that, in the case of the disk-, ball-, and 
cylinder-integrator, no theoretical nor important practical fault 
in the action of the instrument would be involved in any 
deficiency of perfect exactitude in the practical accomplishment 
of the desired condition that the line of motion of the ball’s 
point of contact with the disk should pass through the centre of 
the disk. The reason of this will be obvious enough on a little 
consideration. 

The plane of the disk may suitably bo placed inclined to the 
horizontal at some such angle as 45 ° 3 and the accompanying 
sketch, together with the model, which will be submitted to the 
Society by my brother, will aid towards the clear understanding 
of the explanations which have been given. 

My brother has pointed out to me that an additional opera- 
tion, important for some purposes, may be effected by arranging 
that the machine shall give a continuous record of the growth 
of the integral by introducing additional mechanisms suitable 
for continually describing a curve such that for each point of it 
the abscissa shall represent the value of x, and the ordinate 
shall represent the' integral attained from x = 0 forward to that 
value of X, This, he has pointed out, may be effected in practice 
by having a cylinder axised on the axis of the disk, a roll of 
paper covering bhis cylinder’s surface, and a straight bar situated 
parallel to this cylinder’s axis and resting with enough of pros- 
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Bisk-, sure on the surface of the primary registering or the indicating 

Cylinder- cylinder (the one, namely, which is actuated by its contact with 

Integrator. make it have sufficient frictional coherence with that 




surface, and by having this bar made to carry a pencil or other 
tracing point which will mark the desired curve on the secondary 
registering or the recording cylinder. As, from the nature of 
the apparatus, the axis of the disk and of the secondary registex^- 
ing or recording cylinder ought to be steeply inclined to tho 
horizontal, and as, therefore, this bar, cariying the pencil, would 
have the line of its length and of its motion alike steeply in- 
clined with that axis, it seems that, to carry out this idea, it 
may be advisable to have a thread attached to the bar and 
extending off in the line of the bar to a pulley, passing over the 
pulley, and having suspended at its other end a weight which 
will be just sufficient to counteract the tendency of tho rod, in 
virtue of gravity, to glide down along the line of its own slope, 
so as to leave it perfectly free to be moved up or dowtx by tho 
frictional coherence between itself and the moving surface of the 
indicating cylinder worked directly by the ball. 
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IV. An Instrument for calculating 




THE Integral of the Product of two given Functions*. 


In consequence of the recent meeting of the British Association Machino to 
at Bristol, I resumed aA attempt to find an instrument which Integral of 
should supersede the heavy arithmetical labour of calculating two Func- 
the integrals required to analyze a function into its simple har- 
monic constituents according to the method of Fourier. During 
many years previously it had appeared to me that the object 
ought to be accomplished by some simple mechanical means ; 
but it was not until recently that I succeeded in devising an 
instrument approaching sufficiently to simplicity to promise 
practically useful results. Having arrived at this stage, I de- 
scribed my proposed machine a few days ago to my brother 
Professor James Thomson, and he desexibed to me in return a 
kind of mechanical integrator which had occurred to him many 
years ago, but of which he had never published any description. 

I instantly saw that it gave me a much simpler means of attain- 
ing my special object than anything I had been able to think of 
previously. An account of his integi-ator is communicated to 
the Eoyal Society along with the present paper. 


To calculate if/(x)dx, the rotating disk is to be displaced 
from a zero or initial position through an angle equal to 


[ ip(x)dx, 

Jo 

while the rolling globe is moved so as always to be at a distance 
from its zero position equal to i/^(x). This being done, the cylinder 

obviously turns through an angle equal to f ^(x) \j/(x)dxj and 

Jo 

thus solves the problem. 

One way of giving the required motions to the rotating disk 
and rolling globe is as follows : — 


Sir W. Thomson, Proceedings of the Poyal Society , Vol, xxiv, , 1870, p. 206. 
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Machine to 
calculate 
Integral of 
Product of 
two Punc- 
tions. 


On two pieces of paper draw the curves 

y =J ^x) dec, and (x). 

Attach, these pieces of paper to the circumference of two cir- 
cular cylinders, or to different parts of the circumference of one 
cylinder, with the axis of a; in each in the direction perpendicular 
to the axis of the cylinder. Let the two cylinders (if there are 
two) be geared together so as that their circumferences shall 
move with equal velocities. Attached to the framework let 
there be, close to the circumference of each cylinder, a slide or 
guide-rod to guide a moveable point, moved by the hand of an 
operator, so as always to touch the curve on the surface of the 
cylinder, while the two cylinders are moved round. 

Two operators will be required, as one operator could not 
move the two points so as to fulfil this condition — at all events 
unless the motion were very slow. One of these points, by 
proper mechanism, gives an angular motion to the rotating disk 
equal to its own linear motion, the other gives a linear motion 
equal to its own to the centre of the rolling globe. 

The machine thus described is immediately applicable to 
calculate the values E^, E^, etc. of the harmonic constituents 
of a function xj/ (x) in the splendid generalization of Fourier’s 
simple harmonic analysis, which he initiated himself in his 
solutions for the conduction of heat in the sphere and the 
cylinder, and which was worked out so ably and beautifully by 
Poisson* and by Sturm and Liouville in their memorable 
papers on this subject published in the first volume of Liouville’s 
J ournal des Mathematiques, Thus if 

■A H H (x) + (x) + etc. 

be tbe expression for an arbitrary function ifrx, in terms of the 
generalized harmonic functions ,j>^{x), etc., those 

functions being such that 

I <^1 (*) («=) dx = 0, (x) ^3 (x) dx = 0, (x) <!>, (x) = 0, etc., 


His general demonstration of the reality of tho roots of transcendental 
equations essential to this analysis (an exceedingly important stop in advance 
from Fourier’s position), which he first gave in the Bulletin de la SociM 
BUlomatUque for 1828, is reproduced in his TUorie MatUmatiqua dc la 
CJialeur, § 90, 
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we have 




J (x) xj/ (x) dx 



Machine to 
calculate 
Integral of 
Product of 
two Func- 
tions. 


^ (®) (*) 

etc. 


In the physical applications of this theory the integrals 
which constitute the denominators of the formulas for etc. 

are always to be evaluated in finite terms by an extension of 

Fourier^s formula for the / dx of his problem of the cylinder* 

Jo 

made by Sturm in equation (10), § iv. of his Memoir q $ut une 


Classe d^ Equations ct differences pcf/rtielles in Liouville’s Journaly 
Yol. I. (1836). The integrals in the numerators are calculated 
with great ease by aid of the machine worked in the manner 
described above. 


The great practical use of this machine will be to perform 
the simple harmonic Fourier-analysis for tidal, meteorological, 
and perhaps even astronomical, observations. - It is the case in 
which 

and the integration is perfoimed through a range equal to 

n 

(i any integer) that gives this ajiplication. In this case the 
addition of a simple crank mechanism, to give a simple harmonic 

angular motion to the rotating disk in the proper period ~ ^ 

when the cylinder bearing the curve y-'^ipo) moves uniformly, 
supersedes the necessity for a cylinder with the curve y = (cc) 
traced on it, and an operator keeping a point always on this 
curve in the manner described above. Thus one operator will bo 
enough to carry on the process ; and I believe that in the appli- 
cation of it to the tidal harmonic analysis he will be able in an 


Fourier’s Th6one Analytique de la Clialmr, § 319, p. 391 {Faris, 1822). 
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[IV. 

hour or two to find hy aid of the machine any one of the simple 
harmonic elements of a yearns tides recorded in curves in the 
usual manner by an ordinary tide-gauge — a result which hitherto 
has required not less than twenty hours of calculation by skilled 
arithmeticians. I believe this instrument will be of great valu^ 
also in determining the diurnal, semi-diurnal, ter-diurnal, and 
quarter-diurnal constituents of the daily variations of temperature, 
barometric pressure, east and west components of the velocity of 
the wind, north and south components of the same ; also of the 
three components of the terrestrial magnetic force ; also of the 
electric potential of the air at the point where the stream of 
water breaks into drops in atmospheric electrometers, and of 
other subjects of ordinary meteorological or magnetic observa- 
tions ; also to estimate precisely the variation of terrestrial 
magnetism in the eleven years sun-spot period, and of sun-spots 
themselves in this period ; also to disprove (or prove, as the case 
may be) supposed relations between sun-spots and planetary 
positions and conjunctions; also to investigate lunar influence 
on the height of the barometer, and on the components of the 
terrestrial magnetic force, and to find if lunar influence is 
sensible on any other meteorological phenomena — and if so, to 
determine precisely its character and amount. 

From the description given above it will be seen that the 
mechanism required for the instrument is exceedingly simple and 
easy. Its accuracy will depend essentially on the accuracy of the 
circular cylinder, of the globe, and of the plane of the rotating 
disk used in it. For each of the three surfaces a much less 
elaborate application of the method of scraping than that by 
which Sir Joseph Whitworth has given a true piano with such 
marvellous accuracy will no doubt suffice for the practical re- 
quirements of the instrument now proposed. 
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V. Mechanical Integration of Linear Differen- 
tial Equations of the Second Order with Variable 
Coefficients*. 


Every linear diiferential equation of the second order may, 
is known, be reduced to tbe form 


d /\ du\ 
dx \P dx) ^ 


( 1 ). 


as Mochamon,! 
Intogr.ition 
of Linear 
3)iirorontial 
Equations 
of Second 
Order. 


where P is any given function of og. 

On account of the great importance of this equation in 
mathematical physics (vibrations of a non-imiform stretched 
cord, of a hanging chain, of water in a canal of non-uniform 
breadth and depth, of air in a pipe of non-uniform sectional area, 
conduction of heat along a bar of non-uniform section or non- 
uniform conductivity, Laplace’s differential equation of the tides, 
etc. etc.), I have long endeavoured to obtain a means of facilitat- 
ing its practical solution. 

Methods of calculation such as those used by Laplace him- 
self are exceedingly vahiable, bub are very laborious, too 
laborious unless a serious object is to be attained by calculating 
out results with minute accuracy. A ready means of obtaining 
approximate results which shall show the general character of 
the solutions, such as those so well worked out by Sturm +, has 
always seemed to mo a desideratum. Therefore I iiave made 
mairy attempts to plan a mechanical integrator which should 
give solutions by successive api^roximations. This is clearly done 
now, when wo have the instrument for calculating {x) dx, 

founded on my brother’s disk-, globe-, and cylindor-intcgratoi', 
and described in a ])rovious communication to the Iloyal Society; 
for it is easily proved f that if 


Sir W. Thomson, FroceedingH of the Royal Society, Vol. xxiv., 1870, p. 200. 
t Meinoire sur les Equations diffSrentiellcs IMaircs du second orclre, Liouvillo’s 
Journal, Vol. i. 18B0. 

X Cambridge Sonato-IIouso Examination, Thursday afternoon, January 22nd, 
1874. 


VOL. 1. 


32 



498 


APPENDIX b'. 


[V. 


Mechanical 

Integration 

of Linear 

Differential 

Equations 

of Second 

Order. 



where is any function of oj, to begin with, as for example 
u^-x] then etc. are successive approximations converg- 

ing to that one of the solutions of (1) which vanishes when aj = 0. 

rx 

Now let my brother’s integrator be applied to find G — I u^dx, 

J 0 

and let its result feed, as it were, continuously a second macLine, 
which shall find the integral of the product of its result into 
Fdx. The second machine will give out continuously the value 
of u^. Use again the same process with instead of and 
then Wg, and so on. 

After thus altering, as it were, into by passing it through 
the machine, then into by a second passage through tho 
machine, and so on, the thing will, as it were, become refined 
into a solution which will be more and more nearly rigorously 
correct the offcener we pass it through the machine. If docs 
not sensibly differ from Ui, then each is sensibly a solution. 

So far I had gone and was satisfied, feeling I had done what 
I wished to do for many years. But then came a plcasuig 
surprise. Compel agreement between the function fed into tlio 
double machine and that given out by it. This is to be done })y 
establishing a connexion which shall cause the motion of tho 
centre of the globe of the first integrator of the double machine 
to be the same as that of the surface of the second integrator’s 
cylinder. The motion of each will thus bo necessarily a solution 
of (1). Thus I was led to a conclusion which was quite unex- 
pected ; and it seems to me very remarkable that tho gcnoi*al 
differential equation of the second order with variable coefficients 
may be rigorously, continuously, and in a single process solved 
by a machine. 

Take up the whole matter ah initio : licro it is. Take two of 
my brother’s disk-, globe-, and cylinder-integrators, and connect 
the fork which guides tho motion of tho globe of each of tlu^ 
integrators, by proper mechanical means, with tlic eircnm£erone-o 
of the other integrator’s cylinder. Then move one integrator’s 
disk through an angle = x, and simultiuieously move tlio otJicr 
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rx Mechanical 

integrator's disk tlirongli an. angle always = I Fdx, a given 

^ Diirerential 

function of x. The circumference of the second iiitegi‘ator's Equations 

^ Second 

cylinder and the centre of the first integrator’s globe move each Order, 
of them through a space which satisfies the differential equa- 
tion (1). 

To prove this, let at any time (/^, be the displacements of 
the centres of the two globes from the axial linos of the disks ; 
and let dx^ Fdx be infinitesimal angles turned through by the two 
disks. The infinitesimal motions produced in the circumferences 
of two cylinders will be 

g^dx and g^Pdx. 

But the connexions pull the second and first globes through spaces 
respectively equal to those moved through by the circumferences 
of the fii'st and second cylindoi*s. Hence 

g^dx = dg^, and g^Pdx=dg,i 

and eliminating 

±(1 ^)=g 

dx{2^dxj 


which shows that g^ put for u satisfies the differential equa- 
tion (1). 

The machine gives the complete integral of the equation with 
its two arbitrary constants. For*, for any particular value of .r, 
give arbitrary values (7^. [That is to say mechanically; dis- 
connect the forks from the cylinders, shift the forks till the globes’ 
centres are at distances (7^, (7^ from the axial lines, then connect, 
and move the machine.] 

We have for this value of x, 


drt 

that is, wo secure arbitrary values for g^ and by the arbitrari- 
ness of the two initial positions of the globes. 
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VI. Mechanical Integeation of the general Linear 
Differential Equation of ant Order with Variable 
Coefficients*. 


Mechanical 
Integration 
of General 
Linear 
Differential 
Equation of 
Any Order. 


Take any number i of my brotker’s disk-, globe-, and cylinder- 
integrators, and make an integrating chain of them thus: — 
Connect the cylinder of the first so as to give a motion equal to 
its ownt to the fork of the second. Similarly connect the 
cylinder of the second with the fork of the third, and so on. 
Let up to be the positions J of the globes at any time. 

Let infinitesimal motions F^dx, F^dx, F^dx, ... bo given simul- 
taneously to all the disks (dx denoting an infinitesimal motion of 
some part of the mechanism whose displacement it is convenient 
to take as independent variable). The motions (cZk^, dK^^ . . . dK^) 
of the cylinders thus produced are 

dK^ = g,F^dx, dK^^g^F^dx , ... dK,^g,F,dx ( 1 ). 

But, by the connexions between the cylinders and forks which 
move the globes, dK^-dg^^ dK^-dg^, ••• dg^] and there- 

fore 

dg^==g^P,Jx, ... dg^=g,_.^P^_.^dx\^^ 
and dK^ = g^ F^dx, dK^ = g^F^dx, ... = g^F^ dx. /* ’ ' 

Hence 

1 d \ dK^ 

P^diP^di"'T^^diPji 

Suppose, now, for the moment that we couple tlie last cylinder 
with the first fork, so that their motions shall bo equal — that is 
to say, = g^. Then, pxitting u to denote the common value of 
these variables, we have 

d \ d 1 d ldu ... 

'^~F^'^P^dx"PZ,dxP,^ 


* Sir W. Thomson, Proceedings of the Poyal Society^ Tol. mv., 1870, p. 271. 
t For brevity, the motion of the circumference of the cylinder is called the 
cylinder’s motion. 

X For brevity, the term “position” of any one of the globes is used to denote 
its distance, positive or negative, from the axial hno of tbo rotating disk on 
which it presses. 
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Thus au endless chain or cycle of integrators with disks moved Mechanical 
as specified above gives to each fork a motion fulfilling a dif- of General 
ferential equation, which for the case of the fork of the ^th inte- Diirorential 
grator is equation (4). The differential equations of the displace- Auy'ordor! 
ments of the second fork, third fork, ... (i-~l)th fork may of 
course be written out by inspection from equation (4). 


This seems to me an exceedingly interesting result; but 
though P^, P„, Pg, ... Pi may be any given functions whatever of 
cr, the differential equations so solved by the simple cycle of inte- 
grators cannot, except for the case of i = % be regarded as the 
general linear equation of the oi'der i, because, so far as I know, 
it has not been proved for any value of i greater than 2 that the 
general equation, which in its usual form is as follows. 


^ dx' ^ dx'"' 


^du 


•( 5 ), 


can be reduced to the form (4). The general equation of the 
form (5), where (3^, ... are any given forms of x, may bo 

integrated mechanically by a chain of connected integrators 
thus : — 


First take an open chain of i simple integrators as described 
above, and simplify the movement by taking 

P. = P, = P3=...=P,= 1, 

SO that the speeds of all the disks are equal, and dx denotes an 
infinitesimal angular motion of each. Then by (2) we have 

dK^ d^K^ _d^'~^K^ d^K^ 


Kow establish connexions between the i forks and the ^th 
cylinder, so that 

— (^)* 

Putting in this for etc. their values by (6), wo find an 

equation the same as (5), except that appears instead of u. 
Hence the mechanism, when moved so as to fulfil the condition 
(7), pei'forms by the motion of its last cylinder an integration of 
the equation (6). This mechanical solution is complete ; for we 
may give arbitrarily any initial values to ••• i7oj <7ai 

that is to say, to 

dn dSc d^'^^u 

ffe*’ ••• tfe'-'' 
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Mechanical 
Intpf^vation 
of General 
Linear 
Differential 
Equation, of 
Any Order. 


Mechanical 
Integration 
of any 
Differential 
Equation of 
Any Order. 


[VI 


Until it is desired actually to construct a machine for tlius 
integrating differential equations of tlie third or any higher 
order, it is not necessary to go into details as to plans for the 
mechanical fulfilment of condition (7); it is enough to know 
that it can be fulfilled by pure mechanism working continuously 
in connexion with the rotating disks of the train of integrators. 


Addendum. 

The integrator may be applied to integrate any differential 
equation of any order. Let there he i simple integrators; let 
jc^ be the displacements of disk, globe, and cylinder of the 
first, and so for the othei^s. We have 
dK, 




d^<„ 


' dx^’ 

IsTo-w by proper meebanism establish such relations between 
that 


5’,) 

etc. 

^(^1? 9ij ^2) •• 

.) = 0, 

5’i, K,. 

.) = 0, 

S. 35,, •• 

•) = 0 


~ 1 relations). 

This will leave just one degree of freedom; and thus wc have 
2i—\ simultaneous equations solved. As one particular case 
of relations take 

ajj = = . . . ('i - 1 relations), 

9a - — 1 relations) ; 

so that 

did’ 

Thus one relation is still available. Let it be 

^)-0. 

Thus the machine solves the diiTcrontial equation 

d^u d^~'^u du \ ^ , 

■^V’dd’ d^’-’ (putting u for A-,). 

Or again, take 2i double integrators. Let the tlisks of all be 
connected so as to moTe with the same speed, and lot t bo the 
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displacement of any one of them from any particular position. 
Let 

y, y\ 

be the displacements of the second cylinders of the several 
double integrators. Then (the second globe-frame of each being 
connected to its first cylinder) the displacements of the first 
globe-frames will be 

d^y d“y' 

1^^ If ^ 


Let now X, F, X', F', etc. be each a given function of 

y, y\ etc. 

By proper mechanism make the first globe of the first double 
integrator-frame move so that its displacement shall be equal to 
X, and so on. The machine then solves the equations 


r ^ 

df 


F, 


d^x 

5F 


= X', etc. 


For example, let 

X = (x' - x)f{{x' - xy+ (y' - y)“} 

+ (x''-x)/l(x'’-xy + (2,"-,jr} 


(y' - y)/{(‘«' - *)' + (y' - y)“} 

+ (y" - y)/ [(«" - !»y + (y" - y)'"} 


A"' — etc. , Y' = etc. , 
where / denotes any function. 

Construct in (frictionless) steel the surface whose equation is 

(and repetitions of it, for practical convenience, though one 
theoretically suffices). By aid of it (used as if it were a cam, but 
for two independent variables) arrange that one moving auxiliary 
piece (an .T-auxiliary I shall call it), capable of moving to and 
fro in a straight line, shall have displacement always equal to 

(x'-x)/{{x'-xy+{t/-yy}, 

that another (a shall have displacement always 

equal to 

(y' - y)/{(*' - »)‘ + (y' - y)“}> 


Mechanical 
Intosi’atiou 
of any 
Dillerential 
Equation of 
Any Order. 
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that another (an £c-auxiliary) shall have displacement equal to 

and so on. 

Then connect the first globe-frame of the first double integra- 
tor, so that its displacement shall be equal to the sum of tho 
displacements of the cr-auxiliariesj that is to say, to 
(as' - oc)f{{x' - xf + (9/ - y)“} 

+ (x"-x)f{{x''-xy + {y"-9/y} 

+ etc. 

This may be done by a cord passing over pulleys attached to 
the ic-auxiliarieSj with one end of it fixed and the other attached 
to the globe-frame (as in my tide-predicting machine, or in 
Wheatstone’s alphabetic telegraph-sending instrument). 

Then, to begin with, adjust the second globe- frames and the 
second cylinders to have their disi3lacements equal to the initial 
velocity-components and initial co-ordinates of i particles free 
to move in one plane. Turn the machine, and the positions of 
the particles at time t are shown by tho second cylinders of the 
several double integrators, supposing them to be free particles 
attracting or repelling one another with forces varying according 
to any function of the distance. 

The same rfiay clearly be done for particles moving in three 
dimensions of space, since the components of force on each may 
be mechanically constructed by aid of a cam-surface whose equa- 
tion is 

and taking tj for the distance between any two particles, and 

or = y' “ 2/ 

or — etc. 

Thus we have a complete mechanical integration of tlie ju'o- 
blem of finding the free motions of any number of mutually 
influencing particles, not restricted by any of tlie api)roximato 
suppositions which the analytical treatment of the lunar and 
planetary theories requires. 


Mechanical 
Integration 
of any 
Differential 
Equation of 
Any Order. 
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vii.l 


VII. Haemonic Analyzee^. 

This is a realization of an instrument designed rudirnentarily Hamomc 
in tlie author’s communication to the Hoyal Society (‘^Proceed- 
ings,” February 3rd, 1876), entitled an Instrument for 

Calculating (f cjj (x) xj/ (x) dx)^ the Integral of the Product of two 
given Functions.” 

It consists of five disk-, globe-, and cylindei'-integrators of the 
kind described in Professor James Thomson’s pa 2 :)er ‘‘On an 
Integrating Machine having a new Kinematic Principle,” of the 
same date, and represented in the woodcuts of Appendix B', ill. 

The five disks are all in one plane, and their centres in one 
line. The axes of the cylmders are all in a line parallel to it. 

The diameters of the five cylinders arc all equal, so are those of 
the globes ; hence the centres of the globes are in a line parallel 
to the line of the centres of the disks, and to the line of the axes 
of the cylinders. 

One long wooden rod, propoidy supported and guided, and 
worked by a rack and pinion, carries five forks to move the five 
globes and a pointer to trace the curve on the paper cylinder. 

I''he shaft of the paper cylindei* carries at its two ends cranks at 
right angles to one another ; and a toothed wheel which turns a 
parallel shaft, and a third shaft in line with the first, by means 
of three other toothed wheels. This third shaft carries at its 
two ends two cranks at right angles to one another. 

Another toothed" wheel on the shaft of the paper drum turns 
another parallel shaft, which, by a slightly obli(pie toothed wheel 
working on a crown wheel with slightly oblique teeth, turns 
one of the five disks uniformly (supposing to avoid circumlocu- 
tion the paper drum to bo turning uniformly). The cylinder of 
the integratoi', of which this one is the disk, gives the continu- 
ously growing value of jydx. 

Each of the four cranks gives a simple hai'monic angular 
motion to one of the other four disks by moans of a slide and 
crosshoad, carrying a rack which works a sector attached to the 
disk. Hence, the cylinders moved by the disks, driven by tho 


Sir W, Thomson, Proceedings of the Hoyal Society , Vol. xxvii,, 1878, p.371. 
VOL. T. 33 
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Harmonic 

Analyzer 


first nientioned pair of cranks, give the continuously growing 
\'alues of 




and 


f . 27rx , 

1?/ sin ax i 


where c denotes the circumference of the paper drum : and the 
two remaining cylinders give 



27r(ox 7 , 

ax, and 

c 




27ro)X , 
y sin ax , 


Tidal 

Harmonic 

Analyzer. 


where cu denotes the angular velocity of the shaft carrying the 
second pair of shafts, tliat of the first being unity, 


The machine, with the toothed wheels actually mounted on it 
when shown to the Royal Society, gave cu = 2, and was therefore 
adopted for the meteorological application. By removal of two 
of the wheels and substitution of two others, which were laid on 


the table of the Royal Society, the value of m becomes 


39 ^ 109 ^ 

40x110 


(according to factors found by Mr E. Roberts, and supplied by 
him to the author, for the ratio of the mean lunar to the mean 
solar periods relatively to the earth^s rotation). Thus, the same 
machine can serve for analyzing out simultaneously the mean 
lunar and mean solar semi-diurnal tides from a tide-gauge curve. 
But the dimensions of the actual machine do not allow ranffe 

O 

enough of motion for the majority of tide-gauge curves, and they 
are perfectly sufficient and suitable for meteorological work. The 
machine, with the train giving 2, is therefore handed over to 
the Meteorological Office to be brought immediately into prac- 
tical work by Mr Scott (as soon as a brass cylinder of proper 
diameter to suit the 244 length of his curvevs is substituted for 
the wooden model cylinder in the machine as shown to tho 
Royal Society) : and the construction of a now msichine for the 
tidal analysis, to have eleven disk-, globe-, and cylinder-integrators 
in line, and four crank shafts having their axes in lino with tho 
paper drum, according to the preceding description, in i>roj)or 
periods to analyse a tide curve by one procc^ss for mean levi^l, and 
for the two components of each of tlie live chief tidal con 
stituents — that is to say, 


The actual numbers of tho teolli in tho two pairs of wheels constituting the 
train are 78 ; 80 and 109 : 110. 
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(1) 

The 

mean 

solar semi-diurnal ; 

Tidal 

Harmonic 

Analyzer 

(2) 


a 

lunar ,, 

(3) 


it 

lunar quartex’-diurnal, shallow- water tide ; 


(4) 

n 

it 

lunar declinatioxial diuxmal ; 


(5) 


it 

luTii-solar declinational diurnal ; 



13 to be immediately commenced. It is hoped that it may be 
completed without need to apply for any addition to the grant 
already made by the Koyal Society for harmonic analyzers. 

Counterpoises are applied to the cx'ank shafts to fulfil the con- 
dition that gravity on cranks, and sliding pieces, and sectors, is 
in equilibrium. Error from “back lash’’ or ‘‘lost time” is thus 
prevented simply by frictional resistance against the rotation of 
the uniformly rotating disk and of the tertiary shafts, and by 
the weights of the sectors attached to the oscillating disks. 

Addition, April, 1879, The machine promised in the pre- 
ceding paper has now been completed with one important modi- 
fication : — Two of the eleven constituent integrators, instead of 
being devoted, as proposed in No. 3 of the preceding schedule, 
to evaluate che lunar quarter-diurnal shallow- water tide, are 
arranged to evaluate the solar dcclinational diurnal tide, this 
being a constituent of groat practical importance in all other 
seas than the North Atlantic, and of very great scientific interest. 

For the evaluation of quarter-diurnal tides, whether lunar or 
solar, and of semi-diurnal tides of periods the lialvcs of those of 
the diurnal tides, that is to say of all ti<lal constituents whose 
periods are the halves of those of the five main constituents for 
which the machine is primarily designed, an extra paper-cylinder, 
of half the diameter of the one used in the primary application 
of the machine, is constructed. By putting in this secondary secondary^ 
cylinder and repassing the tidal curve through the machine the quaternary, 
secondary tidal constituents (corresponding to the first “ over- 
tones ” or secondary harmonic constituents of musical sounds) 
arc to bo evaluated. Similarly tertiary, qiiatornary, etc. tides water.— 
(co)Tesi)ondiug to the second and higher overtones m musical analogouw 
sounds) may bo evaluated by passing the curve over cylinders of 
one-third and of smaller sub-mxxltiples of the diameter of the 
primary cylinder. These secoixdary and tertiary tidal consti- 
tuents arc only perceptible at places where the rise and fall is 
infiuenced by a large area of sea, or a considcra])le length of 
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[Vll. 

cKannel througli wliich the whole amount of the rise and fall is 
notable in proportion to the mean depth. They arc very percep- 
tible at almost all commercial ports, except in the Mediterranean, 
and to them are due such curious and practically impoidant 
tidal characteristics as the double high waters at Southampton 
and in the Solent and on the south coast of England from the 
Isle of Wight to Portland, and the protracted duration of high 
water at Havre. 


END OE PART 1. 
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PUBLICATIONS OP 


THE AUTHORIZED EDITION OF THE ENGLISH 
BIBLE (i6ii), ITS SUBSEQUENT REPRINTS AND MO- 
DERN REPRESENTATIVE^^. Being the Introduction to the 
Cambridge Paragraph Bible (1873), rc-edited with corrections and 
additions. By F. H. A. SCRIVENER, M.A., D.C.L., LL.D., Pre- 
bendary of Exeter and Vicar of Plendon. Crown 8vo. js 6d. 

THE GOSPEL ACCORDING TO ST MATTPIEW in 

Anglo-Saxon and Northumbrian Versions, synoptically arranged 
with Collations of the best Manuscripts. By J. M. Kemble, M.A. 
and Archdeacon Hardwick. Demy 4to. ioj*. 

New Edition. By the Rev. Professor Skeat. the Press. 

THE GOSPEL ACCORDING TO ST MARK in Anglo- 

Saxon and Northumbrian Versions, synoptically arranged : with Col- 
lations exhibiting all the Readings of all the MSS. Edited by the 
Rev. Professor Skeat, M.A. late Fellow of ChrisPs College, and 
author of a Mgeso-Gothic Dictionary. Demy 4to lOi*. 

THE GOSPEL ACCORDING TO ST LUKE, uniform 

with the preceding, by the same Editor. Demy 4to. los. 

THE GOSPEL ACCORDING TO ST JOHN, uniform 

with the preceding, by the same Editor. Demy zjto. io.y. 

T/ie Gospel according; io St yohn^ in mcnced by that distinguished scholai , J M 

Angio-Saxon and Northnvibrian [Versions Kemble, some foity yerus ago Of the pai- 

Edited for the Syndics of the University ticulai volume now belore us, wo can only say 

Press, by the Rev Walter W. Skeat, M.A, it is worthy of its two piedecessois. We lepeat 

Elnngton and Bosworth Professoi of Anglo- that the service icndcred to the study of Anglo- 

Saxon in the University of Cambridge, com- Saxon by this Synoptic collection cannot easily 

pletes an undertaking designed and com- be ovei stated.” — Co7ttef>fporary Reznenv 

THE POINTED PRAYER BOOK, being the Book of 

Common Prayer with the Psalter or Psalms of David, pointed as 
they are to be sung or said m Churches. Royal 341110. is. 6d. 
The same in square 32 mo. cloth. 6d, 

The ‘Pointed Prayer Book ’deserves men- for the teiseness and clearness of the direc- 
tion for the new and ingenious system on which tions given for using it. ” — 'rimes. 
the pointing has been marked, and still more 

THE CAMBRIDGE PSALTER, for the use of Choirs and 
Organists, Specially adapted for Congregations in which the “ Cam- 
bridge Pointed Prayer Book” is used. Demy 8vo. cloth extra, 3s. 61 . 
Cloth limp, cut flush, 2s. 6d. 

THE PARAGRAPH PSALTER, arranged for the use of 
Choirs by Brooke Foss Westcott, D.D.," Regms Professor of 
Divinity in the University of Cambi'idgc. Reap. 4to, 5.S'. 

The same in royal 32 mo. Cloth Is. Leather Is. 6d. 

“The Paragraph Ps.T.ltcr exhibits all the and iheic is not .i clorgyman oi orgunist in 

care, thought, and leaining that those acquaint- England who should be without this Psalter 

ed with the works of the Regius Professoi of as a woik of lelcieuoe.” -Mor?intg roi,t. 
Divmity at Cambiidge would expect to find, 

TFIE MISSING FRAGMENT OF THP: LATIN TRANS- 
LATION OF THE FOURTH BOOK OF EZRA, discovered, 
and edited with an Introduction and Notes, and a facsimile of the 
MS., by Robert L. Bensx.y, M.A., Reader in Hebrew, Gonvillc and 
Caius College, Cambridge. Demy 410. io.r. 

“Edited with true scholarly completene.ss.” no o.xuggetatiou of the actiui fact, if by the 
— Westminster Revieiv ^ Bible we understand that of the larger sii^o 

“It has been said of this book that it has which contuin.s the Aiioerypha, ami if the 

added a new chapter to the Bible, and* startling Second Book of Ksdras can be fairly called a 

as the statement may at first sight appear, it is part of the Apocrypha.”— Saturday Kevitnv, 

London : C. J. CL A y Sorr, Cambridge U7ilversity Press Warehovse^ 

Ave Maria Lane. 
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THEOLOGY— (ANCIENT). 

THE GREEK LITURGIES. Chiefly from original Autho- 
rities. By C. A. SWAINSON, D.D., Master of Christ’s College, Cam- 
bridge. Crown 4to. Paper covers. 15J. 

THE PALESTINIAN MISHNA. By W. H. Lowe, M.A. 

Lecturer in Hebrew at Christ’s College, Cambridge. Royal 8vo. 2.1s. 

SAYINGS OF THE JEWISH FATHERS, comprising 

Pirqe Aboth and Pereq R. Meir m Hebrew and English, with Cri- 
tical and Illustrative Notes. By CtiARUES Tayi.or, D.D. Master 
of St John’s College, Cambridge, and Honorary Fellow of King's 
College, London. Demy 8vo. los, 

'‘The ‘Masseketh Aboth’ stands at the Jewish literature being treated in the same 

head of Hebrew non-canonical writings It is way as a Greek cla'-'sic in an ordinary critical 

of ancient date, claiming to contain the dicta edition 'I'liQ 0/ ye’ 7 tu^/i F'athers 

of teachers who flouiished from b c aoo to the may claim to be scholaily, and, moreover, of a 

same yeai of our era The precise time of its scholarship unusually thoiough and finished ' 

compilation in its present form is, of course, in — Ditbltn U uL 7 JC 7 ‘i>ity Llagazifie ^ 

doubt Mr Taylor’s explanatory and illustra- “ A careful and thorough edition which does 

tive commentary is veiy full and satisfactoiy ” ciedit to English scholaiship, of a short treatise 
— Sf>cctator from the Mishna, containing a seiies of sen- 

“ If we mistake not, this is the first precise tence^ or maxims asciibed mostly to Jewish 

translation into the English language, accom- teacheisimmediately preceding, or immediately 
panied by scholarly notes, of any portion of the following the Chiistian era. . .” — Conte 7 nJfO- 
Talmud. In othei woids, it is the first instance rn?y Revieiv. 
of that most valuable and neglected portion of 

THEODORE OF MOPSUESTIA'S COMMENTARY 
ON THE MINOR EPISTLES OF S. PAUL. The Latin Ver- 
sion with the Greek Fragments, edited from the MSS. with Notes 
and an Introduction, by IT. B Swrte, D.D., Rector of Ashdon, 
Essex, and late Fellow of Gonville and Caius College, Cambridge. 
In Two Volumes. Vol. I., containing the Introduction, with Fac- 
similes of the MSS., and the Commentary upon Galatians — Colos- 
sians. Demy 8vo. i2s, 

"In dem oben vei/eichneten Buche liegt haiidschiiften . . . siiid yoitiefiliche photo- 

uiib die erste Halfte einer vollsumdigen, ebenso giaphische Facsimile’s bcigegeben, wie uber- 

sorgfaltig geaibeiteten wie schOn ausgestat- haupt das ganre Woik voii der Uni^ion.ity 

teten Ausgabo des Cammeniars mit ausfuhi- Press ru Oambiidge mit bekannter Elegctn? 

lichen Prolegomena und reichhaltigen kiitis- ausgestattet ist ’’ — T/teologhc/ie Ltteraittrzei- 

chen und eruuitcinden Anineikungen vor ” — > tung; 

Rite^'-arisches CeiitralhUitt. /‘It is a hopeful sign, amid forebodings 

"It IS the result of thorough, careful, and which arise about tlie theological learning of 

patient investigation of all the points beat mg the Univeisities, that we have befoie us the 

on the subject, and the lesults are presented fiist instalment of a thoioughly scientific and 

with admuablc good sense and modesty ” — pamstakmg woik, commenced at Cambridge 

Guardian and corajileted at a country rectory."— Chitrt/i 

"Auf Oruud diesei Quellen ist dei Text Qiuirieriy Review 1881) 

bei Swete nut musteihafter Akribie herge- " Heiim Swote’s I-eistung ist eine so 

sLellt Aber auch sonst hat der Herausgebei Luchtige duss wir das Weik in keinen bcsseien 

mit uacimudlichem Fleisse und cingehend- Handen wissen mochten, und nut den sich- 

ster Sachkenntmss sem Weik mit alien den- ersten Frwaitungen auf das Gehngen dei 

jenigen Zugaben ausgeuistet, welche bei oiner Foitset/ung entgegcu sehen ” — Gdtiinguchi 

solchcn Text-Ausgabe iiur irgend eiwartet gclchrie Atizcigeii 

•werden kfinnen. . . Von den diei Haupt- 

VoEUME IL, containing the Commentary on 1 Thessalonians — 
Philemon, Appendices and Indices. 12^. 

"FancAusgabe . fur welche allc zugang- "Mit deiselbeii Sorgfalt beaibeitet die wir 

lichen Hidfsnuttel in musterhaftci Weise be- bei dem eisten 'J’heile gcruhint haben."— 
niitrt wunlcn . . eine leife Frucht siebenj.ihii- JUttetarisches Centralldatt (^}\\\y 39, 1882). 

gen ld\z\ss*tsP~~~~Tkeologische hite 7 ''aiurzetiimg 
(Sept 23, 1882). 

London : C. J Cla y SoN,^ Cmnbridge University Press Warehouse^ 

Ave Maria La?ie, 
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PUBLICATIONS OF 


SANCTI IREN^I EPISCOPI LUGDUNENSIS libros 

quinquc adversus Hasreses, versione Latina cum Codicibus Claro- 
montano ac Arundeliano denuo collata, prccmissa cle placitis Gnos- 
ticorum prolusione, fragmenta necnon Grsece, SyriacCj Armeniace, 
commentatione perpetua et mdicibus varus cdidit W. Wigan 
Harvey, S.T.B. Collegii Regalis olim Socms. 2 Vols. Demy 8vo. 
r8^. 

M, MINUCII FELICIS OCTAVIUS. The text newly 

revised from the original MS., with an English Commentary, 
Analysis, Introdu6lion, and Copious Indices. Edited by H. A. 
Holden, LL.D. late Head Master of Ipswich School, formerly 
Fellow of Trinity College, Cambridge. Crown 8vo. js. 6d. 

THEOPHILI EPISCOPI ANTIOCHENSIS LIBRI 

TRES AD AUTOLYCUM edidit, Prolegomenis Versione Notulis 
Indicibus instruxit Gulielmus Gilson Humphry, S.T.B. Collegii 
Sandiiss. Trin. apud Cantabrigienses quondam Socius. Post 8vo. 
SJ-. 

THEOPHYLACTI IN EVANGELIUM S. MATTH2EI 
COMMENTARIUS, edited by W. G. Humphry, B.D. Prebendary 
of St PauPs, late Fellow of Trinity College. Demy 8vo. 7s, 6d. 

TERTULLIANUS DE CORONA MILITIS, DE SPEC- 

TACULIS, DE IDOLOLATRIA, with Analysis and English Notes, 
by George Currey, D.D. Preacher at the Charter House, late 
Fellow and Tutor of St John's College. Crown 8vo. 5^-. 


THEOLOGY— (ENGLISH). 

WORKS OF ISAAC BARROW, compared with the Ori- 
ginal MSS., enlarged with Materials hitherto unpublished. A new 
Edition, by A. Napier, M.A. of Trinity College, Vicar of Holkham, 
Norfolk. 9 Vols. Demy 8vo. £:^. 3^. 


TREATISE OF THE POPE’S SUPREMACY, and a 

Discourse concerning the Unity of the Church, by Isaac BaI^ROW. 
Demy 8vo. 7s, 6d. 


PEARSON’S EXPOSITION OF THE CREED, edited 


by Temple Chevallier, B.D. late Fellow and Tutor of St Catha- 
rine's College, Cambridge. New Edition. P-evised by R. Sinker, 
B.D., Librarian of Trinity College. Demy 8vo. J2s, 


‘'A new edition of Bishop Pearson’s famous 
work On i/ie has just been issued by the 

Cambridge Univeisity Press It i$ the well- 
known edition of Temple Chevallier, thoioughly 
overhauled by the Rev. R, Sinkei, of Trinity 
College The whole text and notes have been 
most carefully examined and corrected, and 
special pains have been taken to verify the al- 
most innumerable references. These have been 
more clearly and accurately given m very many 


places, and the citations themselves have been 
adapted to the best and newest texts of the 
several authors- -texts whicli h*ive imdcigoiie 
vast improvements within the List two centu- 
ries. ’I'he Imlicos have also been revised and 

enlaiged Altogotlici this ajipeur.s to be the 

most complete and convement ctlition as yet 
published of a woik which has long been re- 
cognised in all tpiarteis as a standard one.”^ — 
Guardian, 


London : C. J, Cl A Y Cambridge University Press Warehouse^ 

Ave Maria Lane, 
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AN ANALYSIS OF THE EXPOSITION OF THE 
CREED written by the Right Rev. John Pearson, D.D. late Lord 
Bishop of Chester^ by W. H. Mill, D.D. late Regius Piofessor of 
Hebrew in the University of Cambridge. Demy 8vo. 5^-. 

WHEATLY ON THE COMMON PRAYER, edited by 

G. E. CORRIE, D.D. Master of Jesus College, Examining Chaplain 
to the late Lord Bishop of Ely. Demy 8vo. js. 61, 

CHESAR MORGAN’S INVESTIGATION OF THE 

TRINITY OF PLATO, and of Philo Judmus, and of the effcas 
which an attachment to their writings had upon the principles and 
reasonings of the Fathers of the Christian Church. Revised by H. A. 
Holden, LL.D., formerly Fellow of Trinity College, Cambridge. 
Crown 8vo. 4-f. 


TWO FORMS OF PRAYER OF THE TIME OF QUEEN 

ELIZABETH. Now First Reprinted. Demy Svo. 6d, 


“ From ‘ Collections and Notes' 1867 — 1876, 
by W Carew Hazlitt (p, 340), we learn that — 
‘A veiy lemarkable volume, m the original 
vellum cover, and containing 25 Forms of 
Prayer of the reign of Elizabeth, each with the 
autograph of Humphiey Dyson, has lately fallen 
into the hands of my fueiid Mr H Pyne It is 
mentioned specially m the Pieface to the Par 


ker Society’s volume of Occasional Forms of 
Prayer, but it had been lost sight of for 200 
years ’ By the kindness of the present pos- 
sessor of this valuable volume, containing in all 
25 distinct publications, I am enabled to le- 
piint in the following pages the two Forms 
of Prayer supposed to have been lost.”— 
traci/rom the Preface. 


SELECT DISCOURSES, by Joi-IN Smith, late Fellow of 
Queens’ College, Cambridge. Edited by H. G. Williams, B.D. late 
Professor of Arabic. Royal Svo. js, 6d, 


“The ‘Select Discourses’ of John Smith, 
collected and published from lus papeis after 
his death, are, in my opinion, much the most 
consideiable woik left to us by this Cambiidge 
School [the Cambiidge PlatonistsJ T'hey have 
a light to a iilace in English liteiaiy history ” 
— Mr Maiiiiew Arnold, in the ContnH/>o~ 
rajy Review 

“ Of all the products of the Cambridge 
School, the ‘Select Discouises’ aic poihaps 
the highest, as they aie the most accessible 
and the most widely appreciated. ..and indeed 
no spiutually thoughtful mind can read them 
unmoved. They ctury us so directly into an 
atmosphere of divine philosophy, luminous 


with the richest lights of meditative genius .. 
He was one of those rare thinkers in whom 
laigeness of view, and depth, and wealth of 
poetic and speculative insight, only seived to 
evoke more fully the leligious spiiit, and wlule 
hedicwthe mouldof his thougntfiom Plotinus, 
lie vivilied the substance of it fiom St Pan!, ' — 
1 ‘iincipal Tm.iocir, Rational Theology iit 
Eftgland in the x'jt/i Century, 

“We may instance Mi Henry Giiffm Wil- 
liams’s levised edition ol Mr John Smith’s 
* Select Discourses,' which have won Mi 
Matthew Aintild’s admiiation, as an example 
of worthy work foi an Qniveisity IVess to 
undei take. ’’ — Times. 


THE HOMILIES, with Various Readings, and the Quo- 
tations from the Fathers given at length in the Original Languages. 
Edited by G. E. Corrie, D.D., Master of Jesus College. Demy 
8vo. ^s. 6d, 

DE OBLIGATIONE CONSCIENTI^E PR^LECTIONES 
dccem Oxonii in Schola Thcologica habiue a Roberto Sanderson, 
SS. Theologiae ibidem Professore Regio. With English Notes, in- 
cluding an abridged Translation, by W. Whew ELL, D.D. late 
Master of Trinity College. Demy Svo. ys, 6d^ 


. ARCHBISHOP USI-IER’S ANSWER TO A JESUIT, 
with other Tradls on Popery. Edited by J. Scholkfiet.d, M.A. late 
Regius Professor of Greek iix the University. Demy Svo. js, 6d, 


London : C J* Cla V SON, Cambridge Uiiversity Press Ware/wnse, 
L Ave Maria Lane, 
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PUBLICATIONS OF 


WILSON^S ILLUSTRATION OF THE METHOD OF 

explaining the New Testament, by the early opinions of Jews and 
Christians concerning Christ. Edited by T. Turton, D.D. late 
Lord Bishop of Ely. Demy 8vo. 5^. 

LECTURES ON DIVINITY delivered in the University 
of Cambridge, by John Hey, D.D. Third Edition, le vised by T. 
Turton, D.D. late Lord Bishop of Ely. 2 vols. Demy 8vo. 

ARABIC, SANSKRIT AND SYRIAC. 

POEMS OF BEHA ED DIN ZOHEIR OF EGYPT. 

With a Metrical Translation, Notes and Introduction, by E. H. 
Palmer, M.A., Barrister-at-Law of the Middle Temple, late Lox'd 
Almoner’s Professor of Arabic, formerly Fellow of St John’s College, 
Cambridge. 3 vols. Crown 4to. 

Vol. L The Arabic Text. ioj. 6 d . ; Cloth extra. 15.?. 

VoL 11 . English Translation ios. 6 d.\ Cloth extra. 15^-. 

“We haA’^e no hesitation in saying that in remarked, by not un’^kilfiil imitations of the 

both Prof Palmer has made an addition to Oil- styles of several of oui own favouiite poets, 

ental literature for which scholars should be living and dead, *’ — Sat7i7day Revitnv 

grateful , and that, while his knowledge of “ This sumptuous edition of the poems of 

Arabic is a sufficient guaiantee for his mastery Behd-ed-dm Zoheii is a veiy welcome addition 

of the original, his English compositions are to the small series of Eastern poets accessible 

distinguished by versatility, command of Ian- to leadeis who aie not Oiientalists.” — Aca- 

guage, rhythmical cadence, and, as we have demy 

THE CHRONICLE OF JOSHUA THE STYLITE, com- 
posed in Syriac A.D. 507 with an English translation and notes, by 
W. Wright, LL.D., Professor of Arabic. Demy 8vo. io.r. M. 

“Die lehrreiche kleine Chronik Josuas hat em Lehrmittel fur den syiisclien Unteniclit, es 

nach Assemani und Maitm in Wiight einen erscheint auch geiadc /ui rechten Zeit, da die 

dntten Bearbeiter gefunden, der sich um die zweite Ausgabe von Roedigers syiischer Chies- 

Emendation des Textes wie um die Eiklarung tomathie im Buchhandel vollstandig veigrifTen 

der Realien wesentlich verdient gemacht hat und diejenige von Kirsch-Bernstcui nur noch 

. . Ws Josua- Ausgabe ist eine sohi dankens- in wenigen Exemplaien vorhanden ist,'' — 

werte G^e und besonders empfehlenswert als Deutsche Ritter aiurzeitung. 

KALILAH AND DIMNAH, OR, THE FABLES OF 

PILPAI ; being an account of their literary history, together with 
an English Translation of the same, with Notes, by I. G. N. Keith- 
Falconer, M.A., Trinity College, formerly Tyrwhitt’s Hebrew 
Scholar. Demy 8vo. [/;/ ihc Press. 

NALOPAKHYANAM, OR, THE TALE OF NALA ; 

containing the Sanskrit Text in Roman Characters, followed by a 
Vocabulary in which each woid is placed under its root, with refer- 
ences to derived words in Cognate Languages, and a sketch of 
Sanskrit Grammar. By the late Rev. Thomas Jarreti', M.A. 
Trinity College, Regius Professor of Hebrew. Demy 8vo. tos. 

NOTES ON THE TALE OF NALA, for the use of 
Classical Students, by J. Peile, M.A. Fellow and Tutor of Clmst’s 
College. Demy Svo. 12s. 

CATALOGUE OF THE BUDDHIST SANSKRIT 

MANUSCRIPTS in the University Library, Cambridge. Edited 
by C. Bendall, M.A., Fellow of Gonvillc and Cains College. Demy 
Svo. 12^*. 

“It is unnecessary to state how the com- those concerned in It on the lesult. . . Mr I3ou- 

pilation of the present catalogue came to be d.ill has entitled himself to the thanks of all 

placed m Mr Bcndall’s. hands, from the chit- Oiiental schol.us, ami we hope ho may have 

racter of his work it is evident the selection before him a long course of .succossftii laLur in 

was judicious, and we may fairly congratulate the field he has chosen."'— /////. 

London: C. J. Clay ^ Son^ Cmnbridge University Press hVare house 

Ave Maria Lane. 
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GREEK AND LATIN CLASSICS, &c. {See also pp. 24r-27.) 

SOPHOCLES : The Plays and Fragments, with Critical 
Notes, Commentary, and Translation in English Prose, by R. C. 
Jebb, M.A., LL.D., Professor of Greek in the University of Glasgow. 
Part I. Oedipus Tyrannus. Demy 8vo. iss, 

“ Xhis larger edition he has deferied these Greek poets — the most difficult, yet possessed, 

many years tor reasons which he has given in at the same time of an immortal charm for one 

his preface, and which we accept with entire who has mastered him, as Mr Jebb has, and 

satisfaction, as we have now the first poition can feel so subtly perfection of foim and lan- 

of a woik composed in the fulness of his poweis guage We await with lively expectation the 

and with all the lesouices of fine erudition and continuation, and completion of Mr Jehb’s 

laboiiously earned experience We will confi- great task, and it is a fortunate thing that his 

dently aver, then, that the edition is neither powei of work seems to be as great as the style 

tedious nor long, for we get m one compact is happy in which the woik is done." — The 

volume such a cyclopaedia of instruction, such ^thejiccwji. 

a variety of helps to the full comprehension of “An edition which maiks a definite ad- 

the poet, as not so many years ago would have vance, which is whole in itself, and brings a 

needed a small libraiy, and all this instruction mass of solid and well-wrought material such 

and assistance given, not in a dull and pedantic as future constructors will desire to adapt, is 

way. but in a style of singular clearness and definitive in the only applicable sense of the 

vivacity In fact, one might take this edition term, and such is the edition of Professor Jebb. 

with him on a journey, and, without any other No man is better fitted to express in relation to 

help whatevei, acquiie with comfort and de- Sophocles the mind of the present generation,’' 

light a thorough acquaintance with the noblest — The Saturday I^evietu 

production of, perhaps, the most difficult of all 

AESCHYLI FABULAE.— IKETIAE2 XOU^OTOJ IN 
LIBRO MEDICEO MENDOSE SCRIPTAE EX VV. DD. 
CONIECTURIS EMENDATIUS EDITAE cum Scholiis Graecis 
et brevi adnotatione critica, curantc F. A. Pabey, M.A., LL.D, 
Demy Svo. ys. 61. 

THE AGAMEMNON OF AESCHYLUS. With a Trans- 
lation in English Rhythm, and Notes Critical and Explanatory. 
New Edition Revised. By Benjamin Hall Kennedy, D.D., 
Regius Professor of Greek. Crown Svo. 6f. 

“One of the best editions of the masterpiece value of this volume alike to the poetical 

of Greek tragedy ” — Athe/i(e7i7>i. translator, the critical scholar, and the ethical 

“It is needless to multiply pioofs of the student” — i>ni7irdizy Kezfzew. 

THE THEHiTETUS OF PLATO with a Translation and 

Notes by the same Editor. Crown Svo. ys 6d. 

ARISTOTLE.— HEPl ATKAI02TNHX. THE FIFTH 
BOOK OF TPIE NICOMACHEAN ETHICS OF Al^ISTOTLE. 
Edited by Henry Jackson, M.A., Fellow of Trinity College, Cam- 
bridge. Demy Svo. 6s. 

“It IS not too much to say that some of the will hope that this is not the only portion of 

points he discusses have nevei had so much the Aiistotelian writings which he is likely to 

light thiown upon them befoie, . . Scholars edit,” — Athena-ufn. 

ARISTOTLE.— HEPI ^TXHS. ARISTOTLE^S PSY- 
CHOLOGY, in Greek and English, with Introduction and Notes, 
by Edwin Wallace, M A., Fellow and Tutor of Worcester College, 
Oxford. Demy Svo. iS.r. 

“In an elaboiate introduction Mr Wallace de scs devancieis, et il nous semblc avoir 

collects and correlates all the passages from the reussi le premier^ dans I’lnterpretation de cei- 

vaiious works of Aristotle beaimg on these tains passages qui avaieiiL jusque-lk lesistc au\- 

Ijoints, and this he does with a width of leain- efforts de tous les coniinentaircs.” — Revue Tki- 

iiig that maiks him out as one of om foremost losohAujuc. 

AiistoLchc scholais, and with a ciitical acumen ‘‘Wallace's Ileaibeilung der Aristotclischcn 

that is far fiom common .”— Herald Psychologic ist das Werk eincs deukenden und 

“The notes are exactly what such notes in alien Schriften des Anstoicles und gi hssten- 

ought to be, — helps to the student, not mere teils auch in der neueien Littcratur v\x densol- 

displays of learning. By far the more valuable ben belesenen Mamies Der schw.lchste 

parts of the notes are neithei critical nor hte- 'I'eil der Albeit ist der kutische . Aliei m 

rary, but philosophical and expository of the alien diesen Dingen liegt auch nacli der Ab- 

thought, and of the connection of thought, in sicht des Verfasscis nicht der Schweipunkt 

the treatise ii.sclf In this relation the notes arc scinex Arbeit, soiidein . , Und so sci schliess- 

iiivaluable. Of the translation, it may be said Hch noch einmal das Gan/e von Wallace's 

that an English reader may fairly master by Arbeit im gan^en genommen als ein wei cvolles 

means of it tint, great treatise of Aiistotle.” — • Hiilfsmittel fui dus Studuim der bearbeiteten 

Sjfectator, Schrift auf das warmstc cmpfohleu,"- -Ihuf. 

“M. Wallace a mis h pioflt tous les travaiix Susenuhl ui V hiioioii^ische Wochcnschrzft. 

Eondon : C. y. Czat Sort, Cambridge University Press Wa^ehotisc^ 

Avc AT aria Ea7tc. 
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PUBLICATIONS OF 


A SELECTION OF GREEK INSCRIPTIONS, with 

Introductions and Annotations by E. S. Roberts, M.A. Fellow 
and Tutor of Gonville and Cams College. \_In the Press. 

PINDAR. OLYMPIAN AND PYTHIAN ODES. With 

Notes Explanatory and Critical, Introductions and Introductory 
Essays. Edited by C. A. M. Fennell, M.A., late Fellow of Jesus 
College. Crown 8vo. 9^. 

“Mr Fennell deserves the thanks of allclas- “Consideied simply as a contnlnitiou to the 

sical students for his careful and scholarly edi- study and criticism of Pindar, Mi Fennell's 

tion of the Olympian and Pythian odes. He edition is a woik of great mciit. . Altogether, 

brings to his task the necessary enthusiasm for this edition is a welcome and wholesome sign 

his author, great industry, a sound judgment, of the vitality and development of Cambridge 

and, in particular, copious and minute learning scholarship, and we are glad to see that it is to 

in comparauve philology-*’ — AtheiK^uw. becontmued.” — Saturday Rexne'w. 

THE ISTHMIAN AND NEMEAN ODES. By the same 

Editor. Crown 8vo. 9^ 

“ , . . As a handy and instructive edition of valuable help to the study of the most dif/lcult 

a difficult classic no work of recent years sur- of Greek authors, and is enriched with notes 

passes Mr Fennell’s ‘Pindar-’” — Athempum on points of scholarship and etymology which 

“This work IS m no way infeiior to could only have been wiitten by a scholai of 

the previous volume. The commentary affords very high attainments.” — Saturday Revteu> 

ARISTOTLE. THE RHETORIC. With a Commentary 
by the late E. M. Cope, Fellow of Trinity College, Cambridge, re- 
vised and edited by J. E. S ANDYS, M.A., Fellow and Tutor of St John’s 
College, Cambridge, and Public Orator. With a biographical Memoir 
by H, A. J. Mxjnro, M.A. Three Volumes, Demy 8vo. iij*. 

“This work is in many ways creditable to the “Mr Sandys has performed his arduous 

University of Cambridge. Ifan English student - duties with marked ability and adniiiable tact, 
wishes to have a full conception of what is con- ... In every pait of his work — revising, sup- 
tamed in Rhetoric of Aristotle, to Mr Cope’s plementing, and Completing — he has done ex- 
edition. he must go.” — Academy. ceedingly well.” — Exautiuer. 

PRIVATE ORATIONS OF DEMOSTHENES, with In- 
troductions and English Notes, by F. A. Paley, M.A. Editor of 
Aeschylus, etc. and J. E. Sandys, M.A. Fellow and Tutor of St John’s 
College, and Public Orator in the University of Cambridge. 

Part I. Contra Phormionem, Lacritum, Pantaenetum, Bocotum 
de Nomine, Boeotum de Dote, Dionysodoium, Crown 8vo. 6 s. 

“Mr Paley’s scholarship is sound and literature which bears upon his author, and 

accurate, his experience of editing wide, and the elucidation of matters of daily life, in the 

if he IS content to devote his learning and delineation of winch Demosthenes is so rich, 

abilities to the production of such manuals obtains LiU justice at his hands , ! , We 

as these, they will be received with gratitude hope this edition may lead the way to *a more 

throughout the higher schools of the count! y. general study of tliese speeches in schools 

Mr Sandys is deeply read m the German than has hitherto been possible. ” — Academy. 

Part II. Pro Phormione, Contra Stephanum I. II.; Nicostra- 
tum, Cononem, Calliclem. Crown 8vo. ys. 6 d. 

“ It IS long -Since we have come upon a work mosthenes ’ — Saturday Review. 

evincing more pains, scholarship, and varied “ the edition lelleots crctUt on 

research and illustration than Mr Sandy.s’s Cambridge scholaxship, and ougliL to be e-\- 
contribution to the ‘Private Orations of De- lensively used.” — Atheuivnm. 

DEMOSTHENES AGAINST ANDROTION AND 
AGAINST TIMOCRATES, with Introductions and English Com- 
mentary, by William Wayte, M.A., late Professor of Greek, Uni- 
versity College, London, Formcidy Fellow of King’s College, Cam- 
bridge, and Assistant Master at Eton, Crown 8vo. ys. 6 d. 

“There is an excellent introduction to and each paragraph of the text there is a summary 
analysis of each speech, and at the beginning of of scholarship or with points of Athenian law * 
of Its subject-matter ... The notes are um- — Saturday Rev/exo, 

formly good, whether they deal with question*? 


Lo 7 ;.don : C. y. Cray 6^ Son, Cmnhridj^e U)u\fersity Press 'U'arehoitse. 

Ai/e Marta La/te. 
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THE TYPES OF GREEK COINS. By Percy Gardner, 

M.A., F.S.A., Disney Professor of Archceolog3^ With i6 Autotype 
plates, containing photographs of Coins of all parts of the Greek World. 
Impl. 4to. Cloth extra, iis. 61 .; Roxburgh (Morocco back), £2. 2s. 


“Professor Gaidiier’s book is wntten with 
such lucidity and in a manner so straightfor- 
ward that It may well win converts, and it may 
be distinctly recommended to that omnivorous 
class of readers — ‘men in the schools.’ The his- 
tory of ancient coins is so interwoven with and 
so vividly illustrates the history of ancient States, 
that students of Thucydides and Herodotus can- 
not afford to neglect Professor Gardner’s intro- 
duction to Hellenic nuinismatics .” — Saturday 
Ke’vie'W 

‘ The Types of Greek Coins ’ is a woik which 


is less purely and dryly scientific. Neverthe- 
less, It takes high rank as proceeding upon a 
truly scientific basis at the same time that it 
treats the subject of numismatics in an attrac- 
tive style and is elegant enough to justify its 
appearance in the drawing-room . Siv- 
teen autotype plates repioduce with marvellous 
reality more than si^. hundied types of picked 
specimens of coins m every style, from the 
cabinets of the British Museum and othei col- 
lections — A thc}tceu-}n 


THE BACCHAE OF EURIPIDES. With Introduction, 

Critical Notes, and Archaeological Illustrations, by J. E. S ANDYS, 
M.A., Fellow and Tutor of St John's College, Cambridge, and Public 
Orator. Crown 8vo. lOi*. 6d. 

Of the present edition of the Bacchce by Mr 
Sandy s we may safely say that never before has 
a Greek pla>, in England at least, had fuller 
justice done to its criticism, interpretation, 
and archaeological illustration, whether for the 
young student or the more advanced scholar 
The Cambridge Public Orator may be said to 
have taken the lead in issuing a complete edi- 
tion of a Greek play, which is destined perhaps 
to gain redoubled lavour now that the study of 
ancient monuments has been applied to its il- 
lustration " — Saturday Bevieiv 

“The volume is interspeised with well- 
evecuted woodcuts, and its geneial attractive- 
ness of form lefiects great credit on the Uni- 
versity Press In the notes Mr Sandys has more 
than sustained his well-earned reputation as a 
careful and learned editor, and shows consider- 

ESSAYS ON THE ART OF PHEIDIAS. By C. Wald- 

STEIN, M.A., Phil. D., Reader in Classical Archseology in the Uni- 
versity of Cambridge. Royal 8vo. With Illustrations. \^Iii the Press. 

PLATO'S PHkEDO, literally translated, by the late E, M. 
Cope, Fellow of Trinity College, Cambridge, revised by Henry 
Jackson, M.A., Fellow of Trinity College. Demy 8vo. 5s. 

M. TULLI CICERONIS DE FlNIBUS BONORUM 

ET MALORUM LIBRI QUINQUE. The text revised and 
explained ; With a Translation by James S. Reid, M.L., Fellow and 
Assistant Tutor of Gonville and Cams College. 3 Vols. [Di the P^’ess. 
VOL. III. Containing the Translation. Demy 8vo. 8s. 

M. T. CICERONIS DE OFFICIIS LIBRI TRES, 

with Marginal Analysis, an English Commentary, and copious 
Indices, by H. A. Holden, LL.D., late Fellow of Trinity College, 
Cambridge. Fifch Edition. Crown Svo. 9.?. 

“Dr Holden has issued an edition of what assumed aftei two most thorough levisions, 
is perhaps the easiest and most popular of leaves little or nothing to be desired in the lull- 
Cicero’s philosophical works, the ness and accuracy of its treatment alike of the 

which, especially in the foim which it has now mattei and the language — Academy. 

M. TVLLI CICERONIS PRO C RABIRIO [PERDVEL- 
LIONIS REO] ORATIO AD QVIRITES With Notes Introduc- 
tion and Appendices by W E Heitland MA, Fellow and Lecturer 
of St John's College, Cambridge. Demy Svo. ys. 6d. 


able advance in freedom and lightness of style. 

. . Under such cii cumstances it is superfluous 
to say that for the purposes of teachers and ad- 
vanced students this handsome edition farsut- 
passes all its predecessors ” — A thancetnu 

“It has not, like so many such books, been 
hastily produced to meet the momentary need 
of some particular examination ; but it has em- 
ployed lor some years the labour and thought 
of a highly finished scholar, whose aim seems 
to have been that his book should go forth totns 
teres atgue rotimdus, armed at all points, with 
all that may tin ow light upon us subject. U'hu 
result IS a work which will not only assist the 
schoolboy or undergraduate in his tasks, but 
will adorn the library of the scholar, * — 'J7ie 
Guardian. 


Lo?tdo7i ; C. y, C/^AV SoA% Cambtddge Uftlve7siiy Press XVa7rho%iSi\ 

.tivc xMaria JLaiie. 
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PUBJLICATIOJVS OF 


M. TULLII CICERONIS DE NATURA DEORUM 

Libri Tres, with Introduction and Commentary by JOSEPH B. 
Mavor, M.A., late Professor of Moral Philosophy at King^s Col- 
lege, London^ together with a new collation of several of the English 
MSS. by J. H. SWAINSON, M.A., formerly Fellow of Tiimty College, 
Cambridge, Vol. I. Demy 8vo. io.y. 6 d. Vol. 11 . I2.i% 6 d 

Vox., ill. Ill the Press. 

“ Such editions as that of which Prof Mayor way admirably suited to meet the needs of tlie 
has g^iven us the first instalment will doubtless student . The notes of tlie editoi aie all tli.it 
do much to remedy tnis undeseived neglect It could be e'^pected from his well-known learn- 
is one on which great pains and much learning mg and scholaiship/’ — Academy. 
have evidently been expended, and is lu every 

P. VERGILI MARONIS OPERA cum Prolcgomcnis 

et Commentario Critico pro Syndicis Pi'eli Academici edidit Ben- 
jamin Hall Kennedy, S.T.P., Graecae Linguae Professor Regius. 
Extra Fcap. 8vo. 5.?. 

MATHEMATICS, PHYSICAL SCIENCE, &c. 

MATHEMATICAL AND PHYSICAL PAPERS. By 
Sir W. Thomson, LL.D., D C.L., F.R S., Professor of Natural Phi- 
losophy m the University of Glasgow. Collected from different 
Scientific Periodicals from May 1841, to the present time. Vol. I. 
Demy 8vo. iSj. [Vol. II. i^s. 1 in mediately. 

Wherever exact science has found a fol- home rich and abundant fruit Twenty years 

lower Sir William Thomson’s name IS known as after its date the International Conference of 

a leader and a master. For a space of 40 years Electiicians at Pans, assisted by the author 

each of his succebsive contributions to know- himself, elaborated and piomulgatetl a senes of 

ledge in the domain of experimental and mathe- rules and units which ai e but the detailed out- 

matical physics has been recognized as mai king come of the pnnciples laid down in the.se 

a stage in the progress of the subject But, uu- papers ” — T/ie 'J'lmes 

happily for the mere learner, he is no writer of “We ave convinced that nothing has had a 

text-books His eager fertility overflows into greater eflect on the piogxess of the theones of 

the nearest available journal . . . The papers in eicctncity and magnetism dining the last ten 

this volume deal largely with the subject of the years than the public.itiou of Su W. TliomsonS 

dynamics of heat. They begin with two or reprint of papeis on clectiostatics and magnet- 

three ai tides which were in part written at the ism, and we believe that the piesent volmue is 

age of 17, befoie the author had commenced destined in no less degiee to fuither the ad- 

residence as an undergiaduate in Cambridge. vancement of physic.d science We owe the 

. . No student of mechanical engineering, modern dynainic.il theory of he.it almost wholly 

who anus at the higher levels of his profession, to Joule and Thomson, and Clausius and Kau- 

can afford to be ignorant of the principles and kine, and we have here collected together the 

methods set forth m these great memoirs. . whole of Thomson’s investigations on this sub- 

'I he article on the absolute measuiement of jeet, together with the p.ipers published jointly 

e’ectric and galvanic quantities (1851) has by himself and Joule .” — Glasgow J/ era Id. 

MATHEMATICAL AND PHYSICAL PAPERS, by 
George Gabriel Stokes, M.A., D.C.L., LL.D., ILR.S,, Fellow of 
Pembroke College, and Lucasian Professor of Mathematics in the 
University of Cambridge. Re punted fiom the Original Journals and 
Transactions, with Additional Notes by the Author. Vol. I. Demy 
8vo. 15b-. Vol. 11 . 15^. 

"‘The volume of Pi ofessor Stokes's papers necessary, disseitatums 'I'lieie nothing is 

contains much more than his hydrodynamical shared over, nothing exteiuuued. We ic.irn 

papers The undulatory theory of light is exactly the weaknesses of the theory, and 

treated, and the difficulties connected with its the direction m which the completer theoi y of 

application to ceitam phenomena, such as aber- the futinc must bo sought for. The same sjnric 

ration, are carefully examined and resolved. peivades the papcis on pine m.itheiuutics winch 

Such difficulties are commonly passed over with aie included lu the volume. 'Dicy have ti sovei e 

scant notice in the text-books . . . Those to acouiacy of style whu'h well befits the subtle 

whom difficulties like these me real stumbling- iiatuie of the subjects, and iu.sinrcs the enm- 

blocks will still turn for enlightenment to Pro- pletest conhdoncem thou authoi.^’— U'/a: Times. 

fessor Stokes’s old, but still fiesh and still 

Volume III. In the Press. 

THE SCIENTIFIC PAPERS OF THE LATE PROF’. 
J. CLERK MAXWELL. Edited by W. D. Niven, M.A. In 2 vols. 
Royal 4to. [/„ the press. 

Pondon: C. y. Clay Qr. Son, Cambridge University Pnss Warehouse, 

Ave Mafia Lane. 
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A TREATISE ON NATURAL PHILOSOPHY. By 

Sir W. Thomson, LL.D., D.C.L., F.R.S., Professor of Natural 
Philosophy m the University of Glasgow, and P. G. Tait, M.A., 
Professor of Natural Philosophy in the University of Edinburgh. 
Part I. Demy 8vo. idj*. 

“ In this, the second edition, we notice a form within the time at our disposal would be 
large amount of new matter, the impoitance utterly inadequate/’ — IS/aiure. 

which IS such that any opinion which we could 

Part II. Demy Svo. iSs. 

ELEMENTS OF NATURAL PHILOSOPHY. By Pro- 
fessors Sir W. Thomson and P. G. Tait. Pait I. Demy Svo. 
Second Edition. 9^. 

HISTORY OF GREEK MATHEMATICS. By J. Gow, 

M.A., Fellow of Trinity College. \_I?i the Press. 

A TREATISE ON THE THEORY OF DETERMI- 
NANTS AND THEIR APPLICATIONS IN ANALYSIS AND 
GEOMETRY, by Robert Forsyth Scott, M.A., of St John’s 
College, Cambridge. Demy Svo. 12s. 

This able and comprehensive treatise will seaiches on this subject which have hitheito 
be welcomed by the student as bringing within been for the mobt part inaccessible to him/’ — 
his leach the lesults of many important le- Athcuceum 

HYDRODYNAMICS, a Treatise on the Mathematical 
Theory of the Motion of Fluids, by Horace Lamb, M.A., formerly 
Fellow of Trinity College, Cambridge ; Professor of Mathematics in 
the University of Adelaide. Demy Svo. I2J*. 

THE ANALYTICAL THEORY OF HEAT, by Joseph 

Fourier. Translated, with Notes, by A. Freeman, M.A., Fellow 
of St John’s College, Cambridge. Demy Svo. i6j. 

“ It IS tunc that Fourier’s, nmsterpiece, The process employed by the author.” — Co}Ue 7 npo- 
Analyiital T/u’ory of tlcat^ tianslatcd by Mr mrv /<!i‘ 7 ne 7 n, Octobei, 1878. 

Alex Fieeman, should be intiuduccd to those ‘‘There cannot be two opinions as to the 

English students of Mathematics who do not value and impot tance of the 'Thcot le de la Ch<t~ 
lollow with fteedom a ti c.itise in any liinguage lour . It is still test-book of Heat Cou- 
bui then own It is a model of mathematical dnction, and there seems little pi esent prospect 
loasonmg applied to pliysical phenomena, and of its being supeiseded, though it is aheady 
ih leinaikable for the ingenuity of tlie analytical more than half a cenluiy old.” — Nat^ire. 

THE ELECTRICAL RESEARCHES OF THE Honour- 
able Henry Cavendish, F.R.S. Written between 1771 and ijZx. 
Edited from the original manuscripts in the possession of the Duke 
of Devonshire, K. G., by the late J. Clerk Maxwell, F.K.S. 
Demy Svo. i8j. 

“Every department of editorial duty ap- faction to Prof- Maxwell to see this goodly 
pears to have been most conscientiously per- volume completed before his life's work was 
foimcd ; and it must have been no small satis- done/’ — AthejueHin. 

An ELEMENTARY TREATISE ON QUATERNIONS. 

By P. G. Tait, M.A., Professor of Natural Philosophy in the Uni- 
versity of Edinburgh. Secoiid Kditio?i. Demy Svo. 14J. 

THE MATHEMATICAL WORKS OF ISAAC BAR- 
ROW, D.D. Edited by W. Whewell, D.D. Demy Svo. 7s. 6d. 
AN ATTEMPT TO TEST THE THEORIES OF 
CAPILLARY ACTION by Frances Bashforth, B.D., late Pro- 
fessor of Applied Mathematics to the Advanced CLass of Royal 
Ai-tillciy Officers, Woolwich, and J. C. Adams, M.A., F.R.S. 
Demy 4to. £1. 1.?. 

NOTES ON QUALITATIVE ANALYSIS. Concise and 
Explanatory. By H. J. H. Fenton, M.A., F.I.C., F.C.S., Demon- 
strator of Chemistry in the University of Cambridge, Late Scholar 
of Christ’s College. Crown 410. 7s. 6d. ^ 

Randan : C. J . CjL.i i' S'OMy Ccinibridpfc University P7'ess TYarehousCy 

Ave Marta Dane. 



14 


PUBLICA TIONS 01' 

A TREATISE ON THiC Ol^NlCRAE PRINCTPLICS OF 

CHEMISTRY, by M- M. Tattison Mvik, M.A., K.'Ih.w .md Puc- 
lectoi m Chemistry of C.onviUc and CaiU'. t lU'tny Svo. 

I ///(' Prc.ts. 

A TREATISE ON THE PIlYSIOLOfJV OK i’LANTS 

by S. H. Vines, M.A., Fellow of ChiistV CulU-Kf. j t„ tlu< Pres^ 

THE FOSSILS AND PAL/EONTOL( )( TOA I . AI'I-'IN- 

ITIES OF THE NEOCOMIAN I ) E I’t ISITS t)I'‘ UlAS’ARp' 
AND BRICKHILL with Plates, heiiit; tin- .Se(i;>,\\ iek Prize p.ssav 
for the Year 1879. By Wai.TKR Kekpisc, M.A., F.C.S. Demy .Svo. 
loj^. 6 d. 

COUNTERPOINT. A Practical Coursi- of Stiuly, by 

fessor Sir G. A. MackarkKN, M.A., Mils. Doe. Foui'th Edition 
revised. Demy 4to. 7.f. bd. ’ 

ASTRONOMICAL OBSlvRVATIONS madr at the Obser- 
vatory of Cambridk'e by the late Rev. J .VMi'S ( ’n AM.i.s, M .A., F.R.s. 
F.R.A S. For various Years, fioiii 184(1 to 18(10. ’’ 

ASTRONOMICAL OBSltRV'ATIONS fniin iSbf to [Xbi; 
Vol. XXI. Royal 410. is-r. From j8(.(i to i8(..j. Voi. XXIp 
Royal 4to. j Xt'ui ly u atly, 

A CATALOGUE OP" THIC COLLP;CTION OF HIKu's 

formed by the late II. E. S'l'RrCKl.ANIi, now in the pos >i",'-iiiii of tlie 
University of Cambridge. By Dsinarr .SatAiN, .M.A., E.K.S., &(•. 
Strickland Curator in the University of C.mibridae. i leiiiy 8\o. £\. i.r’ 

“The discnxiimatinff iiott's which Mr S;ilvlri “ ’I’h*' hd’i fr't inr*! »}i .*«(!, 

h.Ts heic and there intrudmol mahe the hutd; u ifrins t.i .* t nj »,!»., vtlt.tt the 

indispensable to every wtuker on ^Olal the ».tHh*v;n'’ ‘‘f n t -Ih' h t* h tiMh* , hbI. allow. 
Americans call “tlie hiKhtr iilunc*' of the ml: Bn .Minf < . • i ml hjt . h.i rllrttufly 
science of birds , - AceK^pt/ty, t.uiitd it mif “ Nur'i , n, 

A CATALOGUE OF AUSTRALIAN FOSSILS un^ 

eluding Tasmania and tho Islaiul of Sfiativ^rnphirallv and 

Zoologically arranged, by R, R thi* ruh;i>:, jtm.. l- .C.S,, Arting Ralav 
ontologist, H.M. CJooL Surv<‘y t)t* Srt>tLitnl. 1 ><*iny Hvo* tn \\ (\tl 

“Theworkisarranfi'od with KJeJUdfarncss, tniiMihril by thr dnnt ,>n tniU x to the 

and contains a full list of the books and jMpcis .1 .’oi/## i.iU p A’, . #. ,0 

ILLUSTRATIONS OF COMIARATIVIb ANA 1 X)MY 
VERTEBRATE AND IN VKk'rKBKAdNL l<»r thr Tsr o» Stu- 
dents in the Museum of Zoology iind Auutcuu). Second 

Edition. Demy 8 vo. 2 S. 6<l 

A SYNOPSIS OF THE Cr.ASSIFKWTiON OF THE 

BRITISH PALA^:0Z0IC ROt/KS, by the Kov. At»am Sb:iu;WH-K 
M.A., F.R.wS., and FkkI)KRk:ic VAIS. One vtd,, Royal uto.’ 

Plates, £x* IS. 

A CATALOGUE OF THE COIAMCTION OF t^AM- 
BRIAN AND SILURIAN FOSSILS oootuinrtl in tlio Orologkal 
Museum of the University of Cumhrktgc, by J. W» Sai h r, L0,S* 
With a Portrait of PkofKHSOR Skihjwu K. Royal 4 tiL 70 (»«/. 

CATALOGUE OF OSTICOLOGICAI. SFFCIM!* NS cun^ 

tained in the Anatomical Museum of the* Uuivtunity of < uinbritige. 
Demy Svo. 2 s, 6d. 

l^ondoiit C Cjlav AfhV, ji^/y /V» /I 

A VC J/tir/tt 
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LAW. 

AN ANALYSIS OF CRIMINAL LIABILITY. By E. C. 

Clark, LL.D., Regius Professor of Civil Law in the University of Cam- 
bridge, also of Lincoln’s Inn, Barrister-at-Law. Crown 8vo. yj. (>d. 

'‘Prof. Clark’s little book is the substance Students of jurisprudence will find much to 

of lectures dehveied by him upon those por- interest and instruct them in the work of Prof, 

tions of Austin's work on jurisprudence which Clark.” — AthencezHtt. 

deal with the “operation of sanctions’* . 

PRACTICAL JURISPRUDENCE, a Comment on AUSTIN. 
By E. C. Clark, LL.D. Regius Professor of Civil Law. Crown 

8 VO. 9 ^-. 

A SELECTION OF THE STATE TRIALS. By J. W. 

Willis-Bund, M.A,, LL.B., Barrister- at-Law, Professor of Con- 
stitutional Law and History, University College, London. Vol. I. 
Trials for Treason (1327 — 1660). Crown 8vo. i8j-. 

“ ]Mr Wilhs-Bund has edited ‘A Selection of as it may be gathered from trials before the 

Cases fiom the State Trials’ which is likely to ordinary courts. The author has very wisely 

form a very valuable addition to the standard distinguished these cases from those of im- 

hteratiue . Theie can be no doubt, therefoie, peachment for treason before l^arliament, which 

of the inteiost that can be found m the State he proposes to tieai m a future volume under 

yials. But they are large and unwieldy, and it the general head 'Proceedings m Pailiament.’” 
is impossible for the general reader to come — T/te Acadezny, 

across them Mr Willis-Bund has therefore “ This is a work of such obvious utility that 

done good service in making a selection that the only wonder is that no one should have un- 
is m the first volume reduced to a commodious dertaken it before . In many respects there- 

form — The ILjxazniner. fore, although the trials are more or less 

“This work is a very useful contribution to abridged, this is for the ordinary student’s pur- 

that iinpoitant branch of the constitutional his- pose not only a moie handy, but a more useful 

lory of Kngland which is concerned with the work than Howell’s.” — Saturday Review. 
growth and development of the law of treason, 

VoL. II. In two parts. Price 14s. each. 

“ But, although the book is most interesting j'udicious selection of the principal statutes and 

to the historian of constitutional law, it is also the leading cases bearing on the crime of trea- 

not without considerable value to those who son . . For all classes of readers these volume^ 

'seek mfoimation with regard to procedure and possess an indirect interest, arising from the 

the growth of the law of evidence. We should nature of the cases themselves, from the men 

add that Mr WiUi.s-Bund has given short pre- who were actors in them, and from the numerous 
faces and appendices to the tiials, so as to form points of social life which are incidentally illus- 

a connected narrative of the events in history trated in the course of the trials. On these 

to which they relate. We can thoroughly re- fe.atures m'c have not dwelt, but have preferred 

commend the book ” — Raw 'Tunes to show that the book is a valuable contribution 

“To a laige class of readers Mr WilHs- to the study of the subject with which it pro- 
Bund’s compilation will thus be of great as- fesses to deal, namely, the history of the law of 
sistance, for he piesents in a convenient form a treason.” — AthenePum. 

Vol. III. the Fress\ 

THE FRAGMENTS OR THE PERPETUAL EDICT 

OF sSALVIUS JULIANUS, collected, arranged, and annotated by 
Bryan Walker, M.A., LL.D., Law Lecturer of St John’s College, and 
late Fellow of Corpus Christ! College, Cambridge. Crown 8vo. 6s. 

“ In the present book we have the fruits of such a student will be interested as wCHaspcr- 

the same kind of thorough and well-ordered haps surprised to find how abundantly the ejc- 

study which was brought to bear upon the notes tant fragments illustrate and clear up points 

to the Commentaries and the Institutes . . . which have attracted his attention in the Com- 

Hitherto the Edict has been almost inac- mentaries, or the Institutes, or the Digest,”— 

cessible to the ordinary English student, and Raw Times. 

London : C. y. Cra v Cambridge University Press Warehouse^ 

Ave Maria Lane. 
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AN INTRODUCTION TO THE STUDY OF JUS- 
TINIAN’S DIGEST. Containing an account of its composition 
and of the Jurists used or referred to therein, together with a full 
Commentary on one T itle (de usufructu), by Henky J ohn Roby, M. A., 
formerly Classical Lecturer in St John’s College, Cambridge, and 
Prof, of Jurisprudence, University College, London. Demy 8 vo. 

THE COMMENTARIES OF GAIUS AND RULES OF 
ULPIAN. (New Edition, revised and enlarged.) With a Trans- 
lation and Notes, by J. T. Abdy, LL.D., Judge of County Courts, 
late Regius Professor of Laws in the University of Cambridge, and 
Bryan Walker, M.A., LL.D., Law Lecturer of St John’s College, 
Cambridge, formerly Law Student of Trinity Hall and Chancellor’s 
Medallist for Legal Studies. Crown 8 vo. i 6 ^. 

*‘As scholars and as editors Messrs Ahdy way of reference or necessaiy explanatjon. 

and Walker have done their work well . . For Thus the Roman jurist is allowed to speak for 

one thing the editors deserve special commen- himself, and the reader feels that he is really 

dation. They have presented Gaius to the studying Roman law in the oiiginal, and not a 

‘reader with few notes and those merely by fanciful repiesentation of it.” — Atheficeimi. 

THE INSTITUTES OF JUSTINIAN, translated with 
Notes by J. T. Abdy, LL.D., Judge of County Courts, late Regius 
Professor of Laws in the University of Cambridge, and formerly 
Fellow of Trinity Hall; and Bryan Walker, M.A., LL.D., Law 
Lecturer of St John’s College, Cambridge ; late Fellow and Lectin cr 
of Corpus Chnsti College ; and formerly Law Student of Trinity 
Hall. Crown 8 vo. i6s. 

We welcome here a valuable contribution the ordinary student, whose attention is dis- 

to the study of jurisprudence. The text of the tracted from the subject-matter by the dif- 

InsUUites is occasionally perplexing, even to ficulty of struggling thiouph the language in 

practised scholars, whose knowledge of clas- which it is contained, it will be almost iiidis- 

sical models does not always avail them in pensable ,” — Spectator 

dealing with the technicalities of legal phrase- “The notes are learned and carefully com- 

ology Nor can the ordinary dictionaries be piled, and this edition will be iouiid useful to 
expected to furnish all the help that is wanted students ” — Law Times. 

This translation will then be of great use To 

SELECTED TITLES FROM THE DIGEST, annotated 
by B. Walker, M.A., LL.D. Part I. Mandati vel Contra. Digest 
XVII. I. Crown 8 vo. 5J“. 

“This small volume is published as an ex- Mr Walker deserves credit for the way in which 

peiiment The author proposes to publish an he has performed the task iindei taken. The 

annotated edition and translation of several translation, as might be expected, is schokuly.” 

books of the Digest if this one is received with — Law Times. 

favour. We are pleased to be able to say that 

Part 11. De Adquirendo rerum dominio and De Adqiiircnda vel 

amittenda possessione. Digest XLi. i and ii. Crown 8 vo. 6s, 

Part HI. De Condictionibus. Digest xii. i and 4 — 7 and Digest 

XIII. I — 3 . Crown 8 vo. 6s, 

GROTIUS DE JURE BELLI ET PACTS, with the Notes 

of Barbeyrac and others; accompanied an abridged Tianslation 
oT the Text, by W. Whewell, D.D. late Master of Trinity College. 
3 Vols. Demy 8 vo. 12 s. The translation separate, 6s, 

London: C. y, Clav Son^ Cambridge University Press IVarchonse^ 

A VC Maria Lane, 
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mSTOET. 

LIFE AND TIMES OF STEIN, OR GERMANY AND 
PRUSSIA IN THE NAPOLEONIC AGE, by J. R. Seeley, 
M.A., Regius Professor of Modern History in the University of 
Cambridge, with Portraits and Maps. 3 Vols. Demy 8vo. 48^*. 


“ If we could conceive anything- similar to 
a protective system in the intellectual depart- 
ment, we might perhaps look forward to a time 
when our histonans would laise the cry of pi o- 
tection for native industiy Of the unquestion- 
ably greatest German men of modein history — 
I speak of Fiedenck the Gicat, Goethe and 
Stem — the first two found long since in Cailyle 
and Lewes biographeis who have undoubtedly 
driven their German competitors out of the 
field. And now in the year just past Professor 
Seeley of Cambridge has presented us with a 
biography of Stein which, though it modestly 
declines competition with German works and 
disowns the piesumption of teaching us Ger- 
mans our own histoiy, yet casts into the shade 
by Its brilliant superiority all that we have our- 
selves hitherto written about Stem.” — Deuti^che 
Rtindi>chau 

“ In a notice of this kind scant justice can 
be done to a work like the one befoie us, no 
can give even the most meagre 
notion of the contents of these volumes, wnich 
contain no page that is superfluous, and none 
that IS uninteresting .... To understand the 


Geimany of to-day one must study the Ger- 
many of many yesterdays, and now that study 
has been made easy by this work, to which no 
one can hesitate to assign a very high place 
among those rei ent histones which have aimed 
at original leseaich ” — Athe7icP7ijn 

‘‘The book before us fills an important gap 
in English — nay, European — historical liteia- 
ture, and bridges ovei the history of Prussia 
fioin the time of Fredeuck the Great to the 
days of Kaiser Wilhelm. It thus gives the 
readei standing ground whence he may regard 
contemporary events in Germany in then pro- 
per historic light . . . We congratulate Cam- 
bridge and her Professor of History on the 
appearance of such a note woi thy production. 
And we may add that it is something upon, 
which we may congratulate England that on 
the especial field of the Germans, history, on 
the history of their own country, by the use of 
their own literar3' weapons, an Englishman has 
produced a history of Germany in the Napo- 
leonic age far superior to any that exists in 
German. 


THE GROWTH OF ENGLISH INDUSTRY AND 

COMMERCE. By W. CxJNNINGHAM, M.A, late Deputy to the 
Knightbridge Professor in the University of Cambridge. With 
Maps and Charts. Crown 8vo. 12s. 


“He is, however, undoubtedly sound in the 
mam, and his work deserves recognition as the 
result of immense industry and reseaich m a 
field in which the labourers have hitherto been 
comparatively few.” — Scotsman. 

“Mr Cunningham is not hkcly to disap- 
point any readers except such as begin by mis- 
taking the character of his book. He does not 
promise, and does not give, an account of the 


dimensions to which English industry and com- 
meice have grown It is with the process of 
growth that he is concerned, and this process 
he traces with the philosophical^ insight which 
distinguishes between what is impoitant and 
what IS trivial He thus follows with care, 
skill, and deliberation a single thiead thiough 
the maze of general English history.” — Guar- 
dian 


THE UNIVERSITY OF CAMBRIDGE FROM THE 
EARLIEST TIMES TO THE ROYAL INJUNCTIONS OF 
1535, by James Bass Mullinger, M.A. Demy 8vo. (734 pp.), 12^^. 


“We trust Mr Mullinger will yet continue 
his history and bung it down to our own day ** 
— Academy. 

“He has brought together a mass of in- 
structive details respecting the rise and pio- 
gresfl, not only of his own University, but of 
all the piincipal Univeisities of the Middle 
Ages ... We hope some day that he may con- 


tinue his labours, and give us a history of the 
Univeisity during the troublous times of the 
Kefoim.itKm and the Civil War.” — Athcnijemn, 
“ Mr Mulhnger's work is one of great leiuu- 
ing and research, which can haidly fail to 
become a .standard book of reference on the 
subject . . . We can most stiongly'^ecommend 
this book to our readers.” — i>pectator. 


VOL. II. Nearly ready. 


London : C. y. Cla v Cambridge University Press VVarcJionsc^ 

Ave Maria Lane. 
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PUBLICATIONS OF 


CHRONOLOGICAL TABLES OF GREEK HISTORY. 

Accompanied by a short narrative of events, with references to the 
sources of information and extracts from the ancient authorities, by 
Carl Peter. Translated from the German by G. Chawner, 
M.A,, Fellow and Lecturer of King’s College, Cambridge. Demy 
4 to. los. 

“As a handy book of reference for genuine ticular point as quickly as possible, the Tables 
students, or even for learned men who want to aie useful " — Academy 

lay their hands on an authority foi some par- 

CHRONOLOGICAL TABLES OF ROMAN HISTORY. 

By the same. \l^reparijtg^, 

HISTORY OF THE COLLEGE OF ST JOHN THE 
EVANGELIST, by Thomas Baker, B.D., Ejected Fellow. Edited 
by John E, B. Mayor, M.A., Fellow of St John’s. Two Vols. 
Demy 8 vo. 243-. 

“To antiquaries the book will be a source ^'The work displays very wide reading, and 

of almost inexhaustible amusement, by his- it will be of great use to members of the col- 

tonans it will be found a work of considerable lege and of the univeisity, and, perhaps, of 

seivice on questions respecting our social pro- still greater use to students of English his- 

gress in past times . and the care and thorough- tory, ecclesiastical, political, social, Iiteiaiy 

ness with which Mr Mayor has discharged his and academical, who have hitherto iiad to be 

editorial functions are creditable to his learning content with ‘ Dyer — Academy 

and industry.” — Atkencpum* 

HISTORY OF NEPAL, translated by MuNSliT Shew 
Shunker Singh and Pandit ShrI Gunanand ; edited with an 
Introductory Sketch of the Country and People by Dr D. Wrioht, 
late Residency Surgeon at Kathmandu, and with facsimiles of native 
drawings, and portraits of Sir JUNG Bahadur, the King OF Nepal, 
&c. Super- royal 8 vo. 21J'. 

'‘The Cambridge University Press have volume The colouied lithographic plates arc 
done well in publishing this work Such trans- interesting ” — Naiwe 

lations are valuable not only to the historian “The history has appeared at a very op- 

but also to the ethnologist,. . Dr Wright's portune moment The volume.. .is bcriutifitlfy 
Introduction is based on personal inquiry and printed, and supplied with portraits of Sir Jung 
observation, is written intelligently and can- Bahadoor and others, and with excellent 
didly, and adds much to the value of the coloured sketches illustrating Ncpaulese archi- 
tecture and religion." — Examiner. 

SCHOLAE ACADEMICAE : some Account of the Studies 
at the English Universities in the Eighteenth Century. By Chris- 
topher Wordsworth, M.A., Fellow of Pcterhousc ; Author of 
“ Social Life at the English Universities in the Eighteenth Century.’' 
Demy 8 vo. 15A 

“The general object of Mr Wordsworth’s “Only those who have engaged in like la- 

book is sufficiently appaient from its title He hours will be able fully to appreciate the 

has collected a great quantity of minute and sustained industiy and conscientious accuracy 

curious information about the working of Cam- disceinible in evciy page ... Of the whole 

budge institutions m the last century, with an volume it may be said that it is a gonimie 

occasional comparison of the couesponding service lendeiod to the study of 17111 vcisiiy 

state of things at Oxfoid . To a great extent history, and Lliat the habits of thought of any 

it is purely a book of reference, and as such it writer educated at either seat of learning m 

will be of permanent value for the historical the last century will, in many cases be far 

knowledge of English education and learning." better undeistood alter .i consideration of the 

— Saturday Review. materials here collected ” — Academy. 

THE ARCHITECTURAL HISTORY OF THE UNI- 
VERSITY AND COLLEGES OF CAMBRIDGE, by the late 
Professor Willis, M.A. With numerous Maps, Plans, and Illustra- 
tions. Continued to the present time, and edited by John Willis 
Clark, M.A., formerly Fellow of Trinity College, CamlM-idgc. 

[In the Press. 

London: C. J. Clay SojVj Cambrid^s^c Univcrsiiy Press IWirchousc., 

Alvo Maria Lane. 
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MISCELLANEOUS. 


A CATALOGUE OF ANCIENT MARBLES IN GREAT 
BRITAIN, by Prof. Adoi.f Michaelis. Translated by C. A. M. 
Fennell, M.A., late Fellow of Jesus College. Royal 8vo. Roxburgh 
(Morocco back), ^2. is. 


“The object of the present work of Mich- 
«ielis IS to describe and make known the vast 
tieasvires of ancient sculptuie now accumulated 
in the galleiies of Gieat Britain, the extent and 
value of which arc scarcely appreciated, and 
chiefly so because there has hitherto been little 
accessible infoiination about them To the 
loving’ labouis of a lenined German the o'wners 
of ait treasures in England are for the second 
tune indebted for a full description of their rich 

f iossessions Waagen gave to the private col- 
ections of pictures the advantage of his in- 
spection and cultivated acquaintance -with art, 
and now Michaelis performs the same office 
for the still less known private hoards of an- 
tique sculptures for which our country is so 
remarkable The book is beautifully executed, 
and with its few handsome plates, and excel- 
lent indexes, does much credit to the Cam- 
bridge Press It has not been punted in 


German, but appears for the first time in the 
English translation All lovers of true art and 
of good woik should be grateful to the Syndics 
of the University Press for the liberal facilities 
afforded by them towards the production of 
this important volume by Professor Michaelis.” 
— Saturday Re'vic’zv 

“‘Ancient Marbles’ here mean relics of 
Greek and Roman origin which have been 
imported into Great Biitam fiom classical 
soil How rich this island is in respect to 
these remains of ancient art, every one knows, 
but It is equally well known that these trea- 
sures had been most inadequately described 
before the author of this woik undertook the 
labour of description Professor Michaelis has 
achieved so high a fame as an authority m 
classical archaeology that it seems unneces- 
sary to say how good a book this is.” — The 
A ntiqtiary 


LECTURES ON TEi\CHING, delivered in the University 
of Cambridge in the Lent Term, 1880. By J. G. Fitch, M.A., Her 
Majesty’s Inspector of Schools Crown 8vo. New Edition, ^s. 


“The lectures will be found most interest- 
ing, and deserve to be caiefully studied, not 
only by persons directly concerned ivith in- 
struction, but by parents who wish to be able 
to exercise an intelligent judgment in the 
choice of schools and teachers for their chil- 
dren For ourselves, we could almost wish to 
be of school nge again, to learn histoiy and 
geography from some one who could teach 
them after the pattern set by Mr Fitch to his 
audience . . But peihaps Mr Fitch’s observa- 
tions on the geneial conditions of school-work 
are even more important than what he says on 
this 01 that branch of study.” — Saturday Re- 
vie^v 

“It comprises fifteen lectures, dealing with 
such subjects as organisation, discipline, ex- 
amining, language, fact knowledge, science, 
and methods of instruction; ana though the 
lectures make no pretention to systematic or 
exhaustive treatment, they yet leave \eiy little 
of the ground uncovered, and they combine in 
an admirable way the e'xposition of sound prin- 
ciples with practical suggestions and illustra- 
tions which are evidently denied from wide 
and vai icd experience, both in teaching and in 
examining.” — Sceisman 


“As principal of a training college and as a 
Government mspectoi of schools, Mr fitch has 
got at his fingers’ ends the woikmg of primary 
education, while as assistant commissioner to 
the late Endowed Schools Commission he has 
seen something of the machinery of our higher 
schools . Mr Fitch’s book covers so wide a 
field and touches on so many burning questions 
tliat we must be content to lecommend it as 
the best existing vade inec 7 im for the teacher. 

. . , He IS always sensible, always judicious, 
never wanting in tact . . . Mr Fitch is a scholar ; 
he pietends to no knowledge that he does not 
possess, he brings to his work the iipe expe- 
rience of a ■well-stored mind, and he possesses 
in a xemarkable degree the art of exposition.” 

M all Gazette, 

“Therefore, without reviewing the book for 
the second time, we are glad to avail ourselves 
of the opportunity of calling attention to the 
re-issue of the volume m the five-shilhng form, 
bringing it wichm the reach of the rank and 
file of the profession We cannot let the oc- 
casion pass without making special refeience to 
the excellent section on ‘punishments' in the 
lecture on ‘Discipline.’” — School Board Ch?'on~ 
tele. 


THEORY AND PRACTICE OF TEACHING. By the 
Rev. Edward Thring, M.A , Head Master of Uppingham School, 
late Fellow of King’s College, Cambridge. Crown Bvo. 6 s. 


“Any attempt to summaiize the contents of 
the volume would fail to give our readers a 
taste of the pleasutc that its perusal has given 
us ” — yournal of Edtication, 

“In his book we have something very dif- 
ferent from the oidinaiy work on education. 
It is full of life. It comes fiesh from the busy 
V/orkshop of a teacher at once piactical and 
enthusiasfu', who has evidently taken up his 
pen, not for the sake of writing a book, but 


under the compulsion of almost passionate 
earnestness, to give expression to his views 
on questions connected with the teacher’s life 
and work. For suggcstivencss and clear in- 
cisive statement of the fundamental problems 
which arise in dealing with the minds of chil- 
dren, we know of no moie useful book for any 
teacher who is willing to throw heart, and 
conscience, and honesty into his work.” — Netv 
York EneTiin^ Post. 


london : C\ y. Cbav c>^ Son, Cambridge Uni'vcrsity Press IVare/touse, 

Ave Maria Lane. 
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PUBLICATIONS OF 


STATUTES OF THE UNIVERSITY OF CAMBRIDGE 

and for the Colleg-es therein, made published and appioved (1878 — 
1S82) under the Universities of Oxford and Cambridge Act, 1S77. 
With an Appendix. Demy 8vo. 16s. 

THE WOODCUTTERS OF THE NETHERLANDS 

during the last quarter of the Fifteenth Century. In three parts. 
I. History of the Woodcutters. 11 . Catalogue of their Woodcuts. 
III. List of the Books containing Woodcuts. By William Martin 
Conway. Demy 8vo. 10s. 6d. 

THE DIPLOMATIC CORRESPONDENCE OF EARL 

GOWER, English Ambassador at the court of Versailles from June 
1790 to August 1792. From the originals in the Record Office with 
an introduction and N otes, by Oscar Browning, M A. [I/z the Press. 

A GRAMMAR OF THE IRISH LANGUAGE. By Prof. 

WiNDiSCH. Translated by Dr Norman Moore. Crown 8vo. js 6d. 

STATUTES OF THE UNIVERSITY OF CAMBRIDGE. 

With some Acts of Parliament relating to the University. Demy 
8vo. 3^". 6d. 

ORDINATIONES ACADEMIC CANTABRIGIENSIS. 

Demy 8vo. 3^-. 6d. 

TRUSTS, STATUTES AND DIRECTIONS affecting 

(i) The Professorships of the University. (2) The Scholarships 
and Prizes. (3) Other Gifts and Endowments. Demy 8vo. 5.L 

COMPENDIUM OF UNIVERSITY REGULATIONS, 

for the use of persons in Statu Pupillari. Demy 8vo. 6d. 

CATALOGUE OF THE HEBREW MANUSCRIPTS 

preserved in the University Library, Cambridge. By Dr S. M. 
SCHiLLER-SziNESSY. Volume 1 . containing Section r. 71 ie Holy 
Scriptures j Section li. Commentaries on the Bible* Demy 8vo. 9.?. 
Volume II. I71 the Press. 

A CATALOGUE OF THE MANUSCRIPTS preserved 
in the Library of the University of Cambridge. Demy 8vo. 5 Vols. 
loj. each. 

INDEX TO THE CATALOGUE. Demy Svo. ioj*. 

A CATALOGUE OF ADVERSARIA and printed books 
containing MS. notes, preserved in the Library of the University of 
Cambridge, ^s. 6d. 

THE ILLUMINATED MANUSCRIPTS IN Tllli LL 
BRARY OF THE FITZWILLIAM MUSEUM, Catalogued with 
Descriptions, and an Introduction, by Witjjam Gkorgk Skaklic, 
M.A., late Fellow of Queens' College, and Vicar of Ilockington, 
Cambridgeshire, Demy Svo. js. 6d 

A CHRONOLOGICAL LIST OF THE GRACES, 

Documents, and other Papers in the University Registry which 
concern the University Library. Demy Svo. 2s. Get 

CATALOGUS BIBLIOTHECA BURCKHARDTIANA. 

Demy 4to. 53*. 


LoJtdon : C. y. Cla v SoN^ Cambridge University Press Warchoitse^ 

Ave Maria Lane* 
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CI;£ CambnUge SSi'Ijle for ^cOooliS autJ 
CoIIegresf* 

General Editor: The Very Reverend J. J. S. Perowne, D.D., 
Dean of Peterborough. 


The want of an Annotated Edition of the Bible, in handy poi lions, suitable for 
School use, has long been felt. 

In order to provide Text-books for School and Examination purposes, the 
Cambridge University Press has arranged to publish the several books of the 
Bible in separate poitions at a moderate price, with introductions and explanatory 
notes. 

The Very Reverend J. J. S- Perowne, D.D., Dean of Peterborough, has 
undertaken the general editorial supervision of the woik, assisted by a staff of 
eminent coadjutors. Some of the books have been alieady edited or undertaken 
by the following gentlemen : 

Rev. A. Carr, M.A., Assistant Master ai Wellington College, 

Rev. T- K. Cheyne, M.A., Fellow ofBalhol College^ Oxford, 

Rev. S. Cox, Noilinqham, 

Rev. A. B. Davidson, D.D., Professor of Hebrew^ Edinburgh, 

The Ven. F. W. Farrar, D.D., Archdeacon of Westminster, 

C. D. Ginsburg, LL.D. 

Rev. A. E. Humphreys, M.A., Fellow of Trinity College^ Cambridge, 

Rev. A. F. Kirkpatrick, M.A., Fellow of Trinity College^ Regius Professor 
of Hebrew. 

Rev. J. J. Lias, M.A., late Professor at St David’s College^ Lampeter, 

Rev. J. R. Lumby, D.D., Norrisian Professor of Divinity. 

Rev. G. F. Maclear, D.D., Warden of St Augustine’ s College^ Canterbury, 
Rev. II. C. G. Moule, M.A., Fellow of Trmity College^ Pidncipal of Ridley 
HalU Cambridge. 

Rev. W. F. Moulton, D.D., Head Master of the Leys School^ Cambridge. 
Rev. E. H. Perowne, D.D., Master of Corpus Christi College ^ Cambi'idge, 
Examining Chaplain to the Bishop of St Asaph. 

The Ven. T. T. Perowne, M.A,, Archdeacon of N'ortvich. 

Rev. A. Plummer, M.A., D.D., Master of University College^ Durham, 

The Very Rev. E. H. Plumptre, D.D., Dean of Wells, 

Rev. W. SiMCOX, M-A., Rector of Wey hill, Hants. 

Robertson Smith, M. A., Lord Almoner* s Professor of Arabic, 

Rev. H. D. M. Spence, M.A., Hon, Canon of Gloucester Cathedral, 

Rev. A. W. Streane, M.A., Fellow of Corpus Christi College, Cambndge, 


London : C. y, Cla v Son, Caynbridge University Press Warehouse. 

Ave Maria Lane. 
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PUBLICATIONS OF 


THE CAMBKIDGE BIBLE FOR SCHOOLS & COLLEGES. 

Co7iti)med. 

Now Ready. Cloth, Extra Fcap. 8vo. 

THE BOOK OF JOSHUA. By the Rev. G. F. Maci.ear, D D. 
With 2 Maps, o-s, 6 d. 

THE BOOK OF JUDGES. By the Rev. J. J. Lias, M.A. 

With Map. 3T. 6 d, 

THE FIRST BOOK OF SAMUEL. By the Rev, Professor 
Kirkpatrick, M.A. With Map. ^s. 6 d, 

THE SECOND BOOK OF SAMUET.. By the Rev. Professor 
Kirkpatrick, M.A. With 2 Maps. 3^ 6 d. 

THE BOOK OF JOB. By the Rev. A. B. Davidson, D D. 5 ^ 

THE BOOK OF ECCLESIASTES. By the Very Rev E. 11. 

Plumptre, D.D., Dean of Wells, ^s. 

THE BOOK OF JEREMIAH. By the Rev. A W. Streane, 
M.A. With Map. 4.? 6 d. 

THE BOOKS OF OBADIAH AND JONAH. By Aichdcacon 
Perowne. 2 s. 6 d. 

THE BOOK OF JONAH, By Archdeacon Perowne. it. 6 d. 
THE BOOK OF MICAH. By the Rev. T. K. Cheyne, M.A. 

IS. 6 d. 

THE GOSPEL ACCORDING TO ST MATTHEW. By the 

Rev. A. Carr, M A. With 2 Maps. 2s, 6 d. 

THE GOSPEL ACCORDING TO ST MARK. By the Rev. 
G. F. Maclear, D. D. With 2 Maps. 2^. 6 d. 

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon 
F. W. Farrar, With 4 Maps. 4J-. 6 d. 

THE GOSPEL ACCORDING TO ST JOHN. By the Rev. 
A. Plummer, M.A. , D.D. With 4 Maps. 4^-. 6 d. 

THE ACTS OF THE APOSTLES. By the Rev. Professor 
Lumry, D.D. With 4 Maps. 4^*. 6 d. 

THE EPISTLE TO THE ROMANS. By the Rev. PL C. G. 
Moule, M.A. 3J. 6 d. 

THE FIRST EPISTLE TO THE CORINTPIIANS, P.y the Rev. 

J. J. Lias, M.A. With a Map and Plan. 2^. 

THE SECOND EPISTLE TO THE CORINTHIANS. r>y the 

Rev. J J. Lias, M.A. 2s. 

THE EPISTLE TO THE HEBREWS. By Archdeacon Fauuar. 

SS. 6d. 

THE GENERAL EPISTLE OF ST JAMES. By the Very Rev. 
E. H. Plumptre, D.D., Dean of Wcll.s. rj. td. 

THE EPISTLES OF ST PETER AND ST JUDE. By the 

same Editor. 2 a 

THE EPISTLES OF ST JOHN. By the Rev. A. J>r.UMMKk, 
M.A., D.D. y.dd. 

London; C. J. Clay Sow, Cambridge University Press il’^nre/tonse, 

Ave Marfa Lane. 
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THE CAMBRIDGE BIBLE FOR SCHOOLS & COLLEGES. 

Co 7 iti 7 iiied. 

Preparing'. 

THE BOOK OF GENESIS. By Professor Robertson Smith, M.A. 
THE BOOK OF EXODUS. By the Rev. C. D. Ginsburg, LL.D. 

THE BOOKS OF HAGGAI AND ZECHARIAH. By Arch- 

deacon Perowne. 

THE BOOK OF REVELATION. By the Rev. W. Simcox, M.A. 


THE CAMBRIDGE GREEK TESTAMENT, 

FOR SCHOOLS AND COLLEGES, 

With a Revised Text, based on the most recent critical authorities, and 
English Notes, prepared under the direction of the General Editor, 

The Very Reverend J. J. S. PEROWNE, D.D., 

DEAN OF PETERBOROUGH. 

Now Ready. 

THE GOSPEL ACCORDING- TO ST MATTHEW. By the 

Rev. A. Carr, M.A. With 4 Maps. 4^’. ^d. 

“With the ‘ Notes,’ m the volume before us, we are much pleased , so far as we have searched, 
they are scholarly and sound. The quotations from the Classics are apt ; and the references to 
modern Greek form a pleasing feature ” — The C/ntrdiinaiL, 

“Copious illustrations, gathered fiom a gieat variety of sources, make his notes a very valu- 
able aici to the student They aie indeed remarkably inlerebting, while all explanations on 
meanings, applications, and the like are distinguished by then lucidity and good sense ” — 
PtiU Mall Gazette 

THE GOSPEL ACCORDING TO ST MARK. By the Rev. 

G. F. Maclear, D.D. With 3 Maps. 4^-. 6 d. 

“The Cambridge Greek Testament, of which Dr Maclear’s edition of the Gospel according to 
St Mark is a volume, certainly supplies a want Without pretending to compete with the leading 
commentaries, or to embody very much original research, it forms a most satisfactory introduction 
to the study of the New Testament in the original . . Di Maclear’ > introduction contains all tliat 

is known ot St Mark’s life, with refeiences to passages in the New Testament m which he is 
mentioned; an account of the circumstances in which the Gospel was composed, with an e->tiniate 
of the influence of St Peter’s teaching upon St Mark, an excellent sketch of the special character- 
istics of this Gospel ; an analysis, and a chapter on the text of the _New Testament generally 
The woik is completed by two good maps, one of Palestine in the time of our Lord, the othci, on 
a large scale, of the Sea of Galilee and the countiy immediately suirounding it.” — Sain? day 
Revte^u 

“The Notes, which are admirably put together, seem to contain all that is necessaiy ior the 
guidance of the student, as well as a judicious selection of passages fiom various sources illustrat- 
ing scenery and manners ” — Acade7ny. 

THE GOSPEI. ACCORDING TO ST LUKE. By Archdeacon 

Farrar. With 4 Maps. 6 s. 

THE GOSPEL ACCORDING TO ST JOHN. By the Rev. A. 

Plummer, M.A., D.D. With 4 Maps. 

“A valuable addition has also been made to ‘The Cambridge Greek Testament for Schools,” 
Dr Plummet’s notes on ‘the Gospel accoidiug to St John’ are scholaily, concise, and instinctive, 
and embody the results of much thought and wide reading " — ExJ>osiior. 


Lo7tdo7t: C. J. Clay 5 ^ Son.^ Cambridge Utiivcrsiiy P 7 Tss Warehouse^ 

Atc Maila J.a 7 ii\ 
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PC/BLICATIONS OF 


THE PITT PRESS SERIES. 


I. GREEK. 

THE ANABASIS OF XENOPHON, Books I. III. IV. 

and V. With a Map and English Notes by Alfred Pretor, M.A., Fellow 
of St Catharine's College, Cambridge ; Editor of Perstus and Cicero ad Atii- 
cu7n Book I. 'IS, each. 

** In Mr Pretor’s edition of tlie Anabasis the text of Kuhner has been followed in the main, 
while the exhaustive and admirable notes of the great German editor have been largely utilised. 
These notes deal with the minutest as well as the most important difficulties in construction, and 
all questions of history, antiquity, and geography are briefly but very effectually elucidated .” — The 
£xami7ier 

‘*We welcome this addition to the other books of the Au€t5ast<{ so ably edited by Mr Pretor, 
Although originally intended for the use of candidates at the university local examinations, yet 
this edition will be found adajited not only to meet the wants of the junior student, but even 
advanced scholars will find much in this work chat will repay its perusal ” — The Schoolitiaster 

‘“Mr Pretor’s ‘Anabasis of Xenophon, Book IV.’ displays a union of accurate Canibiidgc 
scholarship, with experience of what is required by learners gained in esamining middle-class 
schools The text is large and clearly printed, and the notes explain all difficulties . .Mr 
Pretor’s notes seem to be all that could be wished as regards grammar, geography, and othei 
matters.” — Tke Aca.de wy 

BOOKS II- VI. and VII. By the same Editor. 2s, 6d. each. 

“Another Greek text, designed it would seem for students preparing for the local examinations, 
is ‘Xenophon’s Anabasis,’ Book 11 , with English Notes, by Alfied Pretor, M A The editoi has 
exercised his usual discrimination m utilising the text and notes of Kuhner, with tlic occasional 
assistance of the best hints of Schneider, Vollbrccht and Macniichael on critical matteis, and of 
Mr R W Taylor on points of history and geogiaphy. . When Mr Pi etoi commits luinsolf to 
Commentator’s work, he is eminently helpful . . Had wc to introduce a young Oieck scholai 

to Xenophon, we should esteem ourselves fortunate m having Pretor’s |;e\t-book as our chjut ami 
guide ” — Contemporary Revie'w. 

THE ANABASIS OF XENOPHON, by A. Pretor, M.A., 

Text and Notes, complete in two Volumes. *-js. 6d. 

AGESILAUS OF XENOPHON. The Text revised 

with Critical and Explanatory Notes, Inti'oduction, Analysis, and Indices. 
By H. Hailstone, M. A., late Scholar of Peteidiousc, Cambridge, Editor of 
Xenophon’s Hellenics, etc. 'zs. 6d, 

ARISTOPHANES— RANAE. With English Notes and 

Introduction by W. C. Green, M.A., Assistant Master at Rugby School. 
3J'. 6d. 

ARISTOPHANES— A VES. By the same Editor. JVeze; 

Pdition. ^s. 6d. 

“The notes to both plays are excellent. Much has been done in these two volumes to rciulrr 
the study of Aristophanes a real tieat to a boy instead of a drudgery, by helping him to under- 
stand the fun and to express it in ins mother tongue ” — 7'he Bjcmniner. 

ARISTOPHANES— PLUTUS. By the same Editor. 3 .?. CiL 

EURIPIDES. HERCULES FURENS. With Intro- 
ductions, Notes and Analysis. ByJ. T. Hittchinbon, M.A., Christ’s College, 
and A. Gray, M.A., Fellow of Jesus College, ns, 

“Messrs Hutchinson, and Gray have produced a careful and useful edition .” — Saturday 
Review, 

THE HERACLEID^ OF EURIPIDES, with Introduc- 

tion and Critical Notes by E. A. Beck, M.A., Fellow of Trinity Hall 3^. (>d. 


London: C, y, Cray SOJV, CajnbridYc University Press Warehouse^ 

Ave Maria Bane, 
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LUCIANI SOMNIUM CHARON PISCATOR ET DE 

LUCTU, with English Notes by W. E. Heitland, M.A., Fellow of 
St John's College, Cambridge. New Edition, with Appendix, ^s, 6d, 

OUTLINES OF THE PHILOSOPHY OF ARISTOTLE. 

Edited by E. Wallace, M.A. (See p. 30 .) 


II. LATIN. 

M. T. CICERONIS DE AMICITIA. Edited by J. S. 

Reid, M L., Fellow and Assistant Tutor of Gonville and Caius College, 
Cambridge. New Edition, with Additions, ^s. 61. 

“Mr Reid has decidedly attained his aim, namely, ‘a thorough examination of the Latinity 
of the dialogue ’ . . . The revision of the text is mo»t valuable, and comprehends sundry 
acute corrections . This volume, like Mi Reid’s othei editions, is a solid gain to the scholar- 
ship of the country ” — A tJiena;zi?n 

“A more distinct gain to scholarship is Mr Reid’s able and thorough edition of the De 
AiniciiiA of Cicero, a work of which, whether we regard the exhaustive introduction or the 
instructive and most suggestive commentary, it would be difficult to speak too highly When 

we come to the commeniaiy, we are only amazed by its fulness in proportion to its bulk 
Nothing IS overlooked which can tend to enlarge the learner’s general knowledge of Ciceionian 
Latin oi to elucidate the text ” — Saturdny Re'vte'W 

M. T. CICERONIS CATO MAJOR DE SENECTUTE. 

Edited by J. S. Reid, M.L. 3 ^. 6d. 

“The notes aie excellent and scholarlike, adapted for the upper forms of public schools, and 
likely to be useful even to more advanced students ” — G 7 iardian. 

M. T. CICERONIS ORATIO PRO ARCHIA POETA. 

Edited by J. S. Reid, M.L. Revised Edition, 'is. 

“ It IS an admirable specimen of careful editing An Introduction tells us everything we could 
wish to know about Arcliias, about Ciceio’s connexion with him, about the merits of the trial, and 
the genuineness of the speech. The text is well and carefully pxmted The notes are clear and 
scholar-hke . . No boy can master this little volume without feeling that he has advanced a long 
step in scholarship ” — The Academy 

M. T. CICERONIS PRO L. CORNELIO BALBO ORA- 
TIO. Edilerl by J. S. Reid, M.L. is. 6d. 

“We are bound to recognize the pains devoted in the annotation of these two orations to the 
minute and thorough study of their Latinity, both in the ordinary notes and m the textual 
appendices ” — Saturday Review 

M. T. CICERONIS PRO P. CORNELIO SULLA 

ORATIO. Edited by J. S. Reid, M.L. 3 ^. 6 ^^. 

“Mr Reid is so well known to scholars as a commentator on Cicero that a new work from him 
scarcely needs any commendation of oius His edition of the speech /’?■<? Sulla is fully equal in 
merit to the volumes which he has already published , . It would be difficult to speak too highly 
of the notes. There could be no better way of gaming an insight into the characteristics of 
Cicero’s style and the Latinity of his period than by making a careful study of this speech with 
the aid of Mr Reid’s commentary . . Mr Reid’s intimate knowledge of the minutest details of 
scholarship enables him to detect and explain the slightest points of distinction between the 
usages of difiereiit authors and different peiiods The notes are followed by a valuable 

appendix on the text, and another on points of orthography; an excellent index brings the work 
to a close ” — Saturday Revicxv 

M. T. CICERONIS PRO CN. PLANCIO ORATIO. 

Edited by H. A. Holden, LL.D., late Head Master of Ipswich School. 

4^. 6d. 

“As a book for students this edition can have few rivals. It is eniiched by an excellent intro- 
duction and a chronological table of the principal events of the life of Cicero , while m its ap- 
pendix, and in the notes on the text which are added, there is much of the gieatdst value The 
volume is neatly got up, and is in every way commendable ,” — The Scetsma?£ 

“ Dr Holden’s own edition is all that could be expected from his elegant and practised 
scholarship. , . Dr Holden has evidently made up his mind as to the character of the 

commentary most likely to be generally useful , and he has earned out his views with admuable 
thoi oughness .”^ — A cadcTny. 

“Dr Holden has given us here an excellent edition The commentary is even unusually full 
and complete; and after going through it carefully, we find little or nothing to criticize. There 
is an excellent introduction, lucidly explaining the circumstance.s undei which the speech was 
delivered, a table of events m the life of Cicero and a useful index,’’ S_pcctator^ Oct. 29, 1881. 

London : C. J. Cl A v ^ SON^ Cavib^ndgc Universify Press Warehouse, 

..dve A/aria Lane. 
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PUBLICATIONS OP 


M. T. CICERONIS IN Q. CAECILIUM DIVINATIO 

ET IN C. VERREM ACTIO PRIMA. With Intioduction and Notes 
by W. E. Heitland, M.A., and Herbert Cowie, M.A., Fellows of 
St John’s College, Cambiidge. 3 ^-. 

M. T. CICERONIS ORATIO PRO L. MURENA, with 

English Introduction and Notes. By W. E. FIeitland, M.A., Fellow 
and Classical Lecturer of St John’s CollegCj Cambiidge. Second Edition, 
carefully revised. 3 ^“. 

Those students ate to be deemed fortunate who have to read Cicero’s lively and brilliant 
oration for L Murena with Mr Heitland’s handy edition, which may be pronounced ‘four~squaie ' 
in point of equipment, and which has, not without good leason, attained the lionoms of a 
second edition ” — Satzirday Revte'w 

M, T. CICERONIS IN GAIUM VERREM ACTIO 

PRIMA. With Introduction and Notes. By H. Cowie, M.A., Fellow 
of St John’s College, Cambridge, is. 6d. 

M. T. CICERONIS ORATIO PRO T. A. MILONE, 

With a Translation of Asconius’ Introduction, Marginal Analysis and 
English Notes. Edited by the Rev. John Smyth Purton, B.E>., late 
President and Tutor of St Catharine’s College, 'is. 6d. 

“The editorial work is excellently done ” — The Acadcjny 

M. T. CICERONIS SOMNIUM SCIPIONIS. With In- 

troduction and Notes. By W. D. Pearman, M.A., Head Master of J^otsdam 
School, Jamaica, 'is. 

P. OVIDII NASONIS FASTORUM Liber VI. With 

a Plan of Rome and Notes by A. Sidgwick, M.A. Tutor of Corpus Cluisti 
College, Oxford, is. 6d. 

“ Mr Sidgwick’s editing of the Sixth Book of Ovid’s Fasti furnishes a careful and serviceable 
volume for average students It eschews ^constiues’ which supersede the use of the dictionary, 
but gives full explanation of grammatical usages and historical and my tl deal allusions, hesulcs 
illustrating peculiarities of style, tiue and false derivations, and the more remarkable vaiiations ol 
the text,” — Saturday Revie'w 

** It is eminently good and useful. . . The Introduction is singularly clear on the astronomy of 

Ovid, which is properly shown to be ignorant and confused , there is an excellent little map of 
Rome, giving just the places mentioned in the text and no more ; the notes are evidently wxitten 
by a piactical schoolmaster ” — TJte Academy 

GAI IULI CAESARIS DE BELLO GALLICO COM- 

MENT. I. II. With English Notes and Map by A. G. Pe.skett, M.A., 
Fellow of Magdalene College, Cambridge, Editor of Caesar De Bello Gallico, 
VII. 'IS. 6d. 

BOOKS III. AND VI. By the same Editor, is. 6d. each. 

“In an unusually succinct introduction he gives all the preliminary and coUatciul iuformation 
that is likely to be useful to a young student ; and, wherever we have examined his notes, we 
have found them eminently practical and satisfying The book may well be recommended for 
careful study in school or college.” — Saturday Review. 

“The notes are scholarly, short, and a real help to the most elementary begumers in Latin 
prose ." — The E xavuner 

BOOKS IV. AND V. AND Book VII, by the same Editor. 

'IS. each. 

BOOK VIII. by the same Editor. [In the Press. 


London: C. y. Clay Sop, Canzbridge Ufziversity Press Warehouse^ 

Avc Maria Lane. 
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P. VERGILI MARONIS AENEIDOS Libri I., II., IV., 

V., VI., VII., VIII., IX., X., XI., XII. Edited with Notes by A. 
SiDGWiCK, M.A. Tutor of Corpus Christi College, Oxford, is. 61. each. 

‘‘Much moie attention ib given to the literary aspect of the poem than is usually paid to it in 
editions intended for the use of beginners The introduction points out the distinction between 
primitive and hteiary epics, explains the puipose of the poem, and gives an outline of the story 

aiurday R c 

“ Mr Arthur Sidgwick’s ‘Vergil, Aeneid, Book XII ' is worthy of his reputation, and is dis- 
tinguished by the same acuteness and accuracy of knowledge, appreciation of a boy’s difficulties 
and ingenuity and lesource m meeting them, which we have on other occasions had reason to 
praise in these pages ” — The Academy 

“As masterly in its clearly divided preface and appendices as in the sound and independent 
character of its annotations There is a great deal more in the notes than mere compilation 

and suggestion No difficulty is left unnoticed or unhandled ” — Satu7'day Rcvieuo. 

“This edition is admiiably adapted for the use of junior students, who will find in it the result 
of much reading m a condensed form, and clearly expressed ” — Ca^nbridgc hidejfeiidcfit Press. 

BOOKS VII. VIII. in one volume. 3^*. 

BOOKS IX. X. in one volume. 3^-. 

BOOKS X., XI., XII. in one volume. 3^“. 6 d. 
QUINTUS CURTIUS. A Portion of the History. 

(Alexander in India.) By W. E. Heitland, M A., Fellow and Eectuicr 
of St John’s College, Cambridge, and T. E. Raven, B.A., Assistant Master 
in Sherborne School. 3^. 6d. 

“Equally commendable as a genuine addition to the existing stock of school-books is 
Alexattder m India, a compilation from the eighth and ninth books of Q Curtius, edited for 
the Pitt Pi ess by Messis Heitland and Raven The work of Curtius has merits of its 
own, which, in formei generations, made it a favourite with English scholais, and which still 
make it a popular text-book in Contmenml schools . . The reputation of Mr Heitland is a 

sufficient guarantee for the scholaiship of the notes, which are ample without being excessive, 
and the book is well furnished with all that is needful in the nature of maps, indexes, and ap- 
pendices.” —Acade7ny 

M. ANNAEI LUCANI PHARSALIAE LIBER 

PRIMUS, edited with English Introduction and Notes by W. E. PIeitland, 
M.A. and C. E. Haskins, M.A., Fellows and Lecturers of St John’s Col- 
lege, Cambridge, is. 6d. 

“A careful and scholarlike production.’* — Times 

“ In nice parallels of Lucan from Latm poets and from Shakspeare, Mr Haskins and Mr 
Heitland deserve praise.” — Saturday Revietu. 

BEDA’S ECCLESIASTICAL HISTORY, BOOKS 

III., IV., the Text from the very ancient MS. in the Cambridge Uni veisity 
Library, collated with six other MSS. Edited, with a life from the German of 
Ebert, and with Notes, &c. by J. E. B. Mayor, M.A., Professor of Latin, 
andj. R. Lumby, D.D., Nornsian Professor of Divinity. Revised edition. 
IS. 6d. 

“To young students of English History the illustiative notes will be of great seivice, while 
the study of the texts will be a good introduction to Mediseval Latin ” — The Nonconformist 

“In Bede’s works Englishmen can go back to ort^tnes of their histoiy, unequalled for 
form and matter by any modern European nation Piof. Mayoi has done good seivice in ren- 
dering a part of Bede’s greatest work accessible to those who can read Latin with case He 
has adorned this edition of the third and fourth books of the ‘Ecclesiastical History’ with that 
amazing erudition for which he is uniivalled among Englishmen and rarely equalled by Germans. 
And however interesting and valuable the text may be, we can certainly apply to his notes 
the expression, Ra satcce vaui mieux gtie le ^otsson. They are literally crammed with interest- 
ing inmrmation about early English life. For though ecclesiastical in name, Bede’s history treats 
of all parts of the national life, since the Church had points of contact with all,” — Examiner. 

Books I. and II. In the Press. 


Londo7i : C. J. Cla v SON^ Cajjtbridge University Press WarehousCi 

Ave Maria Dane. 
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PC/BI.ICATIOJVS OF 


III. FRENCH. 

LE BOURGEOIS GENTILHOMME, Comddic-Ballet cn 

Cmq Actes. Par J.-B. Poquelin dl Moli^re (1670) With a life of 
Molieie and Grammatical and Philological Notes. By the Rev. A. C. 
Clapin, M. a., St John's College, Cambridge, and Bacheliei-es-Lettres of 
the University of France, i^. 6 d. 

LA PICCIOLA. By X. B. Saintine. The Text, with 

Introduction, Notes and Map, by the same Editoi, 

la guerre. By Mm. Erckmann-Chatrian. With 

Map, Introduction and Commentary by the same Editor. 3^*. 

LAZARE HOCHE— PAR EMILE DE BONNECHOSE. 

With Three Maps, Introduction and Commentary, by C. Colbeck, M.A., 
late Fellow of Trinity College, Cambiidge; Assistant Master at Idarrow 
School, ns. 

HISTOIRE DU SIECLE DE LOUIS XIV PAR 

VOLTAIRE. Part I. Chaps. I.— XIII. Edited with Notes Philological and 
Historical, Biographical and Geographical Indices, etc. by Gustave Masson, 

B. A. Univ. Gallic , Ofhcier d’Academie, Assistant Master of Harrow School, 
and G. W. Prothero, M.A., Fellow and Tutor of King's College, Cam- 
bridge. ns, 6 d, 

“Messrs Masson and Prothero have, to judge fiom the first pait of their work, perfouned 
with much discretion and care the task of editing Voltaire’s de JLoini> A'/F" ioi the ‘Pitt 

Press Senes ’ Besides the usual kind of notes, the editois have in this case, influenced by Vol- 
taire’s ‘summary way of treating much of the history,’ given a good deal of historical infoi illa- 
tion, in which they have, we think, done well At the beejinning of the book will he found 
excellent and succinct accounts of the constitution of the French army and Parliament at the 
period treated of .” — Saturday Revie'w 

Part II. Chaps. XIV.— XXIV. With Three Maps of the 

Period. By the same Editoi s. 2.5* 6 d. 

Part III. Chap. XXV. to the end. By the same Editors. 

ns. 6 d. 

LE VERRE D’EAU A Comedy, by SCRIBF. With a 

Biographical Memoir, and Grammatical, Literary and Plistoiical Notes. By 

C. Colbeck, M.A., late Fellow of Trinity College, Cambridge; As.sistant 
Master at Harrow School ns. 

“ It may be national prejudice, but we consider this edition fai superior to any of the series 
which hitherto have been edited exclusively by foreigners Mi Colbeck seems better to unticr- 
stand the wants and difficulties of an English boy The etymological notes especially aie admi- 
rable The historical notes and intioduction are a piece of thorough honest woik .” — youfrial 
of E dtication . 

M. DARU, par M. C. A. Sainte-Beuve, (Causeries du 

Lundi, Vol. IX.). With Biographical Sketch of the Author, and Notes 
Philological and Historical. By Gustave Masson, ns. 

LA SUITE DU MENTEUR. A Comedy in Five Acte, 

by P Corneille. Edited with Fontenelle's Memoir of the Author, Vollaire's 
Critical Remarks, and Notes Philological and Idistorical. J 5 y Gus'Iave 
Masson, 2 .r. 

LA JEUNE SIBERIENNE. LE LEPREUX DE LA 

CIT£: D'AOSTE. Tales by Count Xavier de Mais'I'rk. With Bio- 
graphical Notice, Critical Appreciations, and Notes. By Gustave Masson. 

2 .S’. 


London : C, y. CjLA V SoN^ Cambridge University Press PVare/wuse^ 

A'ife Maria Laiic. 
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LE DIRECTOIRE. (Considerations sur la Revolution 

Fran9aise. Troisieme et quatiieme parties.) Par Madame la Baronne de 
Stael-Holstein. With a Ciitical Notice of the Author, a Chronological 
Table, and Notes Historical and Philological, by G, Masson, B.A., and 
G. W. Prothero, M.A. Revised and enlarged Edition, 'is. 

“Prussia under Frederick the Great, and France under the Directory, bring us face to face 
respectively with periods of history which it is right should be known thoroughly, and which 
are well treated in the Pitt Press volumes. The latter in particular, an extract from the 
world-known work of Madame de Stael on the French Revolution, is beyond all praise for 
the excellence both of its style and of its matter.’* — Tivies, 

DIX ANNEES D^EXIL. Livre II. Chapitres 1—8. 

Par Madame la Baronne De Stael-Holstein. With a Biographical 
Sketch of the Author, a Selection of Poetical Fragments by Madame de 
S tael’s Contemporaries, and Notes Historical and Philological. By Gustave 
Masson and G. W. Prothero, M.A. Revised and enlaiged edition, is, 

FREDEGONDE ET BRUNEHAUT. A Tragedy in Five 

Acts, by N. Lemercier. Edited with Notes, Genealogical and Chrono- 
logical Tables, a Critical Introduction and a Biographical Notice. By 
Gustave Masson, is, 

LE VIEUX CELIBATAIRE. A Comedy, by Collin 

D'Harleville. With a Biographical Memoir, and Grammatical, Literary 
and Plistoncal Notes. By the same Editor, is, 

M. Masson is doing good work in introducing learners to some of the less-known French 
play-writers. The arguments are admirably clear, and the notes are not too abundant ” — 
A cadeviy, 

LA METROMANIE, A Comedy, by PiRON, with a Bio- 

graphical Memoir, and Grammatical, Literary and Historical Notes. By the 
same Editor, is, 

LASCARIS, OU LES GRECS DU XV®. SIECLE, 

Nouvelle Historique, par A. F. Villemain, with a Biographical Sketch of 
the Author, a Selection of Poems on Greece, and Note.s Historical and 
Philological. By the same Editor, is. 


IV. GERMAN. 

CULTURGESCHICHTLICHE NOVELLEN, von W. H. 

Riehl, with Grammatical, Philological, and Historical Notes, and a Com- 
plete Index, by H. J. Wolstenholme, B.A. (Lond.). 4^^. 61 . 

ERNST, HERZOG VON SCHWABEN. UHLAND. With 

Introduction and Notes. By H. J. Wolstenholme, B.A. (Lend.), 
Lecturer in German at Newnham College, Cambridge, ^s. 

ZOPF UND SCHWERT. Lustspiel in fdnf Aufzligen von 

Karl Gutzkow. With a Biographical and Historical Introduction, English 
Notes, and an Index. By the same Editor. 3s. 6d, 

are glad to be able to notice a careful edition of K. Gutzkow's amusing comedy 
'‘Zopfand Scliwert' by Mr H. J Wolstenholme . These notes are abundant and contain 
references to standard grammatical works ” — Academy 

©oet^e'S ifnabenja^te. (1749 — i 7 S 9 -) GOETHE’S BOY- 

HOOD: being the First Three Books of his Autobiogiaphy. Arranged 
and Annotated by Wilhelm Wagner, Ph. D. , lote Professor at the 
Johanneum, Plamburg. 'zs. 


London : C- y. Cl a v ^ SON^ Cambridge Unh/ersify Press Warehouse, 

Ave Maria Lane, 
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HAUFF. DAS WIRTHSHAUS IM SPESSART. Edited 

by A. ScHLOTTMANN, Ph. D., Assistant Master at Uppingham School. 

DER OBERHOF. A Tale of Westphalian Life, by Karl 

Immermann. With a Life of Immermann and English Notes, by Wilhelm 
Wagner, Ph.D., late Professor at the johanneum, Plambuig. 

A BOOK OF GERMAN DACTYLIC POETRY. Ar- 

ranged and Annotated by the same Editor, sj*. 

2)er erfte ifreii^^ug (THE FIRST CRUSADE), by Fried- 
rich VON Raumer. Condensed from the Author’s ‘History of the llohen- 
staufen’, with a life of Raumer, two Plans and English Notes. By 
the same Editor, 'is, 

“ Certainly no more interesting book could be made the subject of examinations The stoiy 
of the First Crusade has an undying interest. The notes aie, on the whole, good .” — Ediu ationa t 
Times 

A BOOK OF BALLADS ON GERMAN HISTORY. 

Arranged and Annotated by the same Editor, zs. 

“It carries the reader rapidly thiough some of the most important incidents connected with 
the German race and name, from the invasion of Italy by the Visigoths undci their King Alaiic, 
down to the Franco-German War and the installation of the picscnt Fnnpeioi The notes supply 
very well the connecting links between the successive periods, and e\hibit in its v.uunis phases of 
growth and progress, oi the reverse, the vast unwieldy mass which constitutes niodciu Germany ” 
— Times, 

DER STAAT FRIEDRICHS DES GROSSEN. By G. 

Freytag. With Notes. By the same Editor. 2^*. 

“Prussia under Frederick the Gieat, and France under the Diioctory, bring us fat c to face 
respectively with periods of histoiy which it is light should be known tlioioughly, and which 
are well treated in the Pitt Press volumes ” — Times, 

GOETHE’S HERMANN AND DOROTHEA. With 

an Introduction and Notes. By the same Editor. Revised edition by J. W. 

Cartmell, M.A. 3.f. 6 d, 

“The notes are among the best that we know, with the reservation that they aie often too 
abundant ” — Academy 

Dag 3 a£)r 1813 (The Year 1813), by F. Koin.RAUscii. 

With English Notes. By the same Editor, is. 

V. ENGLISH. 

JOHN AMOS COMENIUS, Bishop of the Moravians. Ht.s 

Life and Educational Works, by S. S. Laurie, A.M., F.R.S.K., Piofossoi of 
the Institutes and Plistory of Education in the University of Kchnburgli, 
Second Edition, revised, '^s, 6 d, 

OUTLINES OF THE PHILOSOPFIY OF ARISTOTLE. 

Compiled by Edwin Wallace, M.A., LL. 1 “). (St Andrew.s), P'ellow and 
Tutor of Worceblcr College, Oxfoid. Third Edition Pmlargcd. 4^% 6^4 

“A judicious selection of chaiacteiistic passages, arianged in paragiaphs, each of wlnh'h is 
preceded by a masterly and perspicuous English analysis.”— 

“Gives m a comparatively small compass a very good sketch of Aiistotle's teaching.” 

Revie^v. 

THREE LECTURES ON THE PRACTICE Oh" IiDU- 

CATION. Delivered in the University of Cambridge in the Easter Term, 
1882, under the direction of the Teachers’ Training Syndicate. 2.r. 

“ Like one of Bacon’s Essays, it handles those things in which the writer’s life is most conver- 
sant, and it will come home to men’s business and bosoms. Like Bacon’s Essays, too, it is full of 
apophthegms ** — yonmal 0/ Bdiicaium, 

London: C, J. Clay ^ Son^ Cambridge University P?‘ess Ware/iouse^ 

Ave Maria Lane, 
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7'HE CAMBRIDGE DMIJ/ERSITY PRESS, 


GENERAL AIMS OF THE TEACHER, AND FORM 

MANAGEMENT. Two Eectures delivered in the University of Cambridge 
in the Lent Term, 1883, by F. W. Farrar, D D. Archdeacon of West- 
minster, and R. B. Poole, B.D. Idead Master of Bedfoid Modern School. 
i.r. 6d. 

MILTON’S TRACTATE ON EDUCATION. A fac- 

simile reprint from the Edition of 1673. Edited, with Inlioduction and 
Notes, by Oscar Browning, M.A., Fellow and Lecturer of King’s College, 
Cambiidge, and foimerly Assistant Master at Eton College, o.s. 

“A separate reprint of Milton’s famous letter to Master Samuel Hartlib was a desidciatum, 
and we are grateful to Mr Browning for his elegant and scholaily edition, to which is piefixed the 
cai eful rSsttme of the work given in his * History of Educational Theories ’ ” — yourval of 
E,ditcatio?i 

LOCKE ON EDUCATION. With Introduction and Notes 
by the Rev. R. H. Quick, M.A. ^s, 6d. 

“The work before us leaves nothing to be desired It is of convenient form and reasonable 
price, accuiately printed, and accompanied by notes which are admiiable There is no teachei 
too young to find this book interesting, there is no teacher too old to find it profitable ” — T/ti’ 
School Bulletin^ Neiv York. 

THE TWO NOBLE KINSMEN, edited with Intro- 

duclion and Notes by the Rev. Professor Skkat, M.A., formerly Fellow 
of Christ’s College, Cambridge. 3T. ^d 
“This edition of a play that is well worth study, for more reasons than one, by so careful a 
scholar as Mr Skeat, deseives a hearty welcome ^*'—Athe7iai7im 

“Mr Skeat is a conscientious editor, and has left no difficulty unexplained — Times. 

BACON’S HISTORY OF THE REIGN OF KING 

HENRY VII. With Notes by the Rev. J. Rawson Lumby, D.D., Nor- 
iTsian Pi ofessor of Divinity ; late Fellow of St Catharine’s College. 3^, 

SIR THOMAS MORE’S UTOPIA. With Notes by the 

Rev. J, Rawson Lumby, D.D., Nonisian Professor of Divinity ; late Fellow 
of St Catharine’s College, Cambiidge. 6d. 

“To Dr Lumby we must give piaise unqualified and unstinted He has done his work 
admirably Every student of history, eveiy politician, eveiy social reformer, every one 

interested in liteiary cuiiosities, every lover of English should buy and carefully read Dr 
Lumby’s edition of the ‘Utopia.’ We are afiaid to say more lest we should be thought ex- 
travagant, and our recommendation accordingly lose pait of its force ” — The Teacher. 

“ It was originally written in Latin and does not find a place on ordinary bookshelves. Avery 
great boon has therefore been conferred on the general English reader by the managers of the 
Piti Press Scries^ in the issue of a convenient little volume of Morels Uio^ia not in the original 
Latin, but in the quaint E^i^lish Trani,laiioii ihercoB made by Raj>he Rohynsou, which adds a 
linguistic interest to the intrinsic merit of the work. . , All this has been edited in a most com- 
plete and scholarly fashion by Dr J R Lumby, the Noirisian Piofessor of Divinity, whose name 
alone is a sufficient warrant for its accuiacy. It is a real addition to the modern stock of classical 
English literature. ” — Guardiaii. 

MORE’S HISTORY OF KING RICHARD III. Edited 

with Notes, Glossaiy and Index of Names. By J. Rawson Lumby, D.D. 
Norrisian Professor of Divinity, Cambridge; to which is added the conclusion 
of the History of King Richard III. as given in the continuation of Plardyng’s 
Chronicle, London, 1543. 3^. 6d. 

A SKETCH OF ANCIENT PHILOSOPHY FROM 

TPIALES TO CICERO, by Joseph B. Mayor, M.A., late; Professor of 
Moral Philosophy at King’s College, London, ^s. 6d. 

“Professor Mayor contiibutes to the Pitt Press Sciics y4 Skelch 0 / xXacieitt Philoso/hy in 
which he has endeavouied to give a general view of the philosophical systems illustrated by tlie 
genius of the masters of metaphysical and ethical science from Thales to Cicero. In the coiuse 
of his sketch he takes occasion to give concise analyses of Plato’s Republic, and of the ICtlncsand 
Politics of Aristotle, and these abstracts will be to some readers not the least useful poi lions of 
the book .” — The Guardian. 

\Other Volumes are m preparatwnl\ 

Londo7i : C. y. Clay ^ Son, Cambridge Ujiiversity Press PVare/iou.^c, 

Ave Maria Lmie. 
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LOCAL EXAMINATIONS. . 

Examination Papers, for various years, with the Rr^t^ulatioffs for t/ie 
Exammation. Demy 8vo. zs. each, or by Post, zs, 2(L 

Class Lists, for various ycais, Boys i^., Carls 6d. 

Annual Reports of the Syndicate, with Supplementary 'Pablcs show! 0*4' 
the success and failure of the Candidates. 2s. each, by Post yt 

HIGHER LOCAL EXAMINATIONS. 

Examination Papers for 1884, to which are atfded the Reiiu/ations for 
1885. Demy 8vo. 2s. each, by Post 2s. 2d. 

Class Lists, for various years, is. By post, 2d. 

Reports of the Syndicate. Demy 8vo. is., by Post is. 2d. 

LOCAL LECTURES SYNDICATE, 

Calendar for the years 1875—9. Fcap. 8vo. cloth. 2sr, for 1875 80. 2.v.; 
for 1880—81. is. 

TEACHERS’ TRAINING SYNDICATE. 

Examination Papers for various years, to %vhith are added the Re^i^a- 
lations for the Examination. Demy 8vo. 6d., by Post yd. 

CAMBRIDGE UNIVERSITY REPORTER. 

Published by Authority. 

Containing all the Official Notices of the University, Reports of 
Discussions in the Schools, and Proceedings of the Cambridge 
Philosophical, Antiquarian, and Philological Societies, yi. weekly. 


CAMBRIDGE UNIVERSITY EXAMINATION PAPERS. 

These Papers are published in occasional numbers every Term, and in 
volumes for the Academical year. 

VOL. X. Parts 130 to 138. I^apkrs for the Year itS8o 81, 15.4', cloth. 
VoL. XI. „ 139^0159. „ „ 1881— 82, i5.r. 

VOL. XII. „ i6otoi76. „ „ 1882 Zy xys. cloth. 


Oxford and Cambridge Schools Examinations. 

Papers set in the Examination for Certificates, July, 1882. is. (ni. 

List of Candidates who obtained Certificates at the Examinations 

held in 1882 and 1883 ; and Supplementary 'Fables. ('uL 

Regulations of the Board for 1884, 6^/. 

Report of the Board for the year ending Oct, 31, 1883. is. 
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